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Preface

This book has grown out of my research for the past 20 years and teaching for
the past 10 years. Though adjoint has been pervasive in vast literature across
mathematics, engineering, and sciences disciplines, with possible different
names, there is no survey/review articles or books that systematically unify
a sufficient broad subset of these developments and applications of adjoint
on the same mathematical footing starting from the basic definitions. It is
perhaps impossible to accomplish such a task in a coherent manner. Over
the years, many of my colleagues and students have asked the same question:
“Where can we find these derivations and constructions of adjoint and its
applications?”. My answer has been: “To the best of my knowledge, there is
no article or book that systematically covers adjoint and its wide range of
applications, unfortunately”. In Fall 2022 on a 6am bus from Oak Hill to UT
Austin, Dr. Jon Wittmer, then a former PhD student of mine and now (2023)
at Meta, asked “what are other usefulness of adjoint?”. I listed several fields
and applications that I have encountered to Jon. I then talked to myself: “It is
time to write about adjoint and its role in many disciplines of computational
engineering, sciences, and mathematics”. My goal is to provide a sufficient
comprehensive material to answer these questions, or at least a place to find
answers to similar questions. As we shall see, only a small subset of the
topics in this book is often covered in existing textbooks, and furthermore
the beautiful connection and interaction between them through adjoint are
not typically exposed.

This book expectantly provides a rigorous and unified perspective on the
usefulness of adjoint in variety of topics. As a result, this book could give
broader views and better insights into the constructions and applications of
adjoint beyond a single field. By establishing general results and then devel-
oping materials specific to each application, we bring forth the details on how
abstract concepts/definitions can be translated into particular applications
and the connections among them. The interdisciplinary nature of the book
is thus useful for advanced undergraduate students, graduate students, re-
searchers, engineers, scientists, and mathematicians who would like to study
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the positive impact of adjoint in their corresponding fields. More importantly,
with constructive expositions I really hope that the readers can further ap-
ply existing adjoint methods and/or develop new adjoint methods to new
applications/disciplines.

I started learning and deriving adjoint methods during my PhD research
in which I needed to solve optimization constrained by Ordinary Differential
Equations (ODEs) or Partial Differential Equations (PDEs). The goal was
to greedily find a reduced basis to construct a “best” reduced-order model
for ODEs/PDEs. Since I chose Newton-type optimization approach, not only
did I need adjoint for computing the gradient efficiently, but also I had to
compute the Hessian-vector product exactly and efficiently for the conju-
gate gradient iterations. I was taught the mechanics to derive the gradient
using adjoint method, and the Hessian-Vector product from the Newton it-
erations. I later learned the mathematics and figured out a systematic way
to construct adjoint methods for both gradient and Hessian-vector product.
These materials, among many others discussed in following, are the personal
comprehension and derivations that I would like to share them in this book.

The first time one typically sees adjoint operator is in finite dimension
(such as transpose of a matrix) via inner products. The existence and the
reason the adjoint defined that way are often omitted. These can be found
later in advanced textbooks/classes (such as functional analysis) as the Riesz
representation theorem is typically deployed to prove the existence of the
adjoint for densely defined operators. However, the Riesz representation the-
orem in finite dimensional Hilbert space is straightforward to prove (one-line
proof as we shall see), and thus there is no need to wait for later advanced
courses (or never for non-math majors). Another topic in which the Riesz rep-
resentation theorem plays a key role is optimization. Here, using the Riesz
representation of the Fréchet derivative as gradient allows me to show that it
is not harder to develop a single optimization theory (instead of two separate
theories as usually done in optimization textbooks/classes) that is applicable
for both finite and infinite dimensions (calculus of variation). Unlike many
textbooks, this approach then allows me to provide a single Lagrangian mul-
tiplier theorem for optimization problems with equality constraints in both
finite and infinite dimensions. This is then obvious to see that the adjoint
(operator, equation, state) naturally arises in the Lagrangian approach as
a part of the optimality condition, though often we do not distinguish the
Lagrangian approach and adjoint approach.

A reduced gradient approach then falls out from the adjoint approach
when applying to an abstract separable (to be defined) optimization prob-
lem. I then work out the rigorous details how the abstract reduced gradient
approach looks like for abstract finite dimensional problems. In particular, I
will show that the backpropagation approach for computing the gradient in
training deep neural networks (DNNs) is nothing more than the adjoint ap-
proach for computing the reduced gradient. The adjoint approach, however,
reveals the precise role of the adjoint solutions—also known as the Lagrangian
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multipliers—of the adjoint equations steming from the first order optimality
condition using the reduced space approach. Another important view point
that we will exploit here is that the DNN training problem, from the adjoint
point of view, is a constrained optimization problem with the forward pass
as the forward equations. These systematic materials are not in any current
textbooks.

Another critical result for adjoint operator is the closed range theorem
(CRT) which exposes the relationship between a linear operator and its ad-
joint via their null and range spaces. The theorem essentially tells us that we
cannot understand a linear operator completely unless we thorouhgly know
its adjoint and vice versa. Unfortunately, the closed range theorem is often
introduced in graduate math class (such as functional analysis). This is un-
necessary when restricted to Hilbert spaces as we only need to introduce the
elementary concepts of orthogonal complement and the closure of a set to
prove the CRT. This little investment is worthwhile as we will need the CRT
at many places, where adjoint plays a key role, including the solvability of
linear operator equation, a simple proof of the Lagrangian multiplier theo-
rem, orthogonal projection, least squares problems, the fundamental theorem
of linear algebra, the Picard theorem for inverting a compact linear operator,
and the well-posedness of linear operator equation. Our unusual exposition
not only highlights the vital role of adjoint in these topics, but also brings
out the connections among them through adjoint.

The singular value decomposition is perhaps one of the most useful de-
composition in modern scientific computing. One of the highlights of this
book is the systematic construction of a single singular value decomposition
(SVD)—valid in both finite and finite dimensional spaces—and its application
in the closed range theorem, the rank-nullity theorem, the fundamental the-
orem of linear algebra, and the Picard theorem for inverting compact linear
operators. We will also show how the SVD can be used as a dimensionality
reduction for data processing and model-order reduction. Unlike standard
textbooks in which the SVD is typically introduced and constructed in finite
dimensional Euclidean spaces, and in which the role of adjoint is bypassed, we
expose the essential role of adjoint in a constructive derivation of SVD. This
is at the expense of introducing compact operators and the Hilbert-Schmidt
theorem on the spectral decomposition of self-adjoint compact operators. To
make the material more accessible, we begin with an elementary proof of the
spectral theorem in finite dimension (i.e. eigenvalue problem for self-adjoint
operators), which is then used to provide a straightforward proof of SVD
for abstract linear operator in finite dimensions. The beauty here is that the
usual SVD for matrices is then readily available through the matrix repre-
sentation of linear operators. Another appealing feature of this approach is
that, after discussing the Hilbert-Schmidt theorem, the proof for the SVD for
abstract compact operators in any dimension is essentially the same as the
finite dimensional counterpart. Together with the CRT, the proof of Picard
theorem for why inverting a compact operator could be ill-posed is simple,
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again heavily replying on the adjoint. This then naturally lends itself to the
concept of ill-posed problem by Hadamard, and the Tikhonov regularization
technique for making ill-posed problems well-posed. As a by-product, we dis-
cuss the relationship between ill-posedness and ill-conditioning.

The ill-posedness of inverting compact linear operators immediately asks
for conditions under which inverting a linear operator is well-posed. To an-
swer this question for abstract linear operators between Hilbert spaces, we
start with a theorem on the equivalence between the boundedness below of
an operator and its injectivity together with its closed range. This relies on
the CRT and the open mapping theorem. It is then simple for us to show
the Banach-Nečas-Babuška (BNB) theorem which exposes the relationship
between the injective, surjective, and closed range properties of a linear op-
erator with those of its adjoint. In particular, the BNB theorem shows the
bijectivity of a linear operator is equivalent to that of its adjoint, that is, un-
derstanding a linear operator implies understanding its adjoint and vice versa.
We then derive the implication of BNB theorem for the well-posedness of lin-
ear operator equation in finite dimensions. Our main application of interest
is then the well-posedness of linear PDEs (for which we take an opportunity
to present a view of Green identities from adjoint perspective. This will be
the basic for distributional derivatives that we discuss later). To that end,
we provide various examples including transport equation, elliptic equations,
and a large class of PDEs of Friedrichs’ type (embracing elliptic, parabolic,
hyperbolic, and mixed type PDEs). We will see that the Lax-Milgram the-
orem for the well-posedness of linear coercive operator equations is an easy
consequence of the BNB theorem. With this exposition, we see the role of
BNB not only in the well-posedness PDEs (which is traditionally presented)
but also in the well-posedness of finite dimensional linear operator equations
in a unified fashion. I also take the opportunity here to rigorously derive the
reduced space approach with proper functional settings for constrained op-
timization problems governed by elliptic and hyperbolic PDEs—a material
that one typically cannot find in textbooks. I also provide a rigorous exposi-
tion on the key role the adjoint plays in neural ordinary differential equations
(Neural ODEs).

One of an important applications for which the interplay of self-adjointness,
the Lax-Milgram theorem, compact operators, and the Hilbert-Schmidt the-
orem is the backbone is a rigorous theory of Sturm-Liouville problem and
generalized Fourier series. This approach is not popular as it also requires
the concept of closed operators, which is typically considered as an advanced
topics in studying partial differential operators. However, it fits well in this
book as the backbone materials are already introduced in the previous chap-
ters. I thus take the opportunity to present a self-contained rigorous theory
of Sturm-Liouville problem and generalized Fourier series.

The last part of the book devotes to various topics in computational ap-
plied mathematics that relies on adjoint to provide insights or to provide effi-



Preface xiii

cient computations. As Mike Giles put it1: “the subject of adjoints is huge”,
the selection of topics in this section is again necessary from my own personal
interest—limited to a subset of topics that I have been working on or are ex-
posed to. The first topic is on the role of adjoint in the necessary and sufficient
conditions for the stability of system of linear ODEs (and hence system of
nonlinear ODEs via linearization). The second topic is on the application of
adjoint in error correction. The third topic is on the a posterior error estima-
tion via adjoint. The fourth topic is the Gauss-Newton Hessian computation
using adjoint for both unconstrained and constrained optimization. The fifth
topic is the use of adjoint in computing the exact Hessian-vector product
for constrained optimization with equality constraints. The last topic is on
the role of adjoint in the construction of the alternative direction method of
multipliers (ADMM).

Common statements such as ”Let us introduce ...” or ”Let us define ...”
without a constructive motivation always bug me. My concern is that if I have
a new problem or new setting, how could I come up with such a statement?
With this in mind, I try to avoid this as much as possible by providing
constructive arguments that lead to a new concept or approach or definition.

Austin Texas, Tan Bui-Thanh
August 2023

1 In a private communication.
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Chapter 4

Notations and conventions

Abstract
In this book, boldface lowercase letters such as u are reserved for vector-

valued functions in Rn, for some integer n. Boldface uppercase letters such as
A denote matrices, while script uppercase letters such as A denote operators
and superscript T denotes the transpose of a matrix or a vector. Bold black-
board upper cases, i.e. X and Y, are used for spaces and sets. For example,
Hn (Ω) :=

{
u ∈ L2 (Ω) : weak derivative up to order n residing in L2 (Ω)

}
are standard L2-based Sobolev’s spaces [3, 102]. Lowercase letters are used
for scalar-valued functions. We also use lowercase letters for results that are
valid for both finite and infinite dimensional settings. Boldface uppercase
letters are used as bases for vector spaces. We use F to denote either the
set of real (R) or complex (C) numbers and ℜ to denote the operation of
taking the real part of a complex number. All spaces are either complex or
real. As a result, unless otherwise stated, results are valid for both real and
complex settings. Unless otherwise explicitly specified, all spaces are Hilbert
spaces endowed with appropriate inner products and the corresponding in-
duced norms. For example, Hilbert space X is endowed with the inner product

(u, v)X for any u, v ∈ X, and the induced norm ∥u∥X =
√
(u, u)X. To be call

an inner product, the map (·, ·)X : X×X→ F must satisfy the following three
conditions:

1. (·, ·)X is linear w.r.t the second argument, i.e.,

(u, αv + βw)X = α (u, v)X + β (u,w)X

2. (·, ·)X must be symmetric, i.e.,

(u, v)X = (v, u)X,

where the overline denotes the complex conjugate.
3. (·, ·)X is positive definite, i.e.,

9
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a. (u, u)X ≥ 0 for all u ∈ X, and
b. (u, u)X = 0⇔ u = θ, where θ ∈ X is the zero vector/function.

We shall frequently identify the dual of any Hilbert space with itself (we will
revisit this after Definition 5.5). We define L (X,Y) as the space of all linear
operators from X to Y, B (X,Y) as the space of all bounded linear operators
from X to Y, and C (X,Y) as the space of all continuous mapping from X
into Y. By Cn (X) and C∞0 (X) we mean the space of n-times continuously
differentiable function on X and the space of test functions (infinitely differ-
entiable functions with compact support in X). Superscript ∗ denotes either
the topological dual spaces or adjoint operator or the conjugate transpose of
a matrix (or a vector). Superscript ⊥ stands for the orthogonal complement,
and by “:=”, we mean “is defined as”.

Let E =
{
e1, . . . , en

}
and G =

{
g1, . . . , gm

}
be orthonormal1 bases for X

and Y, respectively. For any u ∈ X, we denote by uE the unique vector of
coordinates of u in E, and it is easy to see that

(
uE ,vE

)
Fn = (u, v)X. The

matrix representation of A with respect to the bases E and G is denoted as
AEG. When there is no ambiguity on the bases that we refer to, we simply
ignore the superscripts for both coordinate vector and matrix representation.
We shall denote the ith element of a vector u as u(i) and the element at the
ith row and jth column of a matrixA asA(i, j). We also use ui to denote u (i)
and this will be clear from the context. We will use square brackets to express
matrices and vectors with a finite number of components. Unless otherwise
stated, vectors with finite number of components are column vectors.

• N is the set of natural numbers
• R and C are the set of real and complex numbers, respectively. We use
the generic field notation F for results/discussions that are valid for both
R and C.

• Lp (Ω) with Ω ⊆ Rn is the standard Lp spaces with respect to the
Lebesgue measure on Ω.

• C (Ω) is the space of continuous functions on Ω with the topology gen-
erated by the uniform norm ∥·∥∞

• Hm (Ω), with m ∈ N, denotes L2-based Sobolev spaces of order m.
• H denotes a reproducing kernel Hilbert space (RKHS). For historical
reasons, we use X as a set over which an RKHS is defined.

• K denotes kernels and also compact sets in different chapters.
• U,V,X,Y typically denote (Hilbert) vector spaces, and S denotes a subset
of some vector space.

1 Orthonormality is simply for convenience, but not essential.



Part II

Adjoint operators in finite dimensional
Hilbert spaces



This part of the book is organized as follows. We begin with the celebrated
Riesz representation theorem and the closed range theorem, upon which we
shall develop several applications of adjoint. The first application is in Chap-
ter 6 on the solvability of linear operator equations before solving them. The
role of adjoint in the study of eigenvalue problems is given in Chapter 7. In
Chapter 11, we employ the classical projection theorem together with the
closed range theorem to find the necessary and sufficient condition for the
optimality of an abstract linear least squares problem. The singular value de-
composition (SVD) is the main subject of Chapter 8. The SVD decomposition
is then deployed to provide trivial proofs for the closed range theorem, rank-
nullity theorem, and the fundamental theorem of linear algebra for abstract
linear operators. Optimization with equality constraints is the main topic of
Chapter 9 in which we expose at length the role of adjoint in optimization
theory that is valid for both finite and infinite dimensions. We then show that
a reduced spaced approach using adjoint reduces to the backpropagation of
deep neural networks in Chapter 10.



Chapter 5

Preliminaries

Abstract This chapter presents definitions and results that are useful for
the latter chapters. The prerequisites for this chapter are:

• Linear operator/map.
• Continuous linear functionals (the equivalence between the boundedness
and continuity of a linear functional)

• Vector spaces and linear algebra (coordinate and matrix representation
of vectors and linear operator in certain bases)

• Basics on Hilbert spaces (inner product, orthogonality)
• Basics topology (open and closed sets, the closure of a set)

In this part, unless otherwise stated, we assume that U and V are finite
dimensional vector spaces, i.e. dimU = n < ∞ and dimV = m < ∞, where
dim denotes the dimension. Recall that if A ∈ L (U,V) and dimU <∞, then
A ∈ B (U,V). add the summary for each chapter and what a reader could
learn from each chapter

5.1 Linear mappings and linear functionals

All the results of this section hold for any dimensions. We provide examples
for both finite and infinite dimensions. Readers who are interested in only
finite-dimensional results can simply view all spaces as finite-dimensional
ones.

Definition 5.1 (Linear transformation/map/operator). Consider two
inner product vector spaces, U, (·, ·)U and V, (·, ·)V. Suppose A : U → V
satisfies the following

A (αu+ βw) = αA (u) + βA (w) , (5.1)

13



14 5 Preliminaries

where α, β ∈ C, and u,w ∈ U. Then, we call1 A a linear transformation or
map, or an operator from U to V. A collection of all linear operators mapping
U into V is denoted as L (U,V).

Convention 5.1. 1. For linear operator A , we write: A u := A (u).
2. The domain of A is defined as

D(A ) := {u ∈ U : A (u) is well-defined} ⊂ U.

Note that we require D (A ) to be a vector space for the definition of a
linear operator (5.1) to make sense.

3. The range of A is defined as

R (A ) := {A (u) : u ∈ D (A )} = {v ∈ V : ∃u ∈ D (A ) and v = A (u)} ⊂ V.

Note that we shall also use A (D (A )) to denote R(A ).
4. The kernel of A (or the null space of A ) is defined as

N(A ) := {u ∈ U : A (u) = θ} ,

where, throughout the paper, θ denotes either “zero” function or “zero”
vector in the appropriate space.

Remark 5.1. Note that Definition 5.1 and Convention 5.1 are valid for both
finite and infinite dimensions. It is an easy exercise to show that R (A ) and
N (A ) are vector spaces (see Problem 5.1).

Matrix, integral, and differential operators are linear operators as we
demonstrate in the following examples.

Example 5.1. Let us consider U = Rn,V = Rm, and let A : U 7→ V be an
Rm×n matrix. For u,v ∈ U, α, β ∈ F, we have

A (αu+ βv) = αAu+ βAv.

Thus, any matrix is a linear operator.

Example 5.2. Consider the space of square integrable functions L2 (0, 1) :={
f :

∫ 1

0

|f(t)|2 dt <∞
}
. Let A : U = L2 (0, 1) → V = R be defined such

that for any f(t) ∈ L2 (0, 1) and a given function ω(t) ∈ L2 (0, 1), we have

A f =

∫ 1

0

ω(t)f(t) dt.

Clearly, for α, β ∈ F:
1 Though this may not be universal, transformation, map, and operator are used inter-

changeably in this book for simplicity.
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A (αf(t) + βg(t)) =

∫ 1

0

ω(t) [αf(t) + βg(t)] dx

= α

∫ 1

0

ω(t)f(t) dt+ β

∫ 1

0

ω(t)g(t) dt

= αA (f(t)) + βA (g(t)) ,

and thus integrals are linear operators.

Example 5.3. Consider U = V = L2 (0, 1) and A : D (A ) ⊂ U→ V such that

A u =
d2

dt2
u(t).

For α, β ∈ F, we have

A (αu+ βv) =
d2

dt2
(αu(t) + βv(t))

= α
d2

dt2
u(t) + β

d2

dt2
v(t)

= αA u+ βA v.

Thus, differentiation is a linear operator.

Definition 5.2 (Bounded linear operator). A linear operator A : U→ V
is called bounded if there exists a constant α > 0 such that

(A u, v)V ≤ α ∥u∥U ∥v∥V , ∀u ∈ U and v ∈ V.

When A is bounded, we define the operator norm of A as

∥A ∥ := sup
u∈U,v∈V

(A u, v)V
∥u∥U ∥v∥V

= sup
u∈U

∥A u∥V
∥u∥U

. (5.2)

We would like to point out that, in the definition of ∥A ∥, while the first
equality is the definition, the second one is due to Cauchy-Schwarz inequality.
A collection of all bounded linear operators mapping from U into V is denoted
as B (U,V), and clearly B (U,V) ⊆ L (U,V).

Definition 5.3 (Continuous linear operator). A linear operator A :
U → V is continuous at u0 if ∀ε > 0, ∃δ(ε) : ∥u− u0∥U < δ =⇒
∥A (u)−A (u0)∥V < ε.

Remark 5.2. Clearly, Definition 5.3 is equivalent to the following statement:
A is continuous at u0 iff un → u ∈ U =⇒ A un → A u ∈ V.

It turns out that linear mappings with finite-dimensional domain are al-
ways continuous.
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Proposition 5.1. A ∈ L (U,V), and dimU <∞. Then, A ∈ B (U,V).

Proof. Suppose dimU = n and let E =
{
e1, . . . , en

}
be an orthonormal basis

of E. Consider an arbitrary u ∈ X and its coordinate vector u ∈ Rn with
respect to E. We have

∥A u∥Y =

∥∥∥∥∥
n∑

i=1

uiA ei

∥∥∥∥∥ ≤
n∑

i=1

|ui|
∥∥A ei

∥∥
Y ≤
√
n ∥u∥Rn max

i=1,...,n

∥∥A ei
∥∥
Y

=
√
n ∥u∥U max

i=1,...,n

∥∥A ei
∥∥
Y ,

where we have used the triangle inequality in the first inequality, the Cauchy-
Schwarz inequality for Rn in the second inequality, and ∥u∥U = ∥u∥Rn in the
last equality. It follows that

∥A ∥ ≤
√
n max

i=1,...,n

∥∥A ei
∥∥
Y ,

and this concludes the proof.

The next result is an important characterization of bounded linear opera-
tors.

Lemma 5.1 (Continuous linear operator ≡ bounded linear opera-
tor). Let A ∈ L(U,V). Then, the following are equivalent:

L1) A is continuous at θ ∈ U.
L2) A is continuous everywhere.
L3) ∃α > 0 : ∥A u∥V ≤ α ∥u∥U , ∀u ∈ U.

Proof. The fact that L2) =⇒ L1) is trivial. We shall first prove L1) =⇒
L3). From Definition 5.3, A is continuous at θ ∈ U implies:

∀ε, ∃δ = δ(ε), ∥u∥U ≤ δ =⇒ ∥A u∥V ≤ ε, (5.3)

by definition of continuity. Now pick ε = 1 then for any w ̸= 0, we have:∥∥∥∥∥∥∥∥
δ

2

w

∥w∥U︸ ︷︷ ︸
u:=

∥∥∥∥∥∥∥∥
U

=
δ

2
< δ.

Then, ∥∥∥∥δ2 A w

∥w∥U

∥∥∥∥ = ∥A u∥V ≤ 1

owing to (5.3). This implies:

∥A w∥V ≤ 2/δ︸︷︷︸
α:=

∥w∥U , ∀w ∈ U.
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Next, we show L3) =⇒ L2). Consider the sequence un → u ∈ U. Then
L3) implies:

∥A (u− un)∥V ≤ α ∥u− un∥U → 0 =⇒ A un → A u,

that is, A is continuous at any u.

When both U and V are finite dimensional, a linear map A : U → V is
automatically continuous.

Proposition 5.2. Let A ∈ L (U,V), and dimU,dimV < ∞. Then A is
continuous.

Proof.

Definition 5.4 (Linear functional). When the range of a linear operator
L : U → V is a scalar field F (either real R or C), we call L a linear
functional.2

Remark 5.3. Clearly, all the above results for linear operators are also valid
for linear functionals.

Definition 5.5 ((Topological) Dual spaces). We call B (U,F) the dual
space of U and denote it as U∗.

It turns out that U and U∗ is topologically equivalent in the sense that
there is a bijective continuous mapping, known as the Riesz map R, between
U and U∗. The injectivity and unitary of the Riesz map R are left as an
exercise in Problem 5.12. The surjectivity of the Riesz map is the content is
the following theorem. U and U∗ is thus isometrically equivalent.

Theorem 5.1 (Riesz representation theorem). Let L : U → F be a
bounded linear functional on a Hilbert space U. There exists a unique ℓ ∈ U
such that

L (v) = (ℓ, v)U , ∀v ∈ U. (5.4)

Furthermore, the operator norm of L is given as ∥L ∥ := sup
v∈U

|L (v)|
∥v∥U

= ∥ℓ∥U.

Proof. A general proof that works for both finite and infinite dimensional
settings is quite standard and can be found in any functional analysis book
(see, e.g., [112, 11, 28, 97, 131]). We provide a short and intuitive proof
for finite dimensions. We prove the result for F = C as the case F = R is
analogous. Let u = {e1, . . . , en} be an orthonormal basis for U. Let u be the
representation of u in u. we have

u =

n∑
i=1

u (i) ei =⇒ L u =

n∑
i=1

u (i) L ei︸︷︷︸
=:ℓ(i)

= (ℓ,u)Fn = (ℓ, u)U , ∀u ∈ U,

2 Thus, a linear functional a special linear operator whose range is a scalar field.
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where we have defined ℓ through its coordinate vector ℓ in the basis u, and
thus it is unique. We have

∥L ∥ := sup
v∈U

|L (v)|
∥v∥U

= sup
v∈U

|(ℓ, v)U|
∥v∥U

≤ sup
v∈U

∥v∥U ∥ℓ∥U
∥v∥U

= ∥ℓ∥U ,

where we have used Cauchy-Schwarz inequality. The equality happens when
v = ℓ.

Remark 5.4. It is a common practice to not distinguish L ∈ U∗ and its
presentation ℓ ∈ U. The reason is that though they are different in nature, as
far as the results of their actions are concerned, they are the same by (5.4).
This is the reason one typically identifies U∗ with U in practice. In particular,
we write

ℓ (v) = ⟨ℓ, v⟩U∗×U = (ℓ, v)U ,

where ⟨ℓ, v⟩U∗×U is known as the duality pairing. Furthermore, let us denote
equip U∗ with the following canonical inner product

(f, g)U∗ := (R−1f,R−1g)U, ∀f, g ∈ U∗, (5.5)

where R−1 : U∗ → U is the inverse of the Riesz map, and, for example, R−1f
is the Riesz representation of f in U. Then, U∗ is a Hilbert space with the
induced norm exactly the operator norm defined in (5.4) (see Problem 5.13). .
After the definition of adjoint in Definition 5.6, we can see from Problem 5.12
that R−1 = R∗ since R is a unitary operator.

Example 5.4 (Fréchet derivative in Rn). Let f : Rn → R define the map
Df (u, ·) : Rn → R associated with f at any u via

Df (u,h) := (∇f (u) ,h)Rn , ∀h ∈ Rn.

Clearly Df (u, ·) is linear. Df (u, ·) is also bounded since

∥Df (u, ·)∥ = sup
h∈Rn

Df (u,h)

∥h∥Rn

= sup
h∈Rn

(∇f (u) ,h)Rn

∥h∥Rn

= ∥∇f (u)∥Rn <∞.

Now, by the Taylor expansion, we have

f (u+ v) = f (h)+(∇f (u) ,h)Rn+o (∥v∥Rn) = f (h)+Df (u,h)+o (∥v∥Rn) ,

and thus by Definition 9.2, Df (u,h) is the Fréchet derivative of f at u.
Moreover, by Theorem 5.1, we conclude that ∇f (u) is the Riesz represen-
tation of Df (u, ·). A general definition of Fréchet derivative for mappings
between arbitrary Hilbert space is referred to section 9.2.
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5.2 Adjoint operators

Definition 5.6 (Adjoint operator). Let A ∈ B (U,V). We say that A ∗ :
V→ U is the adjoint of A iff

(A u, v)V = (u,A ∗v)U , ∀u ∈ U, v ∈ V.

Proposition 5.3. Let A ∈ B (U,V). Then A ∗ exists and is unique. Further-
more, it is linear with ∥A ∗∥ = ∥A ∥, where the operator norm is defined as
in (5.2), e.g.,

∥A ∥ := sup
u∈U

∥A u∥V
∥u∥U

= sup
∥u∥U=1

∥A u∥V . (5.6)

Proof. To see the existence and linearity, we note that owing to the continu-
ity of A and the inner product, (A u, v)V is continuous in u. By the Riesz
representation Theorem 5.1, there exists a unique ℓ ∈ U depending on A and
v such that

(A u, v)V = (v,A u)V = (ℓ (A , v) , u)U , ∀u ∈ U,

which implies that ℓ (A , v) is linear in v. Defining A ∗ via A ∗v := ℓ (A , v)
implies the existence, linearity, and uniqueness of A ∗. We next show that
A ∗ is continuous and ∥A ∗∥ = ∥A ∥. We have

∥A ∗v∥2U = (A ∗v,A ∗v)U = (A A ∗v, v)V ≤ ∥A ∥ ∥A
∗v∥U ∥v∥V ,

which shows that A ∗ is bounded and ∥A ∗∥ ≤ ∥A ∥. Since A is the adjoint of
A ∗, following a similar arguement we have ∥A ∥ ≤ ∥A ∗∥, and this concludes
the proof.

Remark 5.5. From the proof of Theorem 5.1 we see that, for Hilbert spaces, we
can replace the supremum in the definition of the norm of a linear continuous
functional L by maximum. From now on, we use supremum and maximum
interchangeably.

Example 5.5. Let U = Rn and V = Rn be respectively endowed with the
inner products (., .)Rn and an M -weighted inner product (., .)Rn,M where

(v,w)Rn,M :=
∑
i,j

v(i)M (i, j)w(j) := vTMw,∀v,w ∈ V, and M is a

symmetric and positive definite matrix. We need to find the adjoint operator
A∗ of a matrix A : U, (., .)Rn → V, (., .)Rn,M . We have
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(Au, v)V = (Au,v)Rn,M = (Av)
T
Mv

= uTATMv = uT (ATMv) = (u,ATMv)Rn

= (u,ATMv)U.

By the definition of adjoint operator, we have A∗ = ATM .

Example 5.6. Now, let us consider A : U = Span{1, x, x2} ⊂ U =
L2 (−1, 1)→ R2 such that the map A is defined as

u(x) ∈ U 7→ A u =


∫ 1

−1

u(x) dx∫ 1

−1

(2x+ 1)u(x) dx

 ,
with the space L2 (−1, 1) defined3 as

L2 (−1, 1) :=
{
f : (−1, 1)→ R :

∫ 1

−1

|f(x)|2 dx <∞
}
,

and the inner product on L2 (−1, 1), and hence on U, is defined as

(u, v)L2(−1,1) :=

∫ 1

−1

u(x)v(x) dx.

We have

(A u, v)R2 = v1

∫ 1

−1

u(x) dx+ v2

∫ 1

−1

(2x+ 1) u(x) dx

=

∫ 1

−1

u(x) [v1 + (2x+ 1)v2] dx =

∫ 1

−1

u(x) [1, (2x+ 1)]v dx.

Therefore, by definition A ∗ = [1, (2x+ 1)]. It is clear that A ∗v ∈ U, and
thus A ∗ : R2 → U.

Example 5.7. Let us consider A : U = Span{1, x, x2} ⊂ U = L2 (−1, 1) →
R2 such that the map A is defined as

u(x) ∈ U 7→ A u =

[
u (x1)
u (x2)

]
∈ R2,

where x1, x2 ∈ (−1, 1). The inner product on L2 (−1, 1), and hence on U, is
defined as

3 At this point, the definition of L2 (−1, 1) is not important, but for completeness. We will

see this L2 spaces more in latter chapters.
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(u, v)L2(−1,1) :=

∫ 1

−1

u(x)v(x) dx.

We have

(A u, v)R2 = v1u(x1) + v2u(x2) =

∫ 1

−1

u (x) [δ (x− x1) , δ (x− x2)]vdx.

Therefore, by definition A ∗ = [δ (x− x1) , δ (x− x2)]. Here, we have defined
δ (x− y) ∈ U via ∫ 1

−1

δ (x− y)u(x) dx = u(y), ∀u ∈ U, (5.7)

and thus

δ (x− y) = 15

(
3y2 − 1

)
8

x2 + 3
y

2
x+ 3

(
3− 5y2

)
8

,

by testing (5.7) with u ∈
{
1, x, x2

}
. Furthermore, it is clear that A ∗v ∈ U,

and thus A ∗ : R2 → U.

Example 5.8. Consider Pn [0, 1] the set of complex-valued polynomial of order
at most n on [0, 1]. We define A : U := Pn [0, 1] ⊂ L2 (0, 1)→ U as

A u := xu′ := x
du

dx
,

and the inner product on L2 (0, 1), and hence on U, is defined as

(u, v)L2(0,1) :=

∫ 1

0

u(x)v(x) dx.

By integration by parts we have

(A u, v)L2(0,1) =

∫ 1

0

xu′v dx = u(1)v(1) +
(
u,− (xv)

′)
L2(0,1)

=
(
u, δ (x− 1) v(1)− (xv)

′)
L2(0,1)

,

which by definition gives

A ∗v = δ (x− 1) v(1)− (xv)
′
,

where we have defined δ (x− 1) ∈ U via∫ 1

0

u(x)δ (x− 1) dx = u(1), ∀u ∈ U. (5.8)
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Clearly, we can find δ (x− 1) as the unique polynomial of degree at most n
by testing (5.8) with u ∈ {1, x, . . . , xn}. Finally, if v ∈ U, it is clear that
A ∗v ∈ U, and thus A ∗ : U→ U.

Proposition 5.4. Let u and v be orthonormal bases of U and V, respectively,
and dimU = n and dimV = m. Let A and B be the matrix representations
of A and A ∗ with respect to the bases u and v. Then

B = A∗,

where A∗ be the conjugate transpose of A.

Proof. By the definition of adjoint and matrix representation, for any u ∈ U
and v ∈ V and their corresponding representations u and v in the orthonor-
mal bases u and v, we have

(u,Bv)Fn = (u,A ∗v)U = (A u, v)V = (Au,v)Fm = (u,A∗v)Fn ,

which concludes the proof.

5.3 The closed range theorem

The following Definition 5.7, Definition 5.8, Corollary 5.1, Theorem 5.2, and
Corollary 5.2 are valid for both finite and infinite dimensions.

Definition 5.7 (Orthogonal complement). Let S ⊂ U, the orthogonal
complement S⊥ of S is defined as

S⊥ := {u ∈ U : (u,w)U = 0,∀w ∈ S} .

A direct consequence of the definition is that S⊥ is a closed subspace of
U and that S ∩ S⊥ = {θ}.

Definition 5.8 (Closure). Let S ∈ U. The closure S of S is the smallest
closed set in U containing S.

Note that we use the overline to denote both the complex conjugate and the
closure, but it should be clear from the context which one we refer to.

Remark 5.6. Note that the closure S is the smallest closed set containing S,
and thus the closure S is unique. In addition, iof S is a linear subspace, then
the closure under the U-norm topology is the same as the completion of S
with the U-norm. As a result, the completion of a linear subspace in a normed
space is unique.
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Corollary 5.1. There holds:
(
S⊥
)⊥

= S.

Proof. See [97, proposition 1 of chapter 3].

Next is an important theorem (see, e.g., [141, 28, 14]).

Theorem 5.2 (The closed range theorem). Let A : U→ V. The follow-
ing hold:

• [R (A )]
⊥
= N (A ∗).

• R (A ) = [N (A ∗)]
⊥
.

• [R (A ∗)]
⊥
= N (A ).

• R (A ∗) = [N (A )]
⊥
.4

If R (A ) is closed, so is R (A ∗), and we can replace R (A ) and R (A )
∗
by

R (A ) and R (A ∗), respectively, in the above results.

Proof. The second assertion is the direct consequence of the first assertion
and Corollary 5.1. The third and fourth assertions follow the first and the
second, and the fact that (A ∗)

∗
= A . So, we only need to prove the first

assertion. Let z ∈ N (A ∗) and y ∈ R (A ). Then y = A x for some x ∈ U. We
have

(z, y)V = (z,A x)V = (A ∗z, x)U = 0, ∀y ∈ R (A ) ,

which says that N (A ∗) ⊂ [R (A )]
⊥
. Now take z ∈ [R (A )]

⊥
, we have

(A ∗z, x)U = (z,A x)V = 0, ∀x ∈ U,

which implies that A ∗z = 0, which in turn shows [R (A )]
⊥ ⊂ N (A ∗).

Corollary 5.2. There hold:

• U = N (A )⊕ R (A ∗),
• V = N (A ∗)⊕ R (A ),

where ⊕ denotes the direct sum of two sets, that is, for example, for any
u ∈ U there are unique u1 ∈ N (A ) and u2 ∈ R (A ∗) such that u = u1 + u2.

We note that for finite dimensional vector spaces U and V, R (A ), and hence
R (A ∗), is obviously closed (see Problem 5.9), and thus Theorem 5.2 and
Corollary 5.2 clearly hold with R (A ) and R (A ∗) in the places of R (A )
and R (A ∗). We will see that the proof of the closed range Theorem 5.2,
hence the Corollary 5.2, for finite dimensional cases is trivial using the SVD
decomposition in Theorem 8.1.

When A is continuous and its the range space is finite-dimensional (also
called finite-rank), we can say a lot about A using its adjoint A ∗.

4 Since we consider only Hilbert spaces, which are reflexive, R (A ∗) = [N (A )]⊥ holds. In

general, R (A ∗) ⊂ [N (A )]⊥: see [28, Corollary 2.18].
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Lemma 5.2 (Finite-rank operators). Let A ∈ B (U,V) and suppose
dimR (A ) = n <∞. Let

{
φi
}n
i=1

be an orthonormal basis of R (A ). Then,

• A can be expressed as

A u =

n∑
i=1

(
ϕi, u

)
U φ

i,

where
{
ϕi
}n
i=1

be a linearly independent set in U.
• A ∗ ∈ B (V,U) and can be expressed as

A ∗v =

n∑
i=1

(
φi, v

)
V ϕi

• dim (R (A ∗)) = dim (R (A )) = n.

Proof. There exists a unique coordinate vector α ∈ Fn such that

A u =

n∑
i=1

αiφ
i,

which, after taking the inner product both sides with φj , reduces to

αj =
(
A u, φj

)
V =

(
u,A ∗φj

)
U =

(
u, ϕj

)
U ,

where we have defined ϕj := A ∗φj . Note that the computation of αj , j =

1, . . . , n, is well-defined due to the boundedness of A . The fact that
{
ϕj
}n
j=1

is an independent set of U is due to the independence of
{
φi
}n
i=1

. For the
second assertion, the characterization of A ∗ is obvious using the definition
of adjoint, and the boundedness of A ∗ then follows. The third assertion is
clear from the first and the second assertion.

Theorem 5.3 (Rank-Nullity Theorem). Let A : U → V is a linear op-
erator and dim(U),dim(V) <∞. The following hold true

• dim(U) = dim(N(A )) + dim(R(A )),
• dim(V) = dim(N(A ∗)) + dim(R(A ∗)).

Proof. By Corollary 5.2 and finite dimensional nature of U, we know that
U = N (A )⊕ R (A ∗), and thus

dim (U) = dim (N (A )) + dim (R (A ∗)) ,

which, together with the third assertion of Lemma 5.2, yields the first asser-
tion. The proof of the second assertion follows similarly. An alternative and
straightforward proof using the SVD can be referred to section 8.1.
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5.4 Appendix: an origin of matrices and their rules

This section review the notion of matrix representation of a linear mapping
between two finite dimensional spaces. Our goal is to provide a constructive
derivation of matrices and vectors, and their operational rules. As shall be
seen, these are a by-product of viewing a linear transformation under a par-
ticular basis in the domain and a particular basis in the range of a linear map.
Consider the linear operator: A : U → V where dim(U) = n, dim(V) = m.
We find a matrix representation of A by the following steps:

1. Let
v := A u (5.9)

Let E =
{
e1, . . . , en

}
is the Hamel basis of U and G =

{
g1, . . . , gm

}
is

the Hamel basis of V. Now, any v := A u ∈ V can be written as

v = Au = A

 n∑
j=1

αje
j

 =

n∑
j=1

αjA ej ,

Note that [α1, . . . ,αn]
T

are the coordinates of u in the basis X. Since
A ej ∈ V , there exists a unique m numbers Âij , i = 1 . . .m such that

A ej =

m∑
i=1

Âijg
i.

Thus,

v =

n∑
j=1

αjA ej =

n∑
j=1

αj

(
m∑
i=1

Âijg
i

)
.

Switching the sum gives

v =

m∑
i=1

 n∑
j=1

Âijαj

 gi.

On the other hand, since v ∈ V , there exists a unique set of coordinates
{βi}

m
i=1 of v in the basis G such that

v =

m∑
i=1

βig
i.

Combining the last two equations yields
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m∑
i=1

βi −
n∑

j=1

Âijαj

 gi = 0, (5.10)

which, owing to the linear dependence of G, gives

βi =

n∑
j=1

Âijαj , i = 1, . . . ,m. (5.11)

2. If we put {αj}nj=1, {βi}
m
i=1, and

{
Âij

}n,m

i=1,j=1
into tables/arrays of num-

bers as 
β1
...

βm

︸ ︷︷ ︸
β:=

,

 Â11 Â12 . . . Â1n

...
. . .

. . .
...

Âm1 . . . . . . Âmn


︸ ︷︷ ︸

Â:=

,


α1

...
αn

︸ ︷︷ ︸
α:=

,

then (5.11) can be be written in a short-hand notation as

β = A×α,

where the multiplication × between A and α is defined via (5.11). In
particular, the ith component of β is computed by the Euclidean inner
product of the ith row of A and α. We call A an m × n matrix, α an
n-dimensional vector, and β an m-dimensional vector. Thus, we have de-
rived the product rule between a matrix and a vector that we were taught
to memorize. We should have been taught the origin of matrix multiplica-
tion and addition rules as a direct consequence of matrix representations
of a linear map and the sum of two linear maps. This provides not only
the origin of matrices/vectors, but also the underlying linear map be-
hind a matrix. Such an introduction provides a deeper understanding
of matrices. Unfortunately, most linear algebra books/courses regarding
matrices provide the rules out of the blue. As we have seen, deriving
these rules is trivial, and yet it provides insights into the origin of matri-
ces and their rules. Other matrix rules can be derived in a similar fashion
(see the derivation of matrix addition and matrix multiplication rules in
Problem 5.14 and Problem 5.15).

3. Â is known as the matrix representation of the linear operator A in the
(E,G) basis pair. As can be seen, α (β respectively) is the presentation
of u in the basis E (G respectively).

4. Note that the original linear map A is completely equivalent its matrix
presentationA. While the matrix representationA depends on the pair of
bases under consideration, the original operator is independent of bases.
Similarly, u (and v respectively) is basis-independent, its representation
α (and β respectively) is basis-dependent.
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Problems

Problem 5.1. Let A : U → V be a linear operator. Show that R (A ) and
N (A ) are vector spaces.

Problem 5.2. Prove the statement in Remark 5.2.

Problem 5.3. Recall that if A : U→ V is bijective (injective and surjective),
its inverse A −1 : V→ U is well-defined in the sense that for any v ∈ V, there
is a unique u ∈ U such that A u = v and A −1 (v) = u. Show that A −1 is
also a linear operator.

Problem 5.4. Prove Theorem 5.1 for the case when F = R.

Problem 5.5. Let A ∈ B (U,V), I : U → U is the identity operator, and
λ ∈ C. Prove the following facts:

• I ∗ = I ,
• (λA )

∗
= λA ∗,

• (A + λI )
∗
= A ∗ + λI ,

• If A −1 exists, then (A ∗)
−1

=
(
A −1

)∗
,

• Suppose B ∈ B (V,Z), then (BA )
∗
= A ∗B∗.

Problem 5.6. Let U = Cn and V = Cn be respectively endowed with the an
N -weighted (., .)Cn,N and an M -weighted inner product (., .)Cn,M where, for

example, (v,w)Cn,M :=
∑
i,j

v(i)M (i, j)w(j) := vTMw,∀v,w ∈ V. Here,

N and M are a Hermitian, i.e. M∗ = M , and positive definite matrices.
Find the adjoint operator A∗ of a matrix A : U, (., .)Cn,N → V, (., .)Cn,M .

Problem 5.7. Now, let us consider A : U = Span{1, x, x2} ⊂ U =
L2 (−1, 1)→ R2 such that the map A is defined as

u(x) ∈ U 7→ A u =

∫ 1

−1

u(x) dx

u (x0)

 ,
where u0 ∈ (−1, 1) and the inner product on L2 (−1, 1), and hence on U, is
defined as

(u, v)L2(−1,1) :=

∫ 1

−1

w (x)u(x)v(x) dx,

where w (x) is a given positive function (−1, 1). Find the adjoint of A .

Problem 5.8. Consider Pn [0, 1] the set of complex-valued polynomial of or-
der at most n on [0, 1]. We define A : U := Pn [0, 1] ⊂ L2 (0, 1)→ U as

A u :=
(
u2 + 1

)
u′ :=

(
u2 + 1

) du
dx
,
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and the inner product on L2 (0, 1), and hence on U, is defined as

(u, v)L2(0,1) :=

∫ 1

0

u(x)v(x) dx.

Problem 5.9. Let A : U → V be a continuous linear map. Suppose that
either U or V is a finite-dimensional space. Show that R (A ) is finite-
dimensional space. Then, show that R (A ), and thus R (A ∗), is closed.

Hint: Suppose that dim (U) = n < ∞. Let u1, . . . , un be an orthonor-
mal basis for U. Then clearly A ui, i = 1, . . . , n, spans R (A ), and thus
dim (R (A )) ≤ n. The equality holds when N (A ) = {θ}, which we can assume
WLOG. Now takes a convergent sequence {vi}∞i=1 in R (A ) that converges to
v, then the pre-image sequence {ei}∞i=1 is (Cauchy and thus) convergent as
A is bounded and invertible on its range. Let u be the limit of {ei}∞i=1, then
v = lim

i→∞
yi = lim

i→∞
A ui = A u. This shows that v ∈ R (A ) and this concludes

the proof.
Note that when dimU <∞, A is automatically continuous (see Proposi-

tion 5.1)
When dim (V) = n < ∞, we do need the continuity assumption of A to

show that it is a compact operator. Then we can show that R (A ) is closed
iff R (A ) is finite dimensional. But this second part may be too much:
perhaps should eliminate this second part and only consider the
case dimU <∞.

Problem 5.10. Let A : U→ V be a continuous linear map and dim (R {A }) =
n <∞. Let {vi}ni=1 be an orthonormal basis of R (A ). Show that A can be
expressed as

A u =

n∑
i=1

(ui, u)U vi,

where {ui}ni=1 be a linearly independent set in U. In addition, shows that
dim (R (A ∗)) = dim (R (A )) = n. Conversely, if dim (R {A ∗}) = n < ∞,
then dim (R (A )) = dim (R (A ∗)) = n.

Hint: Let A u =

n∑
i=1

αivi. By inner product both sides by vj , we see that

αi = (A u, vi)V = (u,A ∗vi)U. Note that due to the continuity (boundedness)
of A , the computation of αi makes sense for any u ∈ U. Otherwise, αi could
be infinite if A is unbounded. By setting ui = A ∗vi concludes the result.
Consequently, we have

A ∗v =

n∑
i=1

(vi, v)V ui,

Problem 5.11. Let us equip L (U,V) (and B (U,V)) with the following al-
gebraic operations for f, g ∈ L (U,V) (and B (U,V)):
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(f + g) (u) := f(u) + g(u),

(αf) (u) := αf(u), ∀α ∈ F.

Show that L (U,V) (and B (U,V)) is a vector space.

Problem 5.12. Consider u ∈ U and define the Riesz map Ru via its action
U ∋ v 7→ Ru (v) := ⟨Ru, v⟩ := (u, v)U ∈ F. The linearity of the Riesz map R
is clear, and thus we write Ru instead of Ru. Show that

• Ru ∈ U∗ for any u ∈ U,
• ∥Ru∥ = ∥u∥U for any u ∈ U (and thus R is an isometry), and
• R(·) : U ∋ u 7→ Ru ∈ U∗ is injective.

Together with the Riesz representation Theorem 5.1 and adjoint Defini-
tion 5.6, show that R is a unitary operator.

Hint: The first and the second assertions are clear by the Cauchy-Schwarz
inequality. For the third assertion, suppose Ru = Rw and w ̸= u. Then
(w, v)U = Rw (v) = Ru (v) = (u, v)U ,∀v ∈ U, and thus (u− w, v)U ,∀v ∈ U.
Then simply taking v = u − w, we have that u = w. For the last assertion,
we have

∥u∥2 = ∥Ru∥2 = (R∗Ru, u) , =⇒ ((R∗R−I )u, u) = 0 ∀u ∈ U,

which, by taking u 7→ u + w and u 7→ u + iw for examples, implies that
R∗R = I . From the Riesz representation theorem, R is subjective, and thus
for any φ ∈ U∗, there exists a unique v ∈ U such that Rv = φ, and thus

RR∗φ = RR∗Rv = Rv = φ, ∀φ ∈ U∗,

where have used the fact that R∗R = I in the second last equality. Thus
RR∗ = I . We conclude that R : U→ U∗ is indeed a unitary operator.

Problem 5.13. Show that U∗ equipped with the inner product in (5.5) is a
Hilbert space, and the induced norm is exactly the operator norm in U∗.

Problem 5.14 (matrix addition). Consider A ,B : U→ V with dimU =
n and dimV = m. Let E and G be a basis for U and V, respectively, and
the corresponding matrix representations for A and B in this basis pair are
A and B. Let C be the matrix presentation of C := A + B : U→ V. Show
that

C = A+B,

where the addition operation is componentwise.

Problem 5.15 (matrix multiplication). Consider A : U → V and B :
V → U with dimU = n and dimV = m. Let E and G be a basis for U
and V, respectively, and the corresponding matrix representations for A and
B in this basis pair are A and B. Let C be the matrix presentation of the
composition C := BA : U→ U. Show that
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C = B ×A,

where the multiplication produces the ij-component of matrix C as follow

Cij =

m∑
k=1

BikAkj = (B (i, :) ,A (:, j))Rm ,

where B (i, :) and A (:, j) are ith row and jth column of B and A, respec-
tively.



Chapter 6

Existence and uniqueness of a solution
for linear operator equations

Abstract In this chapter, we study the existence and uniqueness of a solu-
tion of the following linear operator equation

A u = f, (6.1)

where A : U→ V. This short chapter is limited to finite dimensional spaces U
and V, while addressing similar questions in arbitrary dimensions, including
infinite dimensions, will be the main subject of Chapter 15. We shall see that
the adjoint plays a central role in the existence and uniqueness of a solution
for (6.1). The prerequisites for this chapter are:

• Linear operator (basic definitions including range and null spaces: see
Chapter 5)

• Basics on Hilbert spaces (inner product, orthogonality)
• Linear algebra

By definition, there exists a solution to (6.1) iff f ∈ R (A ). Thus, one
way to determine the existence of a solution is by studying the range space
R (A ) of A . However, there are two possible issues here. First, it may not
be trivial to identify R (A ). Second, even when we know R (A ), there is no
simple working mechanics to check if f resides in R (A ). Fortunately, the

closed range Theorem 5.2, tells us that R (A ) = N (A ∗)
⊥

as long as R (A )
is closed, which is the case for this chapter as dimX = n < ∞. Thus, the
existence of a solution now amounts to verifying that f ∈ N (A ∗)

⊥
, which is

equivalent to checking

(f, v)Y = 0, ∀v ∈ N (A ∗) ,

and this provides us with a working equation to operate on. Of course, instead
of characterizing R (A ) we need to identify N (A ∗), but this can be done
through the following working equation

A ∗y = θ, ∀y ∈ N (A ∗) .

31
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Clearly, the additional step that we have to carry out is to identify A ∗. We
will demonstrate these steps in details for various examples in the following.

Lemma 6.1.

• Existence. The linear equation (6.1) has a solution iff y ∈ N (A ∗)
⊥
.

• Uniqueness. The solution of (6.1) is unique iff [R (A ∗)]
⊥

= N (A ) =
{θ}.

• If dimX = dimY, the uniqueness is equivalent to existence.

Proof. As discussed above, the existence is the direct consequence of the
closed range Theorem 5.2 which says that R (A ) = [N (A ∗)]

⊥
. The unique-

ness is clear. The proof of the third assertion is as follows. We have

N(A ) = {θ} Uniqueness

⇕
dimN(A ) = 0

⇕ dimX = dimN(A ) + dimR(A )

dimY = dimX = dimR(A )

⇕ R(A ) ⊆ Y
R(A ) = Y Existence for any y ∈ Y

where we have used the rank-nullity Theorem 5.3.

Remark 6.1. Lemma 6.1 implies that if a solution exists, the natural approach
to study its uniqueness is to investigate the null space of A . However, there
are cases where we can readily see the answer from the range of A ∗.

Example 6.1. Let A =

[
1 2
1 2

]
, and f =

[
1
0

]
. The question is if there is a

solution to the equation Au = f . Consider U = V = R2 with the standard
Euclidean inner product (·, ·)R2 . We know from Example 5.5 that the adjoint
A∗ is given by

A∗ = AT =

[
1 1
2 2

]
.

Let’s determine the null space of A∗. If z ∈ N(A∗) then

A∗z = θ =⇒ z1 + z2 = 0,

which yields N(A∗) =

{[
α
−α

]
: ∀α ∈ R

}
. However, for any z ∈ N (A∗) we

have

(f , z)R2 =

([
1
0

]
,

[
α
−α

])
R2

= α ∀α ∈ R,

that is, f ̸⊥ N(A∗). Thus, Au = f does not have a solution.
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Example 6.2. Consider the operator A defined in Example 5.6: A : U =
Span{1, x, x2} ⊂ U = L2 (−1, 1)→ R2 such that

u(x) ∈ U 7→ A u =


∫ 1

−1

u(x) dx∫ 1

−1

(2x+ 1)u(x) dx

 ,
and we are interested in studying the existence and uniqueness of a solution
for A u = f for a given f ∈ R2. Note that this is an operator setting for
the problem of fitting a quadratic polynomial in u(x) with two pieces of
information about u(x). With elementary knowledge, we know that there
is more than one quadratic as we can only hope to determine a quadratic
uniquely with three pieces of information. We expect the proposed adjoint
approach to provide the same answer. To that end, we see that A maps three-
dimensional space U into two-dimensional space R2, but other than this it is
unclear what the range and null spaces of A look like. However, the range
and null spaces of A ∗ are trivial as we shall see. We start by recalling from
Example 5.6 that

A ∗ = [1, (2x+ 1)] .

To compute N(A ∗), we pick any v ∈ N(A ∗), i.e. A ∗v = 0. We have

v1 + (2x+ 1)v2 = 0 ∀x,

which implies
v1 = v2 = 0.

Thus,

N(A ∗) =
{
[0, 0]

T
}
.

Since [0, 0]
T
is orthogonal to any f ∈ R2, we conclude that A u = f always

has a solution.
Now for the uniqueness, we have seen that A ∗v = v1 + (2x+ 1)v2 which

is a first-order polynomial while U is the space of polynomials of order at
most 2. It follows that R (A ∗) ⊂ U, which means N (A ), the orthogonal
complement of R (A ∗) in U is not trivial. Thus, there is no uniqueness. To
see that this indirect approach via adjoint yields the same conclusion using
the direction approach based on N (A ), let us now find N (A ).

To compute N(A ), we pick any u ∈ N(A ), i.e. A u = [0, 0]
T
, i.e:

∫ 1

−1

u dx∫ 1

−1

(2x+ 1) u dx

 =

[
0
0

]
.
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Since U = Span{1, x, x2}, we can write u(x) = ax2 + bx + c where
a, b, c ∈ R need to be determined. Substituting into the above equations
yields:

b = 0 and a = −3c.

That is,
u(x) = (−3x2 + 1)c,

for any constant c ∈ R. We conclude

N(A ) = {(−3x2 + 1)c : c ∈ R}

is not trivial and thus there is more than one solution. This is consistent with
the adjoint approach.

Example 6.3. Consider the operator A defined in Example 5.7. In particular,
A : U = Span{1, x, x2} ⊂ U = L2 (−1, 1)→ R2 such that

u(x) ∈ U 7→ A u =

[
u (x1)
u (x2)

]
∈ R2,

where x1 and x2 are two given points in (−1, 1). We wish to know the exis-
tence and uniqueness of a solution of the equation A u = f for a given f ∈ R2.
Note that this is an operator setting for the problem of fitting a quadratic
polynomial in u(x) with two pieces of information about u(x). Based on ele-
mentary knowledge, we know that there is more than one quadratic as we can
only hope to determine a quadratic uniquely with three pieces of information.
We expect the proposed adjoint approach to provide the same answer. From
Example 5.7 the adjoint was found to be

A ∗ = [δ (x− x1) , δ (x− x2)] ,

δ (x− y) = 15

(
3y2 − 1

)
8

x2 + 3
y

2
x+ 3

(
3− 5y2

)
8

.

It follows that

A ∗v = 15

[
3
(
x21v1 + x22v2

)
− (v1 + v2)

]
8

x2

+ 3
(x1v1 + x2v2)

2
x+ 3

[
3 (v1 + v2)− 5

(
x21v1 + x22v2

)]
8

. (6.2)

For the existence, we look at the null space of A ∗, that is, all v such that
A ∗v = 0 for all x. This gives us three equations for v1 and v2, and clearly
the only solution is v1 = v2 = 0 when x1 ̸= x2. In this case, there is always
a solution for any f ∈ R2 as R (A ) = [N (A ∗)]

⊥
= {0}⊥ = R2. On the other

hand, if x1 = x2, a general solution is v1 = −v2. In this case,

N (A ∗) = span
{
[1,−1]T

}
,
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and thus A u = f has a solution iff f ∈ R (A ) = N (A ∗)
⊥
= span

{
[1, 1]T

}
.

For the uniqueness, we look at the range space of A ∗. From (6.2), given
x1 and x2, the specific forms of coefficients of the second order polynomial
A ∗v can range at most a subset of U when v varies in R2. Thus R (A ∗) ⊂ U
and this implies that N (A ), the orthogonal complement of R (A ∗) in U, is
nontrivial. We conclude that there are many solutions. This is consistent with
the direct approach based on N (A ) as fixing a quadratic polynomial u(x) at
two values u(x1) and u(x2) does not uniquely identity a polynomial.

We would like to point out that whether the adjoint approach is preferable
is problem-specific. Sometimes it is trivial to see the answers directly from
A instead of A ∗.

Example 6.4. We continue Example 5.8 here where A : U := Pn [0, 1] ⊂
L2 (0, 1)→ U as

A u := xu′ := x
du

dx
.

The adjoint was found to be

A ∗v = δ (x− 1) v(1)− (xv)
′
,

where δ (x− 1) is an nth-order polynomial in U defined via∫ 1

0

u(x)δ (x− 1) dx = u(1), ∀u ∈ U.

We are interested in knowing if there is a solution to the equation A u = f
for a given f ∈ U.

For the existence of a solution, we have a choice to look at R (A ) or N (A ∗).
While it is not trivial to characterize N (A ∗), it is much easier to know what
R (A ) looks like. Indeed, from the definition of A , A u is clearly an nth-order
polynomial without the zero-order term. As a result, A u = f has a solution
iff f is any polynomial of order at most n without zero-order term. In other
words, A u = f has no solution if f is a constant.

Now suppose f is such that A u = f has a solution, the question is if it
is unique. Since it is not clear if R (A ∗) is a proper subset of U, we look at
N (A ). Let u ∈ N (A ), we have

x
du

dx
= 0, ∀x ∈ [0, 1] ,

which implies that all coefficients in the polynomial u vanish except the
constant term. In other words, any constant u resides in N (A ). We conclude
that there is more than one solution (just simply add a constant to a solution
we obtain another solution) since N (A ) is not trivial.

Theorem 6.1. Let A : U → V be a linear operator and dim (U) ,dim (V) <
∞.





Chapter 7

Eigenvalue problem for self-adjoint
operators

Abstract In this chapter, we consider linear operators mapping a space
into itself, i.e. A : X → X. We say that U ⊆ X is an invariant subspace
of A if A (U) ⊆ U. Trivial examples for invariant subspaces are U = {θ},
U = N (A ), and U ≡ X. The question is if there are other (non-trivial)
invariant subspaces of A ? It turns out the eigensubspaces, when exist, are
invariant subspaces. The existence of eigensubspaces is guaranteed when A
self-adjoint, i.e. A ∗ = A . In that case, any invariant subspace of A , includ-
ing the trivial ones except {θ}, is a combination of eigensubspaces. In other
words, eigensubspaces determine all invariant subspaces of A . Furthermore,
we shall see that a self-adjoint linear operator is completely characterized by
its eigenpairs. Discuss the application of eigenvalue problems in

• model reduction
• vibration analysis (Jeff’s work)
• orthogonal polynomial, Fourier series, Sturm-Liouville problems
• SVD
• stability of ODEs (eigenvalues must have non-positive real parts), and
iterative methods (eigenvalues with magnitude less than one)

7.1 Eigenvalue problem for self-adjoint operators

Definition 7.1 (Eigenvalue problem). Let A : X→ X be a linear opera-
tor. The problem of finding a pair {λ, u} such that

A u = λu where λ ∈ C, u ∈ X (7.1)

is called an eigenvalue problem if there exists a nontrivial pair {λ, u} (x is
not a zero vector/function but λ could be zero). In particular:

• λ is called an eigenvalue.

37



38 7 Eigenvalue problem for self-adjoint operators

• u is called an eigenfunction, associated with the eigenvalue λ, of A . If
X is a finite-dimensional space, i.e. dimX < ∞, u is typically called an
eigenvector. We shall use eigenfunction and eigenvector interchangeably.

Definition 7.2 (Self-adjoint operator). If A ∗ = A , then A is called
self-adjoint.

Lemma 7.1. Let A : X → X be a linear operator and A is self-adjoint.
Then:

1. Eigenvalues of A are real.
2. Eigenfunctions corresponding to distinct eigenvalues are orthogonal to

each other. That is, if {λ, u} and {α, v} are two eigen-pairs and λ ̸= α
then (u, v)X = 0.

Proof. For the first assertion, we have λ (u, v)X = (λu, u)X = (A u, u)X =
(u,A u)X = (u, λu)X = λ (u, u)X. Thus,

(
λ− λ

)
(u, λu)X = 0, and this implies

λ = λ, or λ is real. For the second assertion, we observe that λ (u, v)X =
(A u, v)X = (u,A v)X = α (u, v)X. Therefore, (λ− α) (u, v)X = 0, and this
implies (u, v)X = 0.

Remark 7.1. Note that Definition 7.1, Definition 7.2, and Lemma 7.1 hold for
both finite and infinite dimensional cases.

Proposition 7.1. Let A : X→ X be a linear operator. Then, A has at least
one eigenvalue.

Proof. Let n be the dimension of X and E be a basis. Let A and u be
the matrix and vector presentation of A and u in the basis E. The matrix
representation of the eigenvalue problem(7.1) reads

Au = λu,

that is, λ is an eigenvalue of A iff it is also an eigenvalue of A. Since
det (A− λI) = 0 has n roots for λ (including repeated ones), there is at
least one eigenvalue.

7.2 Spectral decomposition of self-adjoint operators in
finite-dimensional spaces

Theorem 7.1. Let A : X → X be a self-adjoint linear operator. Then, an
orthonormal basis of X can be constructed from eigenfunctions of A .

Proof. Proposition 7.1 implies that A has at least one eigenfunctions. Let S
be the span of all eigenfunctions of A . Owing to Lemma 7.1, it is sufficient to
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show that S = X. If S⊥ = {θ}, then clearly S = X. Now suppose S⊥ ̸= {θ}.
If u ∈ S⊥ and {λ, v} be an eigen-pair of A , then (A u, v)X = (u,A v)X =
λ (u, v)X = 0 since v ∈ S. Thus A : S⊥ → S⊥. By Proposition 7.1, A has an
eigenfunction w in S⊥, which means that w ∈ S ∩ S⊥, which in turn implies
w = θ, a contradiction. It follows that S⊥ = {θ} and this concludes the proof.

Corollary 7.1 (Spectral decomposition of self-adjoint operators in
finite dimensions). Let dimX = n and A : X → X be a linear and self-
adjoint operator. There exists n real values, λ1 ≥ λ2 ≥ λ3 · · · ≥ λn and
orthonormal vectors u1, u2, . . . un such that:

1. A ui = λiui.
2. For any x ∈ X we have

A x =

n∑
i=1

λi (x, ui)X ui, =⇒ A =

n∑
i=1

λi (·, ui)X ui,

that is, A is completely characterized by its eigenpairs.

Proof. The first assertion is clear due to Lemma 7.1, Proposition 7.1, and
Theorem 7.1. The second assertion is also obvious due to (thanks to Theo-
rem 7.1)

x =

n∑
i=1

(x, u)X ui, (7.2)

the linearity of A , and the definition of eigenpairs.

Corollary 7.2. Consider the same setting in Corollary 7.1. Let E be an
orthonormal basis of X. Let A and ui be the matrix and vector representations
of A and ui, i = 1, . . . , n. Then, {λi, ui}ni=1 are eigenpairs of A iff {λi,ui}ni=1

are eigenpairs of A.

Example 7.1 (Eigen-decomposition of self-adjoint (Hermitian) matrices). Let
A : Fn → Fn be a self-adjoint matrix. Applying either Corollary 7.1 or
Corollary 7.2 we conclude thatA has n real eigenvalues λ1 ≥ λ2 ≥ λ3 · · · ≥ λn
and orthonormal eigenvectors u1,u2, . . .un such that Aui = λiui and

A =

n∑
i=1

λi (·,ui)Fn ui =

n∑
i=1

λiuiu
∗
i = UΛU∗,

where U ∈ Fn×n is the eigenmatrix whose columns are eigenvectors of A and
Λ is a diagonal matrix whose diagonals are the corresponding eigenvalues
of A. Thus, the standard eigendecomposition for self-adjoint matrices is a
special case of Corollary 7.1.

Example 7.2. Consider Example 5.8 again but with n = 2. We are interested
in finding the eigenpairs for A . To that end, we deploy Corollary 7.2 to
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first find the eigenpairs of the matrix representation of A in an orthonormal
basis of P1 [0, 1], and then form the eigenpairs for A . An orthogonal basis
for P2 [0, 1] is clearly {1, 2x− 1}. The matrix representation A of A in this
basis is given as

A =

[
0 1
0 1

]
for which the eigenpairs are

{
0,

[
1
0

]}
and

{
1,

[√
2/2√
2/2

]}
. Thus, the eigenpairs

for A are {0, 1} and
{
1,
√
2x
}
.

7.3 Orthogonal projection and self-adjointness

We next discuss the relationship between self-adjointness, orthogonal projec-
tion, and eigenspaces of a self-adjoint operator.

Definition 7.3 (Orthogonal projection). A linear operator P : X → X
is a projection if P2 := PP = P. If, in addition, R (P) ⊥ N (P), then P
is an orthogonal projection.

Proposition 7.2. Let X be an inner product space. A projection P : X→ X
is orthogonal iff P is self-adjoint.

Proof. For any x ∈ N (P) we have

(Py, x)X = (y,P∗x)X = (y,Px)X = 0, ∀y ∈ X,

which ends the proof. Another way to see this is to use the result N (P) ⊥
R (P∗) from the closed range Theorem 5.2, but we omit the details for brevity.

It is easy to verify that any orthogonal projection P orthogonally projects
X into R (P) while

I −P,

where I is the identity operator, is the orthogonal projection into N (P).
Indeed, by the self-adjointness, we have

(Px, y −Py)X =
(
x,Py −P2y

)
X = 0, ∀x, y ∈ X.

We thus have the following generalized Pythagorean theorem for any x ∈ X
and any orthogonal projection P:

∥x∥2X = ∥(I −P)x∥2X + ∥Px∥2X . (7.3)

We will see in Theorem 11.1 that among all vectors in R (P), Px is the
closest one to x.
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Corollary 7.3. Let P : X → X be an orthogonal projection into an inner
product space X. The following holds

• P is a continuous linear map with ∥P∥ = 1.
• 1 and 0 are the only eigenvalues of P. The former corresponds to the
projection of R (P) onto itself, and the latter to the projection of N (P)
to {θ}.

Proof. The first assertion is a direct consequence of the Pythagorean identity
(7.3). For the second assertion, we let (λ, x) be an eigenpair of P. We have

λx = Px = PPx = λPx = λ2x,

which concludes the proof.

The following are some standard results of an orthogonal projection in an
inner product space.

Lemma 7.2. Let P : X → X be an orthogonal projection into an inner
product space X. Show that

• R (P) and N (P) are closed linear subspaces of X.
• R (P) = N (P)

⊥
and N (P) = R (P)

⊥
.

• For any x ∈ X, there is a unique r ∈ R (P) and a unique n ∈ N (P)

such that x = r + n and furthermore ∥x∥2X = ∥r∥2X + ∥n∥2X. That is,
R (P)⊕ N (P) = X.

Proof. For the first assertion, the linear space structure of R (P) and N (P)
is clear by the linearity of P. The closeness is due to the continuity of P (see
Corollary 7.3). The third assertion is the direct consequence of the second and
the Pythagorean identity (7.3). We prove the second assertion as it exposes
the self-adjointness of an orthogonal projection. Take an arbitrary x ∈ N (P).
Since any y ∈ R (P) can be written as y = Pz for some z ∈ X, we have

(x, y) = (x,Pz) = (P∗x, z) = (Px, z) = 0,

which means N (P) ⊆ R (P)
⊥
. On the other hand, take x ∈ R (P)

⊥
, we

have
0 = (x,Py) = (P∗x, y) = (Px, y) , ∀y ∈ X,

which gives Px = θ, and thus by definition x ∈ N (P), that is, R (P)
⊥ ⊆

N (P), which concludes the proof.

Let us also record an important result on the unique corresponding be-
tween an orthogonal projection and a closed linear subspace of a Hilbert
space (see, e.g., [109, Theorem 5.16.4]).

Theorem 7.2. Let S be a closed linear subspace of a Hilbert space X. There
exists a unique orthogonal projection P : X→ S such that R (P) = S.
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We would like to point out that up to this point, the results of this section
is valid in both finite and infinite dimensional Hilbert spaces.

Inspired by the spectral decomposition of a self-adjoint operator in Corol-
lary 7.1, we define

P :=

n∑
i=1

(·, ui)X ui, (7.4)

where {u1, · · · , un} is an orthonormal basis of X. It is easy to verify that:
i) P2 := PP = P, and ii) P is self-adjoint. Thus P is an orthogonal
projection onto X: in fact, P is the identity operator in this case, and (7.4)
is known as a resolution of identity for n-dimensional spaces. More generally,
we can easily see (see Problem 7.1) that

Pr :=

r∑
i=1

(·, ui)X ui, (7.5)

where r ≤ n, is an orthogonal projection into R (Pr) spanned by {u1, · · · , ur}.

Remark 7.2. Thus, in order to compute an orthogonal projection onto a sub-
space of a Hilbert space, we can first find an orthonormal set and form a
projection operator similar to (7.5). We will generalize this result to infinite
dimensional settings in Corollary 16.1.

Problems

7.1. We continue with the setting in Problem 5.3 but now let Y = X and
{λ, u} be an eigenpair of A . Suppose that A is a bijection. Show that {1/λ, u}
is an eigenpair of A −1.

7.2. Prove Corollary 7.2.

7.3. Provide a detailed solution of Example 7.2.

7.4. Let P : X → X be a linear bounded projection. Show that P is
orthogonal iff it is normal, i.e., PP∗ = P∗P.

Problem 7.1. Let {u1, · · · , ur}, r ∈ N, be an orthonormal set in a Hilbert
space X. Define.

Pr :=

r∑
i=1

(·, ui)X ui,

where r ≤ n. Show that Pr is an orthogonal projection onto R (Pr) spanned
by {u1, · · · , ur}. If X is n-dimensional Hilbert space, then show that Pn is
a resolution of identity.



Chapter 8

The singular value decomposition
(SVD) from adjoint perspective

Abstract The singular value decomposition (SVD) is perhaps the most
popular factorization of a linear operator.1 Its popularity lies on its indis-
pensable role in theories and applications of mathematics. An early history
of SVD can be found in [134] where the author discussed its birth from linear
algebra to functional analysis by five mathematicians: Beltrami (1835-1899),
Jordan (1838-1921), Sylvester (1814-1897), Schmidt (1876-1959), and Weyl
(1885-1955). Some [140] believed that the proof for rectangular matrices was
due to Eckart and Young [49]. A short summary of extraodinary wide range
of applications can be found in [100] where we can find applications of SVD
ranging from crystal growth to data compression and to politics. The ex-
tension of SVD from two dimensional tensors (such as matrices) to higher
dimensional tensors is discussed in details in [85]. [77] [123] Intuitive inter-
pretation of SVD vectors Should include the reference to two books that we
have here at home. The prerequisites for this chapter are:

• Linear operator (basic definitions including range and null spaces: see
Chapter 5)

• Basics on Hilbert spaces (inner product, orthogonality)
• Linear algebra
• Chapter Chapter 7

Consider A : X → Y with dim(X) = n and dim(Y) = m. It is clear that
the operators A ∗A : X → X and A A ∗ : Y → Y are linear and self-adjoint.
The spectral decomposition of self-adjoint operator in Corollary 7.1 states
that ∃λ1 ≥ λ2 ≥ . . . ≥ λn, λi ∈ R, i = 1, . . . , n, and an orthonormal basis
u1, u2, . . . , un of X such that

A ∗A ui = λiui,

which implies, after taking the inner product both sides with ui,

1 A Google search at the time of writing returns 29,300,000 results: way far beyond any

factorizations/decompositions.
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∥A ui∥2Y = λi ∥ui∥2Y ,

and thus λi ≥ 0. We define σ2
i = λi and have

A ∗A ui = σ2
i ui. (8.1)

Theorem 8.1 (Singular Value Decomposition (SVD)). Let A : X→ Y
with dim(X) = n and dim(Y) = m. Then, there exist {σi, ui, vi} (the sin-
gular triplets of A ) with σ1 ≥ . . . ≥ σi ≥ · · · ≥ σk ≥ 0 and k =
min{n, m}, an orthonormal basis {u1, u2, . . . , un} of X, and an orthonormal
basis {v1, v2, . . . , vm} of Y such that:

1. A ui = σivi for i = 1, . . . , r and A ui = θ for i = r + 1, . . . , n,
2. A ∗vj = σjuj for j = 1, . . . , r and and A ∗vj = θ for j = r + 1, . . . ,m,
3. A is completely determined by its singular triplets in the following sense:

for any x ∈ X, we have

A x =

r∑
i=1

σi (x, ui)X vi, =⇒ A (·) =
r∑

i=1

σi (·, ui)X vi,

where r is the maximum index for which σr > 0.

Proof. Starting from (8.1), let r be the maximum index for which σr > 0 and

define vi =
1

σi
A ui for i ≤ r, so that

A ui = σivi. (8.2)

Substituting (8.2) into (8.1) gives

A ∗vi = σiui. (8.3)

We claim that
{
σ2
i , vi

}
for i ≤ r are the eigenpairs of the self-adjoint operator

A A ∗. To see this, applying A to both sides of (8.3) to arrive at

A A ∗vi = σiA ui = σ2
i vi. (8.4)

That is, for every eigenpair of A ∗A corresponding to a non-zero eigenvalue
we have an eigenpair of A A ∗ with the same eigenvalue. By the same token,
we can show that for every eigenpair of A A ∗ corresponding to a non-zero
eigenvalue we have an eigenpair of A ∗A with the same eigenvalue. As a
result, the rest of eigenvalues of A ∗A and A A ∗ with indices larger than r
must be 0. The orthonormality of {u1, u2, . . . , un} and {v1, v2, . . . , vm} is the
direct consequence of the spectral decomposition of self-adjoint operators in
Corollary 7.1. The third assertion is clear owing to the first assertion and
(7.2).

It follows that the SVD of A ∗ is given as (see Problem 8.2)
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A ∗ (·) =
r∑

i=1

σi (·, vi)Y ui.

Corollary 8.1. Let A : X → Y with dim(X) = n and dim(Y) = m and its
singular triplets given in Theorem 8.1. Show that

∥A ∥ := sup
x∈X

∥A x∥Y
∥x∥X

= ∥A ∗∥ := sup
y∈Y

∥A ∗y∥X
∥y∥Y

= σ1,

and x = u1 and y = v1 achieve the suprema.

Proof. From Theorem 8.1 we have

∥A x∥2X =

r∑
i=1

σ2
i |(x, ui)X|

2 ≤ σ2
1

r∑
i=1

|(x, ui)X|
2 ≤ σ2

1

n∑
i=1

|(x, ui)X|
2
= σ2

1 ∥x∥
2
X .

The proof concludes by noticing that the equality happens when x = u1. The
proof for A ∗ is similar by using the SVD of A ∗.

8.1 The application of SVD for the closed range
theorem, the rank-nullity theorem, and the
fundamental theorem of linear algebra

The SVD decomposition in Theorem 8.1 allows us to provide trivial proofs
of various important results in finite dimensions including the closed range
Theorem 5.2, the rank-nullity theorem and the fundamental theorem of lin-
ear algebra. While these results are typically presented for matrices, it is
not more difficult to do so for generic linear operators using our general set-
ting as we shall show. To begin, we note that ur+1, . . . , un are orthonormal
eigenfunctions corresponding to 0 eigenvalues of A∗A. We conclude that

span{ur+1, . . . , un} = N (A ∗A ) = N (A ) ,

which, together with the fact that span{u1, . . . , un} = X implies

span{A u1, . . . ,A ur} = R(A ),

which in turn yields
span{v1, . . . , vr} = R(A ),

since A ui = σivi, i = 1, . . . , r.
Similarly, we have

span{vr+1, . . . , vm} = N (A A ∗) = N (A ∗) ,
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and
span{u1, . . . , ur} = R(A ∗).

With these conclusions in hand, the assertions in the closed range Theo-
rem 5.2 and Corollary 5.2 are now trivial.

The SVD also provides an obvious proof for the rank-nullity theorem [13]
as

dim(X)︸ ︷︷ ︸
=n

= dim(N(A ))︸ ︷︷ ︸
=n−r

+dim(R(A ))︸ ︷︷ ︸
=r

, (8.5a)

and

dim(Y)︸ ︷︷ ︸
=m

= dim(N(A ∗))︸ ︷︷ ︸
=m−r

+dim(R(A ∗))︸ ︷︷ ︸
=r

, (8.5b)

which, together with the closed range Theorem 5.2, is the basis for the
fundamental theorem of linear algebra advocated by Strang [136]. This is
demonstrated in Figure 8.1 which shows the important role of the four fun-
damental subspaces R (A ) ,N (A ) ,R (A ∗), and N (A ∗) on the operation of
A and its adjoint A ∗. In particular, A only acts on the range space of A ∗,
and the results of its action, the range space of A , coincides with the or-
thogonal complement of the nullspace of A ∗. Conversely, A ∗ only acts on
the range space of A and the results of its action, the range space of A ∗,
coincides with the orthogonal complement of the nullspace of A . In other
words, the characterization of A ∗ completely determines the action of A
and vice versa. We will see the intertwine of A and A ∗ again in Chapter 15
from a different perspective. We emphasize that if we remove the dimensions
and assume that R (A ) is closed, then, thanks to the closed range theorem
Theorem 5.2, the two diagrams in Figure 8.1 also hold for infinite dimensional
Hilbert spaces.

Clearly, at the heart of the SVD is the eigenvalue decomposition (8.4),
which could be challenging if it is analytically not tractable on the original
operators. In that case, one has to resort to numerical methods. For finite-
dimensional settings, an easier path is to explore the matrix representation
of the linear operator.

Corollary 8.2 (SVD through matrix representation). Consider A :
X → Y with dim(X) = n and dim(Y) = m, and E and G be orthonormal
bases of X and Y, respectively. Let {σi, ui, vi} be the singular triplets of A
with 1 ≤ i ≤ k = min{n, m} where {u1, u2, . . . , un} and {v1, v2, . . . , vm} be
orthonormal bases of X and Y, respectively, given in Theorem 8.1. Denote u
and v as the coordinate vectors of u and v in the bases E and G, respectively,
and A as the matrix representation of A with respect to the bases E and G.
Then {σi,ui,vi} be the singular triplets of A with

1. Aui = σivi for i = 1, . . . , r and Aui = θ for i = r + 1, . . . , n,
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θ

A u

v

u

x = u+ v

X, dimX = n

dimR (A ∗) = r

dimN (A ) = n− r

Y, dimY = m

dimR (A ) = r

dimN (A ∗) = m− r

R (A ∗)

N (A )
N (A ∗)

R (A )

A

A

A

(a) Operation of A : X → Y.

θ

A ∗u

v

u

x = u+ v

X, dimX = n

dimR (A ∗) = r

dimN (A ) = n− r

Y, dimY = m

dimR (A ) = r

dimN (A ∗) = m− r

R (A ∗)

N (A )
N (A ∗)

R (A )

A ∗

A ∗

A ∗

(b) Operation of A ∗ : Y → X.

Fig. 8.1: The fundamental theorem of algebra: four fundamental subspaces
R (A ) ,N (A ) ,R (A ∗) ,N (A ∗), and the operation of A and A ∗ viewed from
these subspaces. If we remove the dimensions and assume that R (A ) is closed,
then the two diagrams also hold for infinite dimensional Hilbert spaces.

2. A∗vj = σjuj for j = 1, . . . , r and and A∗vj = θ for j = r + 1, . . . ,m,
where A∗ is the conjugate tranpose of A.

3. A is completely determined by its singular triplets in the following sense:
for any x ∈ Fn, we have

Ax =

r∑
i=1

σiu
∗
ixvi, =⇒ A =

r∑
i=1

σiviu
∗
i ,

where r is the maximum index for which σr > 0.
Conversely, if {σi,ui,vi}, with 1 ≤ i ≤ k = min{n, m}, are the singular

triplets of A, then (σi, ui, vi) are the singular triplets of A .

Proof. The result is obvious owing to the matrix representation of linear
operator and the coordinate vector of a vector in the corresponding bases
(see Proposition 5.4), and the fact that two vectors are orthonormal iff
their coordinate vectors in an orthogonal basis are orthonormal (as, e.g.,
(ui,uj)Fn = (ui, vj)X).

Example 8.1 (SVD of matrices). For a matrix A : X = Rn → Y = Rm and if
we choose E and G as the canonical bases for Rn and Rm with the standard
Euclidean inner products, respectively, then the matrix representation of A is
itself and thus the SVD of A is given by Corollary 8.2. In this case, A∗ = AT .
Furthermore: i) {u1,u2, . . . ,un} are orthonormal eigenvectors of ATA; ii)
{v1,v2, . . . ,vm} are orthonormal eigenvectors of AAT ; iii) σ2

i , i = 1, . . . r,

are nonzero eigenvalues of ATA or AAT ; and iv) from A =

r∑
i=1

σiviu
∗
i we

can write the full SVD form
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A =

v1 v2 . . . vr . . . vm


︸ ︷︷ ︸

V



σ1
σ2

. . .

σr
0
. . .


︸ ︷︷ ︸

Σ

u1 u2 . . . ur . . . un

T

︸ ︷︷ ︸
UT

,

that is,
A = V ΣUT ,

or the reduced SVD form

A =

v1 v2 . . . vr


︸ ︷︷ ︸

V r


σ1

σ2
. . .

σr


︸ ︷︷ ︸

Σr

u1 u2 . . . ur

T

︸ ︷︷ ︸
UT

r

,

that is,
A = V rΣrU

T
r .

Example 8.2. Now consider the operator A : U = Span{1, x, x2} ⊂
X = L2 (−1, 1) → R2 defined in Example 5.6. We are going to find the
singular value decomposition of A indirectly via its matrix representa-
tion using Corollary 8.2. Clearly, two orthonormal bases for U and R2 are

E =

{
1, x,

1

2

(
3x2 − 1

)}
, G =

{
[1, 0]

T
, [0, 1]

T
}
, respectively. It is a simple

exercise to show that the matrix representation A of A in these two bases is
given by

A =

[
2 0 1
2 4/3 1/3

]
and from Proposition 5.4 we know that the matrix presentation A∗ of the
adjoint A ∗ is A∗ = AT . From the proof of Theorem 8.1, by computing the
eigendecomposition of AAT and ATA, we can find the full SVD of A as

A =

[
−0.6701 0.7423
0.7423 −0.6701

]
︸ ︷︷ ︸

V

[
3.1306 0 0

0 1.0433 0

]
︸ ︷︷ ︸

Σ

−0.9023 0.1385 −0.4082
−0.3162 −0.8564 0.4082
−0.2931 0.4974 0.8165

T

︸ ︷︷ ︸
UT

.

Now, Corollary 8.2 shows that the singular values of A are {3.1306, 1.0433}
together with the left and right singular functions ui = ui(1) + ui(2)x +
ui(3)

2

(
3x2 − 1

)
, i = 1, 2, 3, and vj , j = 1, 2, respectively.
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8.2 From SVD to the principle component analysis and
the proper orthogonal decomposition

What we are going to show is that using SVD provides a simple derivation of
the principle component analysis (PCA) [59, 74] (a.k.a the proper orthogonal
decomposition, POD, [16, 42, 81]). The principle component analysis is a
linear dimensional reduction in which we are given an operator2 A : X→ Y,
where dimX = n and dimY = m and the task is the find a vector (the
principle component) ϕ ∈ X along which A magnify the most. That is, we
would like to find ϕ such that

max
ϕ∈X

∥A ϕ∥Y
∥ϕ∥X

, (8.6)

which, as can be seen from (5.6), is nothing more than the operator norm (or
spectral norm) of the operator A . We can write (8.6) equivalently as

max
ϕ∈X

(A ϕ,A ϕ)Y
(ϕ, ϕ)X

. (8.7)

Note that in the POD approach [16], A ϕ is the action of projecting ϕ on
data ensemble members and (A ϕ,A ϕ)Y is an assemble squared average of
ϕ, up to a constant. Thus, (8.7) is exactly the POD task in which we look

for a unit vector ϕ/
√
(ϕ, ϕ)X in X (the data space) such that it aligns most

with the data ensemble on average. Thus, the principle vector is the one that
aligns most with the data.

In other words, we have shown that

u1 = argmax
ϕ∈X

∥A ϕ∥Y
∥ϕ∥X

,

and

max
ϕ∈X

∥A ϕ∥Y
∥ϕ∥X

= σ1.

Note that rigorously we must write

u1 ∈ argmax
ϕ∈X

∥A ϕ∥Y
∥ϕ∥X

2 In the literature, A is typically a matrix (or assemble) of data, but our exposition allows

us to work directly with a general linear operator in finite-dimensional spaces without

incurring additional difficulties. Furthermore, A is not required to be a mapping between
finite-dimensional spaces for the results of this section. In fact, all we need is that A is a

compact operator (see Theorem 14.2).
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since it could be that σ1 = σ2. In that case, either u1 or u2 (or u3 if σ1 =
σ2 = σ3, etc) is a solution. We then can simply take u1. Thus, we can ignore
this little technicality without loss of generality.

The task of finding the next principle component can be written as

max
ϕ∈X

(ϕ,u1)X=0

∥A ϕ∥Y
∥ϕ∥X

,

which, by following the same derivation as above, is equivalent to

max
∥α∥Cn=1

(α,e1)Cn=0

r∑
j=1

σ2
j |αj |2 .

Clearly, the condition (α, e1)Cn = 0 implies that α = [0,β]
T
, where β ∈

Cn−1. Thus, the problem of finding the second principle component now
reads

max
∥β∥Cn−1=1

r∑
j=2

σ2
j

∣∣βj−1

∣∣2 ,
and as similarly shown above, the optimal solution is β = [1, 0, . . . , 0]

T
and

thus the second principle component is ϕ = u2 and

max
ϕ∈X

(ϕ,u1)X=0

∥A ϕ∥Y
∥ϕ∥X

= σ2.

By induction, we see that the left singular vectors u1, u2, . . . , ur, in this order,
are the most to the least principle components of the operator A . Carrying
out the same procedure for the adjoint operator A ∗ we conclude that the right
singular vectors v1, v2, . . . , vr are the most to the least principle components
for A ∗. The above exposition also explains why SVD, POD, and PCA are
equivalent.

8.3 Application of SVD in pseudo-inverse

Recall that we are interested in linear map A : X → Y, where dimX = n
and dimY = m. We consider the cases where A is not bijective and thus
not invertible and seek to define a more general inverse called pseudo-inverse
[106, 115, 44].

Definition 8.1 (Pseudo-inverse). Let A : X→ Y. A † : Y→ X is called a
pseudo-inverse of A if it satisfies

ps1) A †A x = x for all x ∈ R (A ∗) = N (A )
⊥
,
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ps2) A †y = θ for all y ∈ N (A ∗) = R (A )
⊥
, and

ps3) If y1 ∈ R (A ) and y2 ∈ N (A ∗), then A † (y1 + y2) = A †y1 + A †y2.

Remark 8.1. Note that due to the Corollary 5.2 we have

R (A ) = A
(
N (A )

⊥ ⊕ N (A )
)
= A

(
N (A )

⊥
)
,

and thus Item ps1) defines A † on R (A ) and as the left-inverse of A when

restricted to N (A )
⊥
. The second Item ps2) defines the nullspace of A † as

the nullspace of A ∗ due to Y = N (A ∗)⊕R (A ) from Corollary 5.2. The third
Item ps3) ensures that A † is a linear operator on Y as a direct consequence
of Corollary 5.2 and Item ps1) together with Item ps2). The uniqueness of
A † can be seen as follows. For any y ∈ Y, Corollary 5.2 tells us that there
are unique x1 ∈ R (A ∗) and y2 ∈ N (A ∗) such that y = A x1 + y2 and we
have

A †y = A †A x1 = x1.

As a consequence, A † is unique as if there were another operator B satisfying
all the above conditions, we would have(

A † −B
)
y = 0, ∀y ∈ Y,

and hence A † = B.

We would like to point out that the pseudo-inverse Definition 8.1 and
Remark 8.1 are also valid for any closed range bounded linear operator A
between two arbitrary Hilbert spaces X and Y [44].

Now let σ1 ≥ σ2 ≥ . . . ≥ σr > 0, where r ≤ min {n,m}, {ui}ni=1, and
{vi}mi=1 be the the singular triplets of A from Theorem 8.1, and recall

A x =

r∑
i=1

σi (x, ui)X vi, ∀x ∈ X.

From section 8.1 we know that N (A )
⊥

= span {u1, · · · , ur}, and thus for

any x ∈ N (A )
⊥

we have x =

r∑
i=1

(x, ui)ui. From definition of A †, we must

have

A †A x =

r∑
i=1

(x, ui)X A † (σivi) =

r∑
i=1

(x, ui)X ui = x, ∀x ∈ N (A )
⊥
,

which implies

A †vi =
1

σi
ui, i = 1, . . . , r.



52 8 The singular value decomposition (SVD) from adjoint perspective

Since section 8.1 also tells us that R(A ) = span{v1, . . . , vr}, and any y ∈
R (A ) is expressed as

y =

r∑
i=1

(y, vi)Y vi.

Thus, ∀y ∈ R (A ) we have

A †y =

r∑
i=1

(y, vi)Y A †vi =

r∑
i=1

1

σi
(y, vi)Y ui,

which is also valid for all y ∈ Y since Y = N (A ∗) ⊕ R (A ) and N
(
A †) =

N (A ∗) as discussed above. This implies

A † (·) =
r∑

i=1

1

σi
(·, vi)Y ui,

which is exactly the SVD of A †. In other words, we have shown that σ−1
r ≥

σ−1
r−1 ≥ . . . ≥ σ−1

1 > 0, where r ≤ min {n,m}, {vi}mi=1, and {ui}
n
i=1 are the

singular triplets of A †. By construction, A † satisfies the three conditions in
Definition 8.1, and thus is the unique pseudo-inverse that we are looking for.
Let us formally summarize the results Theorem 8.1, the SVD of A ∗ in (8.9),
and the above derivation for the SVD of A †.

Lemma 8.1. Let σ1 ≥ σ2 ≥ . . . ≥ σr > 0, where r ≤ min {n,m}, {ui}ni=1,
and {vi}mi=1 be the the singular triplets of A , that is,

A (·) =
r∑

i=1

σi (·, ui)X vi, . (8.8)

then the SVD of A ∗ is given as

A ∗ (·) =
r∑

i=1

σi (·, vi)Y ui, (8.9)

and the SVD of A † is given as

A † (·) =
r∑

i=1

1

σi
(·, vi)Y ui. (8.10)

Lemma 8.1 immediately implies a few important results (properties 2, 3, and
4 are also valid for re also valid for any closed range bounded linear operator
A ):

1. (A ∗)
∗
= A ,
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2.
(
A †)† = A ,

3.
(
A †)∗ = (A ∗)

†
,

4. (αA )
†
= α−1A †, ∀α ̸= 0, and

5. if we know the SVD for either one of the operators, we know the SVD of
the others.

As we have shown the SVD of a linear operator not only allows us to
constructively derive the pseudo-inverse of a linear operator but also provides
easy proofs for most results regarding the pseudo-inverse, some of which are
presented below.

Lemma 8.2. The following hold:

1. A A †A = A ,
2. A †A A † = A †,
3.
(
A †A

)∗
= A †A , and

(
A A †)∗ = A A †,

4. A A † is the orthogonal projection onto R (A ). Similarly, A †A is the
orthogonal projection onto R (A ∗),

5. A † = A ∗ (A A ∗)
−1

if dim (R (A ∗)) = m,

6. A † = (A ∗A )
−1 A ∗ if dim (R (A )) = n.

Proof. With the SVD of A , A ∗, and A † in Lemma 8.1, the proof of these
assertions is straightforward and we show a couple of them here. For the first
assertion, we have

A A †A x =

r∑
i=1

σi (x, ui)X A A †vi =

r∑
i=1

σi (x, ui)X A
(
σ−1
i ui

)
=

r∑
i=1

σi (x, ui)X vi = A x, ∀x ∈ X,

and thus the first assertion holds.
For the third assertion, we have, for any x ∈ X:

A †A x =

r∑
i=1

1

σi

 r∑
j=1

σj (x, uj)X vj , vi


Y

ui =

r∑
j=1

(x, uj)X uj , (8.11)

but

A ∗ (A †)∗ x =

r∑
j=1

σj

(
r∑

i=1

1

σi
(x, ui)X vi, vj

)
Y

uj =

r∑
j=1

(x, uj)X uj ,

and thus the first part of the third assertion holds. The second part follows
similarly.

The third assertion says that A †A is self-adjoint. On the other hand,
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A †A

)2
= A †A A †A = A †A ,

where we have used the first assertion in the last inequality. By Proposi-
tion 7.2 and (8.11), we conclude that A A † is an orthogonal projection onto
span {u1, . . . , ur} = R {A ∗} (see section 8.1) and this proves the fourth as-
sertion.

For the fifth assertion, we assume that dim (R (A ∗)) = m. In this case,
from section 8.1 we know that

R (A ∗) = span {u1, . . . , um} ,

and thus r = m in (8.9) with σm > 0. This, together with Theorem 8.1,
implies that n ≥ m and r = m in both (8.9) and (8.8). We thus have

A A ∗y =

m∑
i=1

σi

 m∑
j=1

σj (y, vj)uj , ui

 vi =

m∑
j=1

σ2
j (y, vj) vj ,

which implies that A A ∗ : Y→ Y is bijective, and thus invertible (see Prob-
lem 8.5). The fifth assertion is now equivalent to

A †A A ∗ = A ∗,

but this is trivially true from Item ps1) since

A †A A ∗y︸︷︷︸
a member of R(A ∗)

= A ∗y, ∀y ∈ Y.

We would like to point out that properties 1, 2, 3, and 4 of Lemma 8.2 are
also valid for any closed range bounded linear operator A .

Problems

Problem 8.1. Consider A : X → Y. Show that A ∗A and A A ∗ are self-
adjoint.

8.1. Explain why the proof of closed range Theorem 5.2 for finite dimensional
setting is trivial using SVD.

Problem 8.2. Let σ1 ≥ σ2 ≥ . . . ≥ σr > 0, where r ≤ min {n,m}, {ui}ni=1,
and {vi}mi=1 be the the singular triplets of A . Show that σ1 ≥ σ2 ≥ . . . ≥
σr > 0, where r ≤ min {n,m}, {vi}mi=1, and {ui}

n
i=1 are the the singular

triplets of A ∗, and the SVD of A ∗ is given in (8.9).

Problem 8.3. Let A : U → V where U and V are finite dimensions. Show
that
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∥A ∥ := sup
u∈X

∥A u∥V
∥u∥X

= σ1,

where σ1 is the largest singular value of A .

Problem 8.4. Show that the left singular vectors of an operator A : X →
Y, where X and Y are finite dimensional Hilbert spaces, are the principle
components of A ∗.

Problem 8.5. Let A : X → Y with dimX = n and dimY = m. Show that
if dim (R (A ∗)) = n, then A A ∗ : Y→ Y is invertible.

Problem 8.6. Derive the adjoint R∗ in section 22.3

Problem 8.7 (The method of snapshots). Let us considerA ∈ Rm×n. A
practical problem of interest is to find the dominant, or principle, directions
(those associated with largest singular) of the column space and where m≫
n. Finding the SVD decomposition of a large A could be computationally
challenging. The idea of the method of snapshots [133] is to find it indirectly
via the eigendecomposition of a much smaller matrix. The first step is to
compute the eigenvalue decomposition ofATA so that we have r eigenvectors
{ui}ri=1 corresponding to the largest eigenvalues {σi}ri=1. Then form the first

r dominant directions as vi =
Aui

σi
, i = 1, . . . , r. Show that {vi}ri=1 are

indeed the orthonormal principle directions of the column space of A. We
would like to point out that these principle directions are also known as the
principle components in the principle component analysis (PCA) [59, 74].
They are also widely known as the proper orthogonal decomposition (POD)
modes [17] or the Karhunen-Loeve (KL) modes [42, 81].





Chapter 9

Efficient constrained optimization with
adjoint

Abstract The field of optimization is vast (see, e.g., [97, 19, 111, 18] and the
references therein) and we restrict ourselves to unconstrained optimization
problems and constrained optimization problems with equality constraints.
We start the chapter with a brief development of the first and second-order
necessary conditions for optimality of unconstrained optimization problems
in one dimension in section 9.1. The beauty here is that the extension to any
dimension is simply a corollary. The rest of the chapter focuses on the first-
order necessary conditions. This is one of the chapters in which we develop
abstract theory (valid for both finite and infinite dimensions) even though
we are in a finite-dimensional part. The reason is that separating them can
only invite unnecessary repetitions. The expense is that we have to cope with
some (hopefully not) advanced concepts including dual spaces and the Fréchet
derivatives, but the payoff is worthwhile as we shall have a single set of re-
sults that is valid for all dimensions. In particular, section 9.2 develops the
first-order optimality condition for an abstract unconstrained optimization
problem. In section 9.3, we first heuristically develop the first-order optimal-
ity condition for optimization problem with equality constraints, and then
rigorously derive the first-order optimality conditions based on inverse func-
tion theorem. The proof for an abstract Lagrangian multiplier theorem—the
foundation of the adjoint method—becomes straightforward with an appli-
cation of the closed range Theorem 5.2. We end the chapter with section 9.4
on an important class of separable optimization problems with equality con-
straints in which we derive the reduced-space approach using adjoint.

9.1 Unconstrained optimization in one dimension

We begin our development with unconstrained optimization in finite-dimensional
spaces. Let f : Rn ∋ u 7→ f (u) ∈ R and we are interested in studying the
optimization problem min

u∈Rn
f (u). It is sufficient to consider the case n = 1 as

57
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results for optimization problems in higher dimensions (including infinite di-
mensions, at least the first order optimality conditions) follow as corollaries.
We focus on local optimization problems.

Definition 9.1. v is a (local) minimizer of f (u) if there exists a open neigh-
borhood, i.e. Bδ (v) := {w : |w − v| < δ} (ball with radius δ centered at v in
R), for some δ > 0, such that

f (u) ≥ f (v) , ∀u ∈ Bδ (v) .

The problem at hand is to find the necessary and sufficient conditions for v
to be a minimizer. To that end, we consider the Taylor remainder theorem
[10, 84] which states that for twice-differentiable function f (u) and for any
ε ∈ R, there exists 0 < θ < 1 such that

f (v + ε) = f (v) + ε f ′ (v)︸ ︷︷ ︸
gradient g(v)

+
1

2
ε2 f ′′ (v + θε)︸ ︷︷ ︸

Hessian h(v+θε)

. (9.1)

If v is a minimizer, what can we say about the gradient g (·) and the
Hessian h (·) at v? We are interested in only the necessary conditions. Here
is an answer.

Lemma 9.1 (First and second order necessary conditions for opti-
mality in R). Suppose f (u) : R→ R is twice continuously differentiable in
a neighborhood of a minimizer v. It is necessary that

i) the gradient vanishes, i.e., g (v) = 0, and
ii) the Hessian is non-negative, i.e., h (v) ≥ 0.

Proof. We carry out the proof by contradiction. For the first assertion, we
suppose that f ′(v) < 0 and note that we can pick1 ε > 0 such that

εf ′(v) +
ε2

2
f ′′(v + θε) < 0,

and together with (9.1) we conclude that f (v + ε) < f (v): a contradiction. A
similar contradiction argument can be carry out if f ′ (v) > 0. Thus f ′ (v) = 0.

For the second assertion, suppose h (v) = f ′′ (v) < 0. By continuity of
f ′′ (u) we can choose sufficiently small |ε| such that f ′′ (v + θε) < 0. Then
(9.1) reduces to

f (y + ε) = f (v) +
1

2
ε2f ′′ (y + θε) < f (v) ,

1 Due to the continuity of f ′′ (u), we can define M := max
u∈[v−L,v+L]

∣∣f ′′ (u)
∣∣, for some

sufficiently large L > 0, and then simply pick some 0 < ε < −2
f ′ (v)

M
.
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which is a contradiction, and this concludes the proof.

Corollary 9.1. Suppose f (u) : Rn → R is twice continuously differentiable
in a neighborhood of a minimizer v, where Rn is equipped with the standard
Euclidean inner product. It is necessary that

i) the gradient vanishes, i.e.,
∂f

∂ui
(v) = 0, i = 1, . . . , n and

ii) the Hessian matrix is semi-positive definite, i.e., H (v) ≥ 0.

Proof. We prove the first assertion (the first order optimality condition) as
the second one follows similarly. Note that argument is general and will be
used again in Lemma 9.2 to derive the first order optimality condition in
general vector spaces.

v is a minimizer of f (u)
⇓ by definition

f (u) ≥ f (v) , ∀u ∈ Bδ (v) := {w ∈ Rn : ∥w − v∥Rn < δ}
⇓ pick an arbitrary v

F (ε) := f (v + εv) ≥ f (v) , ∀ε ∈ Bδ/∥v∥Rn
(0) := {κ : |κ| < δ/ ∥v∥Rn}

⇓ by definition
0 is a minimizer of F (ε)

⇓ by Lemma 9.1
dF

dε

∣∣∣∣
ε=0

= 0

⇓ by chain rule
n∑

i=1

∂f

∂ui
(v)vi = 0

⇓ v is arbitrary
∂f

∂ui
(v) = 0, i = 1, . . . , n.

9.2 First-order optimality condition for unconstrained
optimizations in any dimensions

Since our goal is to establish the necessary conditions for optimality that is
valid for both finite and infinite dimensional settings, we present a system-
atic approach on abstract vector space to accomplish this. To the end of
this section, unless otherwise stated, the results are valid for both
finite and infinite dimensional settings. We begin with the notion of
the dual space U∗ consisting of linear and bounded functionals on U (see
Definition 5.5). For ℓ ∈ U∗ and u ∈ U, we use the standard duality pairing

⟨ℓ, u⟩U∗×U ≡ ℓ (u)
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to denote the action of ℓ on u (or the evaluation of ℓ at u): see Remark 5.4. For
simplicity in writing, we shall conventionally use ⟨ℓ, u⟩U to denote a duality
pairing instead of ⟨ℓ, u⟩U∗×U. The object of interest is nonlinear function on
a vector space U, i.e. functional :

f : U ∋ u 7→ f (u) ∈ R.

The classical derivatives are not well-defined in this case, and this asks for an
extension of derivatives in vector spaces. Though there are other extensions
in the literature (such as Gâteaux derivative), let us focus on the Fréchet
derivative extension (see, e.g., [97, 11]), which relies on bounded linear maps
(see Chapter 5).

Definition 9.2. Suppose that there is a linear and bounded map Df (u; ·) :
U→ R such that

f (u+ v) = f (u) + Df (u; v) + o (∥v∥U) , (9.2)

where the standard little-oh notation means

lim
∥v∥U→0

o (∥v∥U)
∥v∥U

= 0.

Then Df (u; ·) is called the Fréchet derivative of the functional f (·) at u, and
we say f (·) is Fréchet differentiable at u.

When the Fréchet derivative exists, we can compute it conveniently as

Df (u; v) =
df

dt
(u+ tv)

∣∣∣∣
t=0

= lim
t→0

f (u+ tv)− f (u)
t

For convenience, we use Df (u) to denote the Fréchet derivative Df (u; ·)
when the argument is irrelevant. It is important to note that by definition the
Fréchet derivative Df (u) resides in U∗ and thus we interchangeably write it
in the duality pairing form

Df (u; v) = ⟨Df (u) , v⟩U .

Due to the linear nature of Df (u), we also write

Df (u) v := ⟨Df (u) , v⟩U .

The following is a generalization of the elementary introduction to Fréchet
derivative in Example 5.4.

Definition 9.3 (Fréchet gradient). Let f : U → R. The gradient of f (·)
at u, denoted as ∇f (u) ∈ U, is defined as a function on U such that

(∇f (u) , v)U = Df (u; v) = ⟨Df (u) , v⟩U = Df (u) v, ∀v ∈ U.
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That is, we define the gradient ∇f (u) ∈ U as the Riesz representation of the
Fréchet derivative Df (u) ∈ U∗.

With Definition 9.3 at hand, we can identify the gradient alias of the
Fréchet derivative and we will explore this fact in many results below.

Example 9.1. Consider f : U → R where U ≡ Rn and Rn is endowed with
a weighted inner product (u,v)Rn,M = uTMv with M being a symmetric

positive definite matrix. Suppose that the (classical) partial derivatives
∂f

∂ui
,

i = 1, . . . , n, of the f are continuous. From (9.2), it is easy to see that the
Fréchet derivative can be written as

Df (u,h) =
N∑
i=1

∂f

∂ui
hi =

[
∂f

∂u1
, . . . ,

∂f

∂un

]T
h,

which, together with Definition 9.3, gives

∇f (u) = M−1

[
∂f

∂u1
, . . . ,

∂f

∂un

]T
.

We observe that the Fréchet derivative is a special case of the directional
derivative, and when M is the identity matrix, the classical gradient vector[
∂f

∂u1
, . . . ,

∂f

∂un

]T
is in fact the Riesz representation of the Fréchet derivative

in the standard Euclidean inner product.

Of course, the Fréchet derivative can be directly generalized to mappings
between two different vector spaces. For example, if c : U ∋ u 7→ c (u) ∈ V,
then the Fréchet derivative Dc (u), when exists, can be computed as

Dc (u) v := Dc (u; v) := lim
t→0

c (u+ tv)− c (u)
t

.

The difference is now that Dc (u) is a linear and bounded map from U to V,
that is, Dc (u) ∈ B (U,V).

Example 9.2. Consider a vector-valued function c (u) : Rn → Rm where both
Rn and Rm are endowed with the standard Euclidean inner products. Ap-
plying Example 9.1 for each component of ci, i = 1, . . . ,m we have

Dc (u)v =



∂c1
∂u1

∂c1
∂u2

. . .
∂c1
∂un

∂c2
∂u1

∂c2
∂u2

. . .
∂c2
∂un

...
... . . .

...
∂cm
∂u1

∂cm
∂u2

. . .
∂cm
∂un


v,
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which, together with Definition 9.3, we can define

∇c (u) :=



∂c1
∂u1

∂c1
∂u2

. . .
∂c1
∂un

∂c2
∂u1

∂c2
∂u2

. . .
∂c2
∂un

...
... . . .

...
∂cm
∂u1

∂cm
∂u2

. . .
∂cm
∂un


,

which is the Riesz representation of Dc (u).

Lemma 9.2 (First order optimality condition for unconstrained op-
timization). Suppose that f : U → R attains its extremum at u. Then it is
necessary that

Df (u) v = 0, ∀v ∈ U, (9.3)

that is, the (first) variation of f at u in any “direction” v vanishes. In other
words, it is necessary that Df (u) = 0 or equivalently

∇f (u) = 0,

by the Riesz representation Theorem 5.1.

Proof. It is sufficient to assume that f is minimized at u, i.e.,

f (v) ≥ f (u) , ∀v ∈ Bδ (u) := {w ∈ U : ∥w − u∥U < δ} ,

which implies that for any v such that ε ∥v∥U < δ, we have

f (u+ εv) ≥ f (u) , ∀ε ∈ Bδ/∥v∥U
(0) . (9.4)

If we define F (ε) :=f (u+ εv), then F (·) is a function in ε, namely, F :
R ∋ ε 7→ F (ε) ∈ R. By Definition 9.1, inequality (9.4) is equivalent to saying
that F (·) attains its minimum at ε = 0. Thus, from the first result of Lemma
9.1, we have

dF

dε

∣∣∣∣
ε=0

= 0,

but this is equivalent to Df (u, v) = 0 by Definition 9.2 of Fréchet derivative.

Example 9.3 (First order optimality condition for unconstrained optimization
in Rn). Back to Example 9.1. Suppose that f attains its minimum at u.
Combining (9.3), the gradient found in Example 9.1, and Definition 9.3 yields

∇f (u) = 0,

and thus the first-order necessary condition for optimality is given by
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∂f

∂u1
, . . . ,

∂f

∂un

]T
= 0.

Example 9.4. We now revisit the least squares problem in Corollary 11.1 in

the equivalent form: inf
u∈U

1

2
(A u− v,A u− v)V. Using Definition 9.2, the first

order optimality condition (9.3) reads

2 (A v,A u− v)V = 0, ∀v ∈ U,

that is,
A ∗A u = A ∗v,

which is consistent with the least squares solution in (11.1).

9.3 First-order optimality conditions for optimization
problems with equality constraints in any
dimensions

Up to this point, we have looked at unconstrained optimization problems
and derived the (first order) necessary condition for optimality. We next
discuss optimality conditions for constrained optimization. Let us consider
the following constrained optimization problem

min
u∈U

f (u) , subject to c (u) = θ, where c (·) : U→ V.

If there were no constraint c (u) = θ, then from Lemma 9.2 the optimality
condition would be

Df (u) v = 0, ∀v ∈ U,

That is, the variation of f at u in any “direction” v vanishes. However, v can
be no longer arbitrary since the constraint must be satisfied at u+ tv for any
small t. In other words, u+ tv needs to be feasible, i.e.,

c (u+ tv) = 0, for any feasible u+ tv.

Suppose c is Fréchet differentiable, it is therefore necessary that

Dc (u) v = 0, for any feasible u+ tv.

To rigorously establish this result, we need the inverse function theorem [97],
which in turn is a direct consequence of the implicit function theorem [88, 50].

Theorem 9.1 (Implicit function theorem). Let c : U×Z→ V be contin-
uously Fréchet differentiable and Duc (u, z) : U → V, is invertible at a point



64 9 Efficient constrained optimization with adjoint

[u0, z0]
T
, at which c (u0, z0) = 0. Then, there exist a neighborhood Bδ (z0)

and a continuously Fréchet differential function g : Bδ (z0) → U such that
c (g (z) , z) = 0 for all z ∈ Bδ (z0).

Theorem 9.2 (Inverse function theorem). Let f : U → Z. Assume that
Df (u0) is continuous and maps U onto Z. Then, there is a neighborhood
Bδ (f (u0)) of f (u0) such that f (u) = z has a unique continuously differen-
tiable solution u(z) for every z ∈ Bδ (f (u0)).

Proof. The result is clear if we define c (u, z) = z− f (u) and set z0 = f (u0).
Then by the implicit function Theorem 9.1, there exists g : Bδ (z0)→ U such
that 0 = c (g (z) , z) = z − f (g (z)) = 0 for all z ∈ Bδ (z0). Setting u = g (z)
concludes the proof.

Lemma 9.3 (First order optimality condition for equality constraints).
Suppose f : U → R attains its extremum at u0 subject to the constraint
c (u) = 0, where c : U → V. Assume that both f and c are continuously
Fréchet differentiable in an open set containing u0, and Dc (uo) maps U onto
V. Then, it is necessary that

Df (u0) v = 0, ∀v ∈ U such that Dc (u0) v = θ,

or equivalently

(∇f (u0) , v)U = 0, ∀v ∈ U such that Dc (u0) v = θ.

Proof. We follow closely the proof by contradiction in [97, Lemma 1 of Chap-
ter 9]. Without lost of generality, asssume u0 is a minimizer. Let us consider
the transformation g (u) = (f (u) , c (u)) : U → R × V. Assume that there
exists h such that Dc (u0;h) = 0 but Df (u0;h) ̸= 0. Then the function
(Df (u0) ,Dc (u0)) maps U onto R×V since Dc (u0) maps U onto V. By the in-
verse function Theorem 9.2 there exists ε and u with ∥u− u0∥U < ε such that
g (u) = (f (u0)− δ, 0) for some small δ > 0. Thus, f (u) = f (u0)−δ < f (u0):
a contradiction.

Example 9.5. Let f : Rn → R be continuously differentiable and A ∈ Rm×n,
where Rn and Rm are endowed with the standard Euclidean inner products.
We consider the following problem

min
u∈Rn

f (u) , subject to Au = b.

From Lemma 9.3, Example 9.1, and Example 9.2 we can write the the first
order optimality condition as

∇fT (u)v = 0, ∀v ∈ Rn such that Av = 0,
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or equivalently
∇fT (u)v = 0, ∀v ∈ N (A) ,

i.e., due to the constraint, the gradient of f at an optimum u does not vanish
but is orthogonal to the nullspace of the gradient A of the constraint. In other
words, for constrained optimization problems, at an optimum the projection
of the gradient of the objective function in the nullspace of the gradient of
the constraints vanishes. If we define Z with columns comprising a basis
of the nullspace of A, then v = Zr for some vector r whose dimension
is the dimension of the nullspace. As a result, the constraint is completely
eliminated and the first order optimality condition now reads

∇fT (u)Z = 0.

Note that gr (u) :=∇fT (u)Z—the coordinates of the gradient in the nullspace
of the constraint gradient—is known as the reduced gradient [57, 2]. The re-
duced gradient is nothing more than the total gradient of the objective func-
tion with respect to the reduced variable r as we show below. The proof for an
important class of constrained optimization is presented in Remark 9.3. One
of the reasons for its name is that its dimension is smaller than the dimen-
sion n of the original gradient vector ∇f (u). Another important point one
can draw from the optimality condition for the reduced gradient is that in the
reduced optimization variables r, the optimization problem becomes implicitly
unconstrained (see the explicit transformation to the reduced space at the
end of the example). Now from Corollary 9.1 we know that the derivative of
the reduced gradient gr, namely the reduced Hessian Hr, is necessary to be
semi-positive definite in any direction in the reduced space. By the chain rule
we have

rTHr (u) r =
dgr (u+ tZr)

dt

∣∣∣∣
t=0

= rTZT∇f2 (u)Zr, ∀r,

from which it follows that

Hr (u) = ZT∇f2 (u)Z.

Note that if QR factorization of A is feasible, then Z can be easily found. Z
can also be explicitly identified for the case when m ≤ n and A has linearly
independent rows. Indeed, up to a permutation of columns, we can rewrite
A as

A = [U ,V ] ,

where U ∈ Rm×m is a nonsingular matrix. Then Z can be written as

Z =

[
−U−1V

I

]
,
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where I is the (n−m)× (n−m) identity matrix. In this case, we can write

u = [uU ,uV ]
T
and we can eliminate uU from the constraint as uU = U−1b−

U−1V uV . The reduced optimization variable is thus uV and the original
constraint optimization problem is now unconstrained with respect to uV .

In order to provide further insights and make the optimality condition
practical for large-scale computation we need a Lagrangian formalism, and
this is where the adjoint plays the key role. Thanks to the closed range Theo-
rem 5.2, the Lagrangian multiplier theorem [97, 19, 111, 18] is a straightfor-
ward equivalence to Lemma 9.3.

Theorem 9.3 (Lagrangian multiplier theorem). Assume that f : U →
R is continuously Fréchet differentiable and it attains the extremum at u0
subject to the constraint c (u) = 0, where c : U → V is continuously Fréchet
differentiable. Suppose that Dc (u0) maps U onto V. Then, there exists an
element v ∈ V such that the following Lagrangian functional

L (u) :=f (u) + (v, c (u))V

is stationary at u0, i.e.,

DL (u0)h = Df (u0)h+ (v,Dc (u0)h)V = 0, ∀h ∈ U, (9.5)

or equivalently
∇L (u0) = ∇f (u0) + [Dc (u0)]

∗
v = 0. (9.6)

Proof. From Lemma 9.3 we see that ∇f (u0) is orthogonal to the nullspace
of Dc (u0). Since Dc (u0) maps U onto V, the range of Dc (u0) closed and the
closed range Theorem 5.2 gives

∇f (u0) ∈ R
(
[Dc (u0)]

∗)
,

which implies that there exists y ∈ V such that

∇f (u0) = − [Dc (u0)]
∗
v,

and this ends the proof.

Remark 9.1. The appealing feature of the Lagrangian approach in Theo-
rem 9.3 is that the first order optimality condition (9.6) is the standard
optimality condition for unconstrained problem in Lemma 9.2, but for the
Lagrangian instead of the original objective function f . The key implication
in the Langrangian formalism is thus the optimization problem is uncon-
strained in the original optimization variable u plus the Lagrange multiplier
v, as far as the first order optimality condition is concerned. The Lagrangian
approach is also known as the adjoint approach as it involves the adjoint of
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the gradient of the constraint in the first order optimality condition (9.6). If
further structures of the constraints and/or optimization variables are given,
the Lagrangian approach can lead to an efficient reduced space approach as
we will discuss in the below examples, including the derivation and insights
into backpropagation of neural network in Chapter 10.

Remark 9.2. Either (9.5) or (9.6) is know as the adjoint equation.

Example 9.6. Back to Example 9.5. Applying the Lagrangian multiplier The-
orem 9.3 together with the Riesz representation Theorem 5.1, the equivalent
first order optimality condition (9.6) reduces to

∇f (u) +ATv = 0,

which says that at an optimum of a constrained optimization problem, the
gradient of the objective function f (u) does not vanish but is a linear com-
bination of the gradient of the constraints. Again, this is the same as saying
that the gradient of the objective function f (u) at an optimum is orthogonal
to the nullspace of the gradient of the constraints.

Example 9.7. Let f : Rn → R and c (u) : Rn → Rm, where Rn and Rm

are endowed with the standard Euclidean inner products. We consider the
following optimization problem

min
u∈Rn

f (u) , subject to c (u) = b.

From Lemma 9.3, Example 9.1, Example 9.2, and the Lagrangian multiplier
Theorem 9.3 we can write the first order optimality condition either as

∇f (u) +∇cT (u)v = 0, (9.7)

or as

g (u) :=∇fT (u)v (u) = 0, ∀v (u) ∈ Rn such that ∇c (u)v (u) = 0.

Note that unlike the linear problem, v is a function of u since the nullspace
of ∇c (u) depends on u. As a result, the reduced Hessian is different from
that of the linear constraint counterpart in Example 9.5 as we now show. To
that end, we compute the Fréchet derivative of g in any direction p in the
reduced space N (∇c (u)):

pTHh = pT∇f2v +∇fTDv (u,p) . (9.8)

To compute Dv (u,p) we take the Fréchet derivative both sides of∇c (u)v (u) =
0, row by row, in direction p to arrive at

pT∇2civ +∇cTi Dv (u,p) = 0. (9.9)
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Combining (9.7)–(9.9) gives

pTHh = pT

(
∇f2 −

m∑
i=1

∇2ciyi

)
v.

Since both p and v belong to the nullspace Z (u) of ∇c (u), the reduced
Hessian Hr is then given by

Hr = ZT

(
∇f2 −

m∑
i=1

∇2ciyi

)
Z.

As can be seen, the Hessians of the constraints (which is zero for linear
constraint case in Example 9.5) contribute to the reduced Hessian. Unlike
Example 9.5 in which the reduced space, and hence the reduced optimization
variables, is fixed if an iterative gradient-based algorithm is employed, the
reduced space for this example changes at each optimization step due the
nonlinear nature of the constraint c (u) = b.

9.4 The reduced-space approach for separable
optimization problems with equality constraints

In this section, we consider an important class of constrained optimization
problems in which the constraints are equalities and the optimization vari-
ables are separable in the sense that from the constraint one can solve for one
sub-variable as a function of the other. As we shall see in Chapter 10, train-
ing deep neural network with backpropagation is a special case of this class.
PDE-constrained optimization problem is another special case as shown in
Chapter 17.

Corollary 9.2 (Optimization with special equality constraint). Con-
sider optimization problems that can be expressed in the following form

min
u∈U,z∈Z

f (u, z) , subject to c (u, z) = 0, where c (·, ·) : U× Z→ V,

where the Fréchet derivative of the constraint with respect to u, i.e. Duc (u, z) :
U → V, is invertible at an optimum [u0, z0]. The first order optimality con-
dition (9.6), together with the constraint, can be written as

c (u0, z0) = 0, Forward equation, (9.10a)

∇uf (u0, z0) + [Duc (u0, z0)]
∗
y = 0, Adjoint equation, (9.10b)

∇zf (u0, z0) + [Dzc (u0, z0)]
∗
y = 0, Control equation, (9.10c)
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where ∇u and ∇z denote the Fréchet derivative with respect to u and z,
respectively.

Proof. The proof is a straightforward application of (9.6) to the group opti-

mization variable [u, z]
T
, and thus ∇f = [∇uf,∇zf ]

T
and Dc = [Duc,Dzc]

T
.

Note that the left-hand side (LHS) of the forward problem (9.10a) is simply
the derivative of the Lagrangian with respect to the adjoint variable v. The
LHS of the adjoint equation (9.10b) is nothing more than the derivative of
the Lagrangian with respect to u, and the LHS of the control equation (9.10c)
is the derivative of the Lagrangian with respect to z. For this class of opti-
mization problems, we can eliminate both the “state” variable u and adjoint
variable v so that the optimization problem is genuinely unconstrained in
only the control variable z around a neighborhood of the optimum [u0, z0]

T
.

Indeed, from the implicit function Theorem 9.1 there exists Bδ (z0) and a
continuously differentiable function g : Bδ (z0) → U such that u = g (z)
solve the constraint c (u, z) = 0 for any z ∈ Bδ (z0). The objective function
becomes f (g (z) , z), and thus a function of only z, for all z ∈ Bδ (z0). The
optimization variable is reduced to only z and this is known as the reduced
space approach [57, 2]. Clearly, we do not know u = g (z) explicitly, and
the question is how to compute the reduced gradient ∇f (g (z) , z), which is
needed for any gradient-based approach? Note that by ∇f (g (z) , z) we mean
the total derivative with respect to z.

Lemma 9.4 (Reduced gradient in constrained optimization with
equality constraints). With the same setting as in Corollary 9.2, there ex-
ists a neighborhood Bδ (z0) such that the reduced gradient at any z ∈ Bδ (z0)
is given by

∇f (g (z) , z) = ∇zf (u, z) + [Dzc (u, z)]
∗
y, (9.11)

where u = g (z) and v satisfy the following forward and adjoint equations:

c (u, z) = 0, Forward equation, (9.12a)

∇uf (u, z) + [Duc (u, z)]
∗
y = 0, Adjoint equation. (9.12b)

Proof. Note that the invertibility of a linear operator A implies the invert-
ibility2 of its adjoint A ∗ with (A ∗)

−1
=
(
A −1

)∗
. For simplicity, we use

(A )
−∗

to denote
(
A −1

)∗
. We have

2 Indeed, suppose A : U → V is invertible, then
〈
u,A ∗ (A −1

)∗
w
〉
U =〈

A u,
(
A −1

)∗
w
〉
V =

〈
A −1A u,w

〉
U = ⟨u,w⟩U for any u,w ∈ U. Thus, (A ∗)−1 =(

A −1
)∗

.
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(∇f (g (z) , z) , h)Z

== Gradient Definition 9.3
⟨Df (g (z) , z) , h⟩Z

== Chain rule
⟨Dzf (u, z) , h⟩Z + ⟨Duf (u, z) ,Dzg (z)h⟩U

== Gradient Definition 9.3
(∇zf (u, z) , h)Z + (∇uf (u, z) ,Dzg (z)h)U

== Derivative of the constraint

(∇zf (u, z) , h)Z −
(
∇uf (u, z) , [Duc (u, z)]

−1 Dzc (u, z)h
)
U

== Adjoint Definition 5.6

(∇zf (u, z) , h)Z −
(
[Dzc (u, z)]

∗
[Duc (u, z)]

−∗∇uf (u, z) , h
)
Z

== [Duc (u, z)]
∗
v := −∇uf (u, z)

(∇zf (u, z) , h)Z +
(
[Dzc (u, z)]

∗
y, h
)
Z

where, as in the first equality, the derivative of the constraint in the third
equality is given by the chain rule3:

Dzc (u, z) + Duc (u, z)Dzg (z) = θ,

which, due to the invertibility of Duc (u, z), allows us to solve for Dzg (z).

Remark 9.3. Note that in practice, approximating the minimum u0 is typ-
ically done using a gradient descent algorithm and Lemma 9.4 shows that
the reduced gradient can be computed in each iteration for a given z via
three steps: 1) solve the forward equation (9.12a) for u (z), 2) solve the ad-
joint equation (9.12b) for y (u(z), z), and 3) substitute u(z) and v(u (z) , z)
into (9.11) to obtain the reduced gradient. Moreover, the adjoint equation
is always linear in the adjoint variable v regardless the linear or nonlinear
nature of the forward equation. Note that full space iteration based on the
first order optimality condition (9.10) is also possible and can be consulted
from [111] and the references therein.

Example 9.8. To appreciate the adjoint approach, let us apply Lemma 9.4 to
identify the forward equation, the adjoint equation, and the reduced gradient
of the following finite dimensional optimization problem

min
u∈Rn,z∈Rp

f (u, z) , subject to c (u, z) = 0,

where f : Rn × Rp → R and c (u, z) : Rn × Rp → Rn, and all spaces
are equipped with the standard Euclidean inner products. We assume that

3 The chain rule for Fréchet derivation can be derived from (9.2). Let f : U ∋
u 7→ f (u) ∈ V and g : Z ∋ z 7→ g (z) ∈ U. We have f (g (z + εh)) =
f (g (z) + εDg (z)h+ o (ε)) = f (g (z)) + εDuf (g (z))

(
Dg (z)h+ ε−1o (ε)

)
+ o (ε).

Thus, Dzf (g (z))h = lim
ε→0

f (g (z + εh))− f (g (z))

ε
= Duf (g (z))Dg (z)h =

⟨Duf (g (z)) ,Dg (z)h⟩U.
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det (∇uc) ̸= 0,∀u, z so that the implicit function theorem allows us to com-
pute u as a function of z from the constraint. Applying Lemma 9.4 the
reduced gradient reads

∇f = ∇zf (u0, z0) + [∇zc (u0, z0)]
T
v, (9.13)

where u and v are computed from

c (u0, z0) = 0, Forward equation, (9.14a)

∇uf (u0, z0) + [∇uc (u0, z0)]
T
v = 0, Adjoint equation. (9.14b)

Example 9.9. For a more concrete example, let us apply Lemma 9.4 to identify
the forward equation, the adjoint equation, and the reduced gradient of the
following simplified version of Example 9.8

min
u∈Rn,z∈Rp

J =
1

2

∥∥∥fobs −Cu
∥∥∥2
Rm

, subject to Au+Bz = 0,

where C ∈ Rm×n, A ∈ Rn×n is invertible, and B ∈ Rn×p. The reduced
gradient in (9.13) simplifies to

∇J = BTv,

and the system (9.14) reduces to

Au+Bz = 0, ,

−CT
(
fobs −Cu

)
+ATv = 0.

Example 9.10. We consider an open and bounded domain Ω ⊂ Rd and re-
call from Example 12.7 the L2−inner product of two functions u(u), v(u) in
L2(Ω) as

(u, v)L2(Ω) =

∫
Ω

u(u)v(u)dΩ, (9.15)

with the induced norm ∥u∥L2(Ω) =
√
(u, u)L2(Ω) and

L2(Ω) =
{
f : Ω → R : ∥f∥L2(Ω) <∞

}
.
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Let φ ∈ L2(Ω) and k (·, ·;α) : Ω×Ω → R such that

∫
Ω

∫
Ω

|k (u,w;α)|2 du dw <

∞ for any α ∈ Rp. Consider the following optimization problem4

min
α∈Rp

J =
1

2

(
fobs − (φ, u)L2(Ω)

)2
subject to u (u) +

∫
Ω

k (u,w;α)u (w) dw = g(u),

where g ∈ L2(Ω) is a given function, and fobs is a given number.
Note that the constraint can be written as

(I + K)u = g, (9.16)

where I : L2(Ω) → L2(Ω) is the identity operator and the operator K :
L2(Ω)→ L2(Ω) is defined via

(Ku) (u) =

∫
Ω

k (u,w;α)u (w) dw,

which is a compact operator for each α (see Chapter 14), and thus by the
Riesz-Fredholm theory [36], (9.16) has a unique solution u for each g and each
α. Thus, α is the reduced optimization variable and we now apply Lemma 9.4
to obtain the reduced gradient

∇J =

∫
Ω

v (u)

∫
Ω

∇αk (u,w;α)u (w) dw du,

where u and v are governed by the forward and adjoint system (9.12), which
now becomes

(I + K)u = g

−
(
fobs − (φ, u)L2(Ω)

)
φ+ (I + K∗) v = 0,

where

(K∗v) (w) :=

∫
Ω

k (u,w;α) v (u) du.

Note that at the current α where we would like to compute the reduced
gradient, both forward state u and adjoint state v can be computed uniquely,
thanks to the compactness of K (and hence K∗) and the Riesz-Fredholm
theory [36]. Some variants of this example can be found Problem 9.4.

4 This is a formulation for inverse scattering problem via the integral equation constraint

of Lippmann-Schwinger type [34].
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Problems

Problem 9.1. Show that Fréchet derivative defined in (9.2) is unique.

Hint: Assume there is another Fréchet derivative D̂f (u, ·), then∣∣∣D̂f (u, h)−Df (u, h)
∣∣∣ ≤ |f (u+ h)− f (u)−Df (u, h)|

+
∣∣∣f (u+ h)− f (u)− D̂f (u, h)

∣∣∣ = o (∥h∥U) .

but both Df (u, ·) and D̂f (u, ·) are linear and bounded functional, the LHS
= O (h), and this can only be true if the LHS is identically zero for all h and

this implies Df (u, ·) = D̂f (u, ·).

Problem 9.2. Recall that f : U → F is continuous at u if, ∀ε > 0, there
exist δ > 0 such that

∥v − u∥U < δ =⇒ |f (v)− f (u)| < ε.

Show that if f is Fréchet differentiable at u, then it is continuous at u.

Problem 9.3. Let U = L2 (0, 1) with a weighted inner product (u, v)U :=∫ 1

0

u (t) v (t)w (t) dt, where w (t) is a positive function, and f : U → R

defined as f (u) :=

∫ 1

0

g (u(t), t) dt. Assume that
∂g

∂u
exists and is continuous

with respect to u and t. Derive the expression for the Fréchet derivative at u
acting on h and then obtain the corresponding Frćhet gradient.

Hint:

Df (u, h) =

∫ 1

0

∂g

∂u
(u, t)h(t) dt =

(
1

w

∂g

∂u
, h

)
U
.

the Fréchet gradient is thus ∇f =
1

w

∂g

∂u
.

Problem 9.4. Derive the reduced gradient for the following modification of
Example 9.10.

1. Consider the following objective function

J := (φ, u)L2(Ω)

2. Consider now α ∈ L2 (Ω) instead of α ∈ Rn.
3. Combine the above two modifications.





Chapter 10

Adjoint approach as backpropagation
for deep learning

Abstract In this chapter, we consider standard fully connected deep neural
network and use the adjoint method in Example 9.8 to derive the backpropa-
gation method for computing the gradient of the loss function with respect to
the weights and biases of a general fully-connected deep neural work (DNN).
Excellent review papers on deep learning can be found in [90, 128], and the
history of back-propagation can be traced back to [93, 94]. The gradient is
needed for gradient-based methods (see, e.g., [111] and the references therein)
such as stochastic gradient descent [83, 121, 130]. The extension of the ad-
joint method for other type of neural networks such as ResNet [70] and CNN
[60, 75] are straightforward. We are going to show that the backpropagation
is nothing more than a reduced space approach to compute the gradient using
adjoint method. This finding also facilitates efficient computation of higher
derivatives for DNN and this is the focus of the final part of the chapter.
It is useful for higher-order optimization approaches, such as Newton-type
methods. We shall show how to compute the product of the Hessian with an
arbitrary vector exactly without forming the Hessian. This is extremely use-
ful for Krylov subspace approaches, such as conjugate gradient, in training
large-scale DNNs. Clearly, one could invoke the automatic differentiability of
Jax [24] or TensorFlow [1] or PyTorch [113] to compute the gradient and
possibly the Hessian-vector products. However, our exposition not only pro-
vides insights into the backpropagation via adjoint, but also facilitates the
readers to write (and thus save memory as computational graphs are never
needed in this case) their own optimized gradient and Hessian bypassing the
automatic differentiation entirely.

10.1 Backpropagation under adjoint lense

This section starts with a definition of an ℓ-layer deep neural network (DNN).
The DNN training problem is posed as an optimization problem and the

75
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gradient computation is then derived using the adjoint approach. The key
finding is that the backpropagation is thus nothing more than a reduced space
approach to compute the gradient using adjoint method. Another important
consequence of this finding is that the Hessian-vector products (that would
be needed for Newton-type methods with Krylov subspace methods such as
conjugate gradient method) can be computed exactly using the same adjoint
approach, and this will be the focus of the next section.

Definition 10.1 (ℓ-layer Neural network). Given ℓ, s0, s1, . . . , sℓ ∈ N, an
ℓ-layer neural network is defined as the following series of composition

Input layer : a0 − x = 0,

The ith layer : ai − σ
(
W iai−1 + bi

)
= 0, i = 1, . . . , ℓ,

(10.1)

where x ∈ Rs0 ;W i ∈ Rsi×Rsi−1 and bi ∈ Rsi , i = 1, . . . , ℓ, are weight matrix
and bias vector of the ith layer; ai ∈ Rsi is the output of the ith layer; and
the activation function, σ, acts component-wise when its argument is a
vector.

Let us define u :=
[
a0, . . . ,aℓ

]T
, z :=

[
W 1, b1, . . . ,W ℓ, bℓ

]T
, and

c (u, z) = 0 as the concatenation of all the sub-equations in (10.1). For con-
creteness, let us consider the loss (objective) function to be:

J (u, z) =
1

2

∥∥aobs − aℓ
∥∥2 , (10.2)

where aobs is a given data (label). The neural network training problem is
exactly the constrained optimization problem in Example 9.8. Thus

• The forward equation (9.14a), by definition, are nothing more than the
feedforward neural network description in (10.1). For example, the ith
block of forward sub-equations (i.e. the ith layer equation) are

ci (u, z) = ai − σ
(
W iai−1 + bi

)
= 0, (10.3)

the corresponding ith block of forward solution is ui = ai, and the ith

block of parameter is zi =
[
ziW , zib

]T
:=
[
W i, bi

]T
. Clearly, the Jacobian

∇uc is a lower block bi-diagonal matrix with identity blocks on the di-
agonal, and is thus invertible for all u and z. Consequently, all results in
Example 9.8 hold.

• To unfold the adjoint equation (9.14b), we note that the whole adjoint
vector v is the concatenation of the adjoint sub-vector vi corresponding
to the ith layer equation in (10.1), for i = 0, . . . , ℓ. Thus, the ith adjoint
equation corresponds to the derivative with respect to ui = ai in (9.14b),
and it reads
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vℓ = aobs − aℓ,

vi =
(
W i+1

)T [
σ′ (W i+1ai + bi+1

)
◦ vi+1

]
, i = ℓ− 1, . . . , 0

(10.4)

where σ′ is the derivative of σ, and ◦ denotes the component-wise multi-
plication of two vectors. Note that since σ acts componentwise (when its
input is a vector), so is its derivative σ′: in particular σ′ (W i+1ai + bi+1

)
is a vector in (10.4). Thus, (10.4) provides explicit expressions for the ad-
joint equations for a general fully connected DNN. Again, note that the
adjoint equations are linear in terms of adjoint variables vi, i = 0, . . . , ℓ.

• To unfold the control equation (9.13) to explicitly see the derivative of
the objective function with respect to the weights and biases, we take a

block of control equations corresponding to sub-blocks of zi =
[
ziW , zib

]T
in z. For DNN, these derivatives are given as: for i = 1, . . . , ℓ,

∂J

∂W i
= −

[
vi ◦ σ′ (W iai−1 + bi

)] (
ai−1

)T
,

∂J

∂bi
= −vi ◦ σ′ (W iai−1 + bi

)
,

(10.5)

and the collection (in fact the concatenation) of these derivatives is the
total reduced gradient ∇J .
The backpropagation nature of the network gradient is now clearly
seen from the gradient expressions in (10.5) and the adjoint equations
(10.4). Indeed, in (10.5) we need the ith adjoint state vi in order to
compute the gradients with respect to the weights and biases in the ith
layer. The ith adjoint state vi in turn depends on the (i + 1)th adjoint
state vi+1, which depends on the (i + 2)th adjoint state vi+2, etc, all
the way to the last adjoint state vℓ corresponding to the network output
layer. In other words, using the adjoint equations (10.4) we backpropagate
to compute the adjoint solution from the output layer to the ith layer,
and then compute the gradients using (10.5). From the backpropagation
point of view, vi, i = 1, . . . , ℓ are simply the temporary variables to
help compute/write the chain rule in a succinct manner. The adjoint
approach, however, reveals their precise role as the adjoint solutions—also
known as the Lagrangian multipliers—of the adjoint equations steming
from the first order optimality condition using the reduced space approach
in Remark 9.3. Another important view point that we have exploited
here is that the DNN training problem, from the adjoint point of view, is
a constrained optimization problem with the forward pass as the forward
equations. The backpropagation is thus nothing more than a reduced space
approach to compute the gradient using adjoint method.
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10.2 Hessian-vector product for deep neural networks

This section shows how to compute the Hessian-vector products exactly and
efficiently. This knowledge allows us to deploy high-order optimization meth-
ods (such as Newton-type approach) without wary to train DNN. The ma-
terials that this section relies on are section 10.1 and section 20.1, and until
then the readers can skip this section.

We now apply the development in section 20.1 to derive the full and Gauss-
Newton Hessian-vector products for the optimization problem of training
neural network with loss/objective/cost function (10.2) and equality con-
straints (10.3). Note that the gradients of weights and biases (10.5) is the
total reduced gradient (20.5) when applied to the DNN training optimiza-
tion problem. Similarly, the feedforward DNN (10.3) and the adjoint DNN
(10.4) correspond to (20.6a) and (20.6b), respectively. Using the same nota-

tions, we define by (̂·) the total directional derivative of any quantity (·) with

respect to z in a given direction ẑ, where ẑ =
[
Ŵ 1, b̂1, . . . , Ŵ ℓ, b̂ℓ

]T
. In

particular, the Hessian-vector product HF ẑ is precisely ∇̂J : the directional
derivative of the gradient in the given direction ẑ. Thus, HF ẑ has the same
number of components as ∇J does. Specifically, by the chain rules, the com-
ponents of HF ẑ correspond to the components (10.5) of the gradient ∇J are
given as: for i = 1, . . . , ℓ,

∂̂J

∂W i
= −

[
v̂i ◦ σ′ (W iai−1 + bi

)] (
ai−1

)T−[vi ◦ σ̂′
(
W iai−1 + bi

)] (
ai−1

)T
−
[
vi ◦ σ′ (W iai−1 + bi

)] (
âi−1

)T
(10.6a)

∂̂J

∂bi
= −v̂i ◦ σ′ (W iai−1 + bi

)
− vi ◦ σ̂′

(
W iai−1 + bi

)
, (10.6b)

where the j-component of the vector σ̂′
(
W iai−1 + bi

)
is given by

σ′′ (W i(j, :)ai−1 + bi(j)
)
Ŵ i(j, :)ai−1 + σ′′ (W i(j, :)ai−1 + bi(j)

)
b̂i(j)

+ σ′′ (W i(j, :)ai−1 + bi(j)
)
W i(j, :)âi−1, (10.7)

where, recall our conventions, W i(j, :) is the jthe row of the weight matrix
W i and bi(j) is the jth component of the bias vector bi.

Note that the components of the Hessian-vector product are not defined

without computing the directional derivative of the states û =
[
â0, . . . , âℓ

]T
and adjoints v̂ first. They are solutions of the second order system (20.8).
For DNN training, (20.8a) reduces to
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âi − σ̂
(
W iai−1 + bi

)
= 0, i = 1, . . . , ℓ,

where, similar to (10.7), the j-component of the vector σ̂
(
W iai−1 + bi

)
is

given by

σ′ (W i(j, :)ai−1 + bi(j)
)
Ŵ i(j, :)ai−1 + σ′ (W i(j, :)ai−1 + bi(j)

)
b̂i(j)

+ σ′ (W i(j, :)ai−1 + bi(j)
)
W i(j, :)âi−1,

Similarly, (20.8b) becomes

v̂ℓ = −âℓ,

v̂i =

(
Ŵ i+1

)T [
σ′ (W i+1ai + bi+1

)
◦ vi+1

]
+
(
W i+1

)T [
σ̂′
(
W i+1ai + bi+1

)
◦ vi+1

]
+
(
W i+1

)T [
σ′ (W i+1ai + bi+1

)
◦ v̂i+1

]
, i = ℓ− 1, . . . , 0,

where σ̂′
(
W i+1ai + bi+1

)
is given in (10.7) with i+ 1 in place of i.

For the Gauss-Newton Hessian-vector product, we simply remove second
order derivatives terms to obtain

∂̂J

∂W i
= −

[
v̂i ◦ σ′ (W iai−1 + bi

)] (
ai−1

)T
∂̂J

∂bi
= −v̂i ◦ σ′ (W iai−1 + bi

)
,

where v̂, together with û =
[
â0, . . . , âℓ

]T
, is the solution of the simplified

second order system (20.10). For the DNN training problem, we have

âi − σ̂
(
W iai−1 + bi

)
= 0, i = 1, . . . , ℓ,

and

v̂ℓ = −âℓ,

v̂i =
(
W i+1

)T [
σ′ (W i+1ai + bi+1

)
◦ v̂i+1

]
, i = ℓ− 1, . . . , 0.





Chapter 11

Solutions of linear least squares
problems with adjoint

Abstract In Chapter 6 we have seen that the equation A u = f has a
solution iff f ∈ N (A ∗)

⊥
and when N (A ) = {θ} the solution is unique. There

are many practical situations in which a solution may not exist, and when it
does there could be many of them. The question is how to choose a solution
for the former and how to find a reasonable solution for the latter. Least
squares provide a solution for these situations. Though it could be traced
back as far as Gauss, Lengendre was the one who popularized least squares
[135]. In this short chapter we will develop an abstract theory for linear
least square using adjoint method. The keys that we rely on are a classical
projection theorem and the closed range Theorem 5.2. The beauty here is
that this approach allows us to obtain a general optimality condition for least
squares that is valid for both finite and infinite dimensional settings without
resorting to differentiation. The limitation is that this chapter is applicable
to only linear least squares problems. We present several examples in finite
dimensions to demonstrate the result. The application of the least squares
theory in infinite dimensions will be discussed in Chapter 14 in the context of
Tikhonov regularization approach. The extension to nonlinear problems will
be discussed in Chapter 9, Chapter 10, Chapter 17, and Chapter 18.

We start with the classical projection theorem that holds for both finite
and infinite dimensional settings.

Theorem 11.1 (Projection theorem). Let S be a subspace of a pre-
Hilbert1 space Y. Let y ∈ Y. Then, u ∈ S is the unique minimizer of
inf
w∈S
∥w − y∥Y iff (y − u) ⊥ S. The existence of the minimizer u is guaranteed

if Y is Hilbert and S is closed.

Proof. We follow closely the proof by contradiction in [97, Theorem 2] and
[109, Theorem 5.14.4]. Suppose there exists v ∈ S that is not orthogonal to
(y − u). We can assume that (y − u, v)X = ε ̸= 0 and ∥v∥X = 1. We have

1 A pre-Hilbert space is an incomplete metric space with an inner product.
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∥y − u− εv∥2Y = ∥y − u∥2Y + |ε|2 − 2εε = ∥y − u∥2Y − |ε|
2
< ∥y − u∥2Y ,

contradicting the fact that u is a minimizer. Conversely, let (y − u) ⊥ S, by
the Pythagorean identity (7.3), for any v ∈ S we have

∥y − v∥2Y = ∥y − u+ u− v∥2Y = ∥y − u∥2Y + ∥u− v∥2Y ≥ ∥y − u∥
2
Y ,

which shows that u is the unique minimizer. The existence proof is lengthy
and hence is omitted.

The following corollary is also valid for both finite and infinite dimensions.

Corollary 11.1 (Linear least squares). Let X,Y be pre-Hilbert and A :
X → Y be linear. Then, for any y ∈ Y, x̃ ∈ X is a minimizer of
inf
x∈X
∥A x− y∥Y iff

A ∗A x̃ = A ∗y. (11.1)

Furthermore, if A is injective then the minimizer x̃ is unique.

Proof. Note that inf
x∈X
∥A x− y∥Y is equivalent to inf

w∈R(A )
∥w − y∥Y. Applying

Theorem 11.1 we know that u ∈ R (A ) is a minimizer of inf
w∈R(A )

∥w − y∥Y iff

(y − u) ⊥ R (A ), that is, by the Closed Range Theorem 5.2,

(y − u) ∈ N (A ∗)⇔ A ∗ (y − u) = θ.

Since u ∈ R (A ), there exists x̃ ∈ X such that

A ∗ (y −A x̃) = θ,

which concludes the first assertion.
For the second assertion, the uniqueness in Theorem 11.1 leads to the

uniqueness of x̃ when A is injective. Another way to see this is to note
that N (A ∗A ) = N (A ) and thus the injectivity of A is equivalent to the
injectivity of A ∗A . The least squares solution in (11.1) is therefore unique.

The beauty here is that (11.1) is exactly the first order optimality con-
dition that is typically obtained by requiring the derivative of ∥A x− y∥Y,
with respective to x, to vanish (see the same result via derivative for linear
least squares problem in Example 9.4). When dim (X) < ∞, then R (A ) is
finite dimension and hence closed in Y. If, additionally, Y is Hilbert then the
existence of x̃ is guaranteed by Theorem 11.1.

Example 11.1 (linear least squares in finite dimensions). Consider the op-
erator A defined in Example 6.1 and we are interested in minimizing
∥A x− y∥R2 for some given y ∈ R2. By Corollary 11.1, a minimizer x̃ must
satisfy

A ∗A x̃ = A ∗y.
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Since A is not injective, there are multiple minimizers for this problem.
This is consistent with the non-uniqueness in Example 6.1. Note that we can
reformulate the operator form ∥A x− y∥R2 by an equivalent matrix repre-
sentation form. Indeed, let A be the matrix representation of A with respect
to an orthonormal basis in U = Span{1, x, x2} and the canonical basis of
R2. Let x be the coordinate vector of x in the same orthonormal basis of
U = Span{1, x, x2}, we have ∥A x− y∥R2 = ∥Ax− y∥R2 . Again, A is not
injective and a solution is not unique.

Example 11.2 (linear least squares with matrices). Consider A : Fn → Fm

and y ∈ Fm. Applying Corollary 11.1 we have that there exists x̃ ∈ Fn

minimizing ∥Ax− y∥Fm and

A∗Ax̃ = A∗y.

When A is injective or equivalently full column rank, we have the uniqueness
of x̃ again by Corollary 11.1. Another way to see this is that in this case,
A∗A is an invertible matrix which implies the uniqueness of the minimizer
x̃.

Example 11.3 (Linear regression). Suppose that we are given a data set with

N data points
{
zi, ti

}N
i=1

, where zi ∈ Rd and yi ∈ R. We wish to fit the data

with a hyperplane t̂ (z) :=

d∑
j=1

θjzj + γ = θTz + γ, where θ and γ are to be

determined. The best unknowns, in the least squares sense, are the ones that
solve the following optimization problem

min
θ,γ

N∑
i=1

[
t̂
(
zi
)
− ti

]2
= min

θ,γ

N∑
i=1

 d∑
j=1

θjz
i
j + γ − ti

2

(11.2)

In order to cast the linear regression problem (11.2) into the form discussed

above, let us concatenate θ and γ into a single unknown vector x :=
[
γ,θT

]
∈

Rd+1, y :=
[
t1, . . . , tN

]
, and define the feature matrix

A :=


1 z1

1 . . . z1
d

1 z2
1 . . . z2

d
...

1 zN
1 . . . zN

d

 .
The linear regression problem (11.2) becomes min

x∈Rd+1
∥Ax− y∥2RN , which is

equivalent to min
x∈Rd+1

∥Ax− y∥RN . As we have shown, an optimal solution x

is given by
ATAx = ATy,
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since A∗ = AT . If, in addition, the feature matrix A is full column rank,

then the optimal solution x =
(
ATA

)−1

ATy is unique. We can further

show that this is, in fact, the best unbiased linear estimator (known as the
Gauss-Markov theorem [79]), but since our focus here is the adjoint, we omit
this detail.

Example 11.4 (Linear regression with nonlinear features). In Example 11.3,
we consider ordinary least squares problems with linear feature. In this ex-
ample, we consider a more general setting with nonlinear features. The idea
is to first transform the original variable z to a feature variable via a transfor-
mation: Φ : Rd → Rm. Then, the regression is performed in the feature space.

In particular, we fit the data with a hyperplane t̂ (z) :=

m∑
j=1

θjΦj (z)+γ. The

linear regression problem is still of the same form min
x∈Rm+1

∥Ax− y∥RN , but

the feature matrix now reads

A :=


1 ΦT

(
z1
)
]

1 ΦT
(
z2
)
]

...

1 ΦT
(
zN
)
]

 .
Example 11.5 (Least squares with constraints). We consider the settin in Ex-
ample 6.1 in which A : R2 → R2 is given as

A =

[
1 2
1 2

]
.

We have shown that there are many solutions to the equation

Au = f ,

for any f ∈ R2. We are interested in a solution with minimum norm, i.e.,

min
u∈R2

∥u∥2R2

subject to
Au = f .
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Chapter 12

Notations and conventions

Abstract
In this chapter, we shall consider linear mappings between infinite dimen-

sionsal Hilbert spaces. Of particular interest are densely defined differential
operators.

12.1 Adjoints of densely defined linear operators

We start with the definition of dense subsets based on the closure that we
have defined in Definition 5.8.

Definition 12.1 (Dense subset). S is called a dense subset of U if its
closure S coincides with U. In other words, for any u ∈ U, there exists a

sequence {un}∞n=1 ⊂ S converges to u under the U-norm (i.e., un
∥·∥U−−→ u).

An important application of the density for a densely defined continuous
linear operator is the following (continuous) extension principle [82, 143].
Definition and some properties of continuous linear operators can be found
in Chapter 5. In this chapter, we will invoke this extension principle to show
the existence of adjoint operators (and it will be used in Chapter 13 to char-
acterize H−m spaces.).

Lemma 12.1 (Continuous extension principle). Let U and Y be Banach
spaces1 over F (real or complex). Assume

• A : D (A ) ⊂ U→ V is continuous on D (A ), i.e., there exists a positive
constant c such that

∥A u∥V ≤ c ∥u∥U , ∀u ∈ D (A ) , and

1 A Banach space X is a normed vector space in which any Cauchy sequences converges
to a well-defined limit residing in X.
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• D (A ) is dense in U.

Then there is a unique extension of A , again denoted by A , such that A :
U→ V is a continuous linear operator.

Proof. A proof of this standard result can be found in [143, Proposition 1 in
section 3.6 of chapter 3].

For any operator A : U→ V considered in this chapter, we assume that its
domain D (A ) is dense in U. In this case, we say that A is densely defined.
A sufficient general definition of the adjoint operator of a densely defined
operator that could embrace a variety of problems is the following (see, e.g.,
[132]).

Definition 12.2 (Adjoint operators). Let A ∈ L (U,V) be densely de-
fined. A ∗ is called the adjoint of A

(A u, v)V = (u,A ∗v)U ∀u ∈ D (A ) and ∀v ∈ D (A ∗) , (12.1)

where

D (A ∗) := {v : the map u 7→ (A u, v)V is continuous on U} .

Let us provide some insights into the adjoint Definition 12.2. First, Def-
inition 12.2 reduces to Definition 5.6 when A is continuous and is defined
on the whole space U. Second, D (A ∗) is a vector space from the assumption
that D (A ) is a vector space. Third, the existence of such an adjoint is clear
by the definition of its domain. Indeed, for each v ∈ D (A ∗), u 7→ (A u, v)V is
continuous in u ∈ D (A ). Since D (A ) is dense in U, by Lemma 12.1 there is
a unique continuous extension of (A ·, v)V over the whole U, again denoted by
(A ·, v)V. By the Riesz representation Theorem 5.1, there is a linear functional
ℓ ∈ U∗ such that (see Remark 5.4)

(u, ℓ)U = (A u, v)V .

Since the right-hand side is (anti) linear in v, ℓ is a linear function in v. That
is, the mapping from v ∈ V to ℓ ∈ U is linear and let us call it A ∗ such that

ℓ = A ∗v,

and thus we have

(u,A ∗v)U = (u, ℓ)U = (A u, v)V ,

which is exactly (12.1). Our argument shows that the adjoint operator A ∗

defined above is well-defined by the definition of its domain. This is a com-
mon way to define an operator (see many examples below). If we change the
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domain, we change the operator. In other words, an operator is not defined
until its domain is specified.

Example 12.1. Let us define the space of square integrable functions on (0, 1)
as

L2 (0, 1) :=

{
f : (0, 1)→ R such that

∫ 1

0

|f (x)|2 dx <∞
}
.

with the inner product

(f, g)L2(0,1) =

∫ 1

0

f(x)g(x) dx, ∀f, g ∈ L2(0, 1), (12.2)

and the induced L2-norm ∥u∥L2(0,1) =
√

(u, u)L2(0,1). We now define the

action of a linear map A on a function u ∈ L2(0, 1) as the second order
differentiation

A u := u′′ :=
d2u

dx2

with the domain

D (A ) :=
{
u ∈ C2 [0, 1] : u (0) = u′ (0) = 0

}
,

where C2 [0, 1] is the space of continuously twice differentiable functions. One
can show that D (A ) is dense in L2 (0, 1), and thus A : D (A ) ⊂ L2 (0, 1)→
L2 (0, 1) is densely defined. We are interested in finding the adjoint operator
A ∗ as a linear map from L2(0, 1) to L2(0, 1) using Definition 12.2. For any
v ∈ C2 [0, 1], by integrating by parts twice, we have

(A u, v)L2(0,1) = (u, v′′)L2(0,1) + u′v|10 − uv′|10 .

The boundary terms vanish and (A u, v)L2(0,1) is continuous in u with respect

to the L2-norm, if we define the domain of the adjoint operator A ∗ to be

D (A ∗) :=
{
v ∈ C2 [0, 1] : v (1) = v′ (1) = 0

}
.

We conclude that the adjoint operator is also the same second order differ-
entiation but with different domain.

Example 12.2. Consider the same setting as in Example 12.1, but the domain
of the second order differentiable operator A is now

D (A ) :=
{
u ∈ C2 [0, 1] : u (0) = u (1) = 0

}
.

Following the same procedure, we can easily see that not only A ∗ is the
same second order differentiation but also it has the same domain (see Prob-
lem 12.2). For such cases, we call A ∗ self-adjoint (see Definition 7.2).
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We next discuss the uniqueness of A ∗. Assume that there are two adjoint

operators A ∗ and Â ∗. From Definition 12.2, clearly both A ∗ and Â ∗ have
the same domain D (A ∗). For any v ∈ D (A ∗), as discuss above on the
existence of the adjoint operator A ∗, we have(

u,A ∗v − Â ∗v
)
U
= 0, ∀u ∈ U,

which yields (
A ∗ − Â ∗

)
v = θ, ∀v ∈ D (A ∗) ,

and thus A ∗ = A on D (A ∗).

12.2 Adjoints of classical differential operators

In this section, we consider several examples of A as classical differential
operators and determine the corresponding adjoints.

Example 12.3 (Divergent operator). Let Ω be an open and bounded subset of
Rn with n as a natural number. The space of square-integrable vector-valued
functions

[
L2 (Ω)

]n
is defined as (see Definition 13.7 for general Lp spaces)

[
L2 (Ω)

]n
:=

{
f : Ω → R such that

∫
Ω

∥f (x)∥2Rn dx <∞
}
.

with the inner product

(f , g)[L2(Ω)]n =

∫
Ω

f(x)g(x) dx, ∀f , g ∈
[
L2 (Ω)

]n
, (12.3)

and the induced L2-norm ∥u∥[L2(Ω)]n =
√

(u,u)[L2(Ω)]n . Note that when

n = 1 the above definition reduces to scalar-valued functions. Again, we use
normal and boldface letters for scalar-valued and vector-valued functions,
respectively. Consider the classical gradient operator A : L2 (Ω)→

[
L2 (Ω)

]n
A u := ∇u,

with the domain

D (A ) :=
{
u ∈ C1

(
Ω
)
: u (x) = 0 on ∂Ω

}
,

where the Ω denote the closure of Ω in Rn (see Definition 5.8), and ∂Ω
denotes the boundary of Ω. For any v ∈

[
C1
(
Ω
)]n

, integrating by parts
gives
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(A u,v)[L2(Ω)]n = (∇u,v)[L2(Ω)]n = (u,−∇ · v)L2(Ω) ≤ ∥u∥L2(Ω) ∥∇ · v∥L2(Ω) ,

where we have used the Cauchy-Schwarz inequality in the last inequality. It
follows that (A u,v)L2(Ω) is continuous with respect to u in the L2-norm.
Thus, by Definition 12.2, the adjoint of the classical gradient operator with
the above domain is the negative divergence operator with C1

(
Ω
)
as the

domain.2

On the other hand, if we enlarge the domain of A to be C1
(
Ω
)
, then the

domain of the adjoint A ∗ becomes

D (A ∗) :=
{
v ∈ C1

(
Ω
)
: v · n = 0 on ∂Ω

}
,

which is smaller. Here, n denotes the outward unit normal vector on ∂Ω. In
this case, the adjoint A ∗ is still the negative divergence, but with smaller
domain.

Remark 12.1. Since the adjoint of the adjoint is the original operator, we can
see that the adjoint of the divergence operator with a specified domain is the
negative gradient operator with an appropriate domain. In a similar fashion,
one can easily show that the adjoint of A = ∇× is itself (with possibly a
different domain of course depending on the domain of A ): see Problem 12.4.

Remark 12.2. Example 12.3 presents an important fact: the larger the D (A )
is, the smaller the D (A ∗), and vice versa. This will be the guiding principle
for Chapter 13 in which we construct generalized derivatives of functions that
do not have classical derivatives by enlarging the domain of the adjoint A ∗

while simultaneously reducing the domain of the original operator A .

Note that we can define the domain of a differential operator with bound-
ary values specified on a portion of the boundary ∂Ω (see Example 12.5. In
that case, the domain of the adjoint typically has boundary values specified
on the rest of the boundary. The key is to make sure that boundary terms
that arise in the integration by parts vanish, all the volume and boundary
integrals make sense, and (A u, v)U is continuous in u with respect to the U-
norm. We now carry out these steps for three important examples of partial
differential equations.

Example 12.4 (An elliptic differential operator). With L2 (Ω) defined as in
Example 12.3, consider the following parametrized linear operator A :
D (A ) ⊂ L2 (Ω)→ L2 (Ω) as

A u = −∇ · (ez∇u) in Ω,

2 Note that the adjoint operator still obeys Definition 12.2 with the possibly bigger domain
as long as D (A ∗) is such that ∇ · v ∈ L2 (Ω), and hence (A u,v)[L2(Ω)]n is continuous

with respect to u in the L2-norm, but we omit the details here.
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where z ∈ C1 (Ω) ⊂ L2 (Ω) is a distributed parameter over Ω with sufficiently
smooth boundary ∂Ω. We choose the domain of A to be

D (A ) :=
{
u ∈ C2

(
Ω
)
: u (x) = 0 on ∂Ω

}
.

One can show the standard result [3, 102] that D (A ) is dense in L2 (Ω), but
this is out of the scope of the book. For each v ∈ C2

(
Ω
)
, integrating by parts

twice yields

(A u, v)L2(Ω) = − (∇ · (ez∇u) , v)L2(Ω)

= − (∇ · (ez∇v) , u)L2(Ω) −
∫
∂Ω

ez(x)∇u (x) · n v (x) dx.

If we restrict v ∈ D (A ), we have

(A u, v)L2(Ω) = − (∇ · (ez∇v) , u)L2(Ω) ≤ ∥u∥L2(Ω) ∥∇ · (e
z∇v)∥L2(Ω) ,

and by Definition 12.2, D (A ∗) = D (A ), and A ∗ = A . Thus, A is self-
adjoint.

Example 12.5 (A hyperbolic differential operator). With L2 (Ω) defined as
in Example 12.3, consider the following parametrized linear operator A :
D (A ) ⊂ L2 (Ω)→ L2 (Ω) as

A u = β · ∇u+ λu in Ω,

where β ∈
[
C1 (Ω,R)

]n
and ∇ · β = 0, λ > 0, n is the unit outward normal

vector of the boundary ∂Ω, and ∂Ωin := {x ∈ ∂Ω : β · n < 0} is the inflow
boundary. For A to make sense in the classical sense, we choose its domain
to be

D (A ) :=
{
u ∈ C1

(
Ω
)
: u (x) = 0 in ∂Ωin

}
.

One can show that D (A ) is dense in L2 (Ω), but this is not of interest here
(see Example 12.9 for more information). For each v ∈ C1

(
Ω
)
, integrating

by parts once gives

(A u,v)L2(Ω) = (β · ∇u+ λu, v)L2(Ω)

= (u,−β · ∇v + λv)L2(Ω) +

∫
∂Ωout

β · nu v dx,

where the outflow boundary is defined as ∂Ωin := {x ∈ ∂Ω : β · n > 0}.
Thus, if we restrict v in

S :=
{
v ∈ C1

(
Ω
)
: v (x) = 0 in ∂Ωout

}
,

so that the boundary term vanishes, then we have
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(A u,v)L2(Ω) = (u,−β · ∇v + λv)L2(Ω) ≤ ∥u∥L2(Ω) ∥−β · ∇v + λv∥L2(Ω) ,

which means (A u,v)L2(Ω) is continuous in u with respect to the L2-norm.

By Definition 12.2, the adjoint operator A ∗ : D (A ∗) ⊂ L2 (Ω)→ L2 (Ω) is

A ∗v = −β · ∇v + λv,

for any v ∈ D (A ∗) = S.

Example 12.6 (Friedrichs differential operators). We are interested in Friedrichs
system that embraces a large class of elliptic, parabolic, hyperbolic, and
mixed-type PDEs operators [58]:

A u :=

n∑
k=1

Ak∂ku+Cu in Ω,

where d is the spatial dimension, u the vector-valued unknown solution in
Rm, and Ω is an open and bounded subset of Rn with sufficient regular
boundary ∂Ω. The matrices Ak and C are assumed to be continuous across
Ω. Here, ∂k is understood as the kth partial derivative. We start with the
standard assumptions (see, e.g., [58, 52, 78, 54]):

C ∈
[
C
(
Ω
)]m,m

,

Ak ∈
[
C
(
Ω
)]m,m

, k = 1, . . . , n, and

n∑
k=1

∂kAk ∈
[
C
(
Ω
)]m,m

,

Ak = (Ak)
T

in Ω, k = 1, . . . , n, ,

C +CT +

n∑
k=1

∂kAk ≥ 2α0I in Ω,

where α0 > 0 is some coercivity constant.
Next, we specify an abstract boundary condition for A [52]. Let D :=

n∑
k=1

Aknk, where nk is the kth component of the unit outward normal vector

n on ∂Ω, and assume there exists a matrix M ∈
[
C
(
∂Ω
)]m,m

such that

M +MT ≥ 0 on ∂Ω,

(D −M)u = 0 on ∂Ω,

N (D −M) + N (D +M) = Rm, on ∂Ω.

(12.4)

We define the domain of A as

D (A ) :=
{
u ∈

[
C1
(
Ω
)]n

: (D −M)u = 0 on ∂Ω
}
,
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which can be shown to be dense in
[
L2 (Ω)

]n
[54, 102, 3]. Taking v ∈[

C1
(
Ω
)]n

and integrating by parts once give

(A u,v)[L2(Ω)]n = (u,Bv)[L2(Ω)]n + (u,Dv)L2(∂Ω) ,

for all u ∈ D (A ), where

Bv := −
n∑

k=1

∂k (Akv) +CT in Ω.

Now invoking the boundary conditions (12.4), it is easy to see that the bound-
ary term vanishes, i.e.,

(u,Dv)L2(∂Ω)

when v satisfies Dv ∈ N (D −M)
⊥
. Thus, if we choose the domain of the

adjoint operator A ∗ to be

D (A ∗) =
{
v ∈

[
C1
(
Ω
)]n

: Dv ∈ [N (D −M)]
⊥
}
,

the by definition, B is the adjoint A ∗ since

(A u,v)[L2(Ω)]n = (u,Bv)[L2(Ω)]n ≤ ∥u∥[L2(Ω)]n ∥Bv∥[L2(Ω)]n ,

that is, (A u,v)[L2(Ω)]n is continuous in u with respect to the
[
L2 (Ω)

]n
-norm.

In this section, we consider several examples of adjoint operators of linear
differential operators. By choosing the domain of a differential operator A
as a closed subset of the graph space GA , A is automatically continuous in
the graph norm. The adjoint is thus continuous and has the same norm (see
Proposition 5.3).

Come back to this after the Green chapter. We should only consider closed
differential operators here by choosing the domain as Cn, where n is the or-
der of the differential operator. Then show that all the differential operators
are closed in the L2-setting. Only move to the graph space to have continu-
ous operators in the BNB chapter. So essentially we move all the following
examples to the BNB chapter and only consider its closed versions in this
chapter.

Example 12.7. We consider an elliptic differential operator in n dimensions
over an open and bounded domain Ω ⊂ Rn. In this case, we define L2−inner
product of two functions u(x), v(x) in L2(Ω) over R as

(u, v)L2(Ω) =

∫
Ω

u(x)v(x)dΩ. (12.5)

Consider the following parametrized linear operator A : D (A ) ⊂ L2 (Ω) →
L2 (Ω) as



12.2 Adjoints of classical differential operators 95

A u =

{
−∇ · (ez∇u) in Ω,

u = 0 on ∂Ω,

where z ∈ C1 (Ω) ⊂ L2 (Ω) is a distributed parameter over Ω with sufficiently
smooth boundary ∂Ω. We define the graph space GA as

GA :=
{
u ∈ H1 (Ω) : A u ∈ L2 (Ω)

}
=
{
u ∈ H1 (Ω) : −∇ · (ez∇u) ∈ L2 (Ω)

}
.

The domain of A is chosen to be a subset of its graph space:

D (A ) := {w ∈ HA : u = 0 on ∂Ω}

equipped with the graph norm ∥u∥G :=

√
∥u∥2H1 + ∥A u∥2L2 =

√
∥u∥2H1 + ∥∇ · (ez∇u)∥2L2 .

Clearly, D (A ) is dense in L2 (Ω) and A is continuous on D (A ). The
proof of the self-adjointness of A is straightforward using basic facts from
weak/distributional derivative and a standard distributional argument and
it is provided in section 12.3 of section 12.3.

Example 12.8. We now consider a weak formulation for the elliptic differen-
tial operator in Example 12.7. This will be important for studying the well-
posedness of the associated partial differential equations in Example 15.4.
Multiplying −∇· (ez∇u) by a test function and integrating by parts allow us
to define the following bilinear form a (·, ·) : H1

0 (Ω)×H1
0 (Ω)→ R

a (u, v) := (ez∇u,∇v)L2(Ω) .

By the Cauchy-Schwarz inequality we have

|a (u, v)| ≤ ∥ez∥L∞(Ω) ∥∇u∥L2(Ω) ∥∇v∥L2(Ω) ≤ ∥e
z∥L∞(Ω) ∥u∥H1(Ω) ∥v∥H1(Ω) ,

and thus a (·, ·) is continuous on H1
0 (Ω)×H1

0 (Ω). Here, L∞ (Ω) is the space
of essentially bounded functions on Ω. As a result, it implicitly defines a
unique linear and continuous operator3 A : H1

0(Ω)→ H1
0(Ω) as

(A u, v)H1
0(Ω) := a (u, v) .

3 Note that for every continuous sequilinear form a : X × Y → F, there exists a unique

linear and continuous operator A : X → Y such that (A u, v)Y := a (u, v) for all u ∈ X and

v ∈ Y. Indeed, by the linearity and continuity of a (·, ·) with respect to its first argument,
the Riesz representation Theorem 5.1 ensures that there exists a unique A u ∈ Y such

that (A u, v)Y = a (u, v). The continuity of A is from the continuity of a (u, v): ∥A u∥ =

sup
v∈Y

(A u, v)

∥v∥Y
= sup

v∈Y

a (u, v)

∥v∥Y
≤ β ∥u∥X. The uniqueness of A is straightforward due to its

definition, as if there were another linear and continuous operator B, then we would have

∥B − A ∥ = sup
u∈X

∥Bu− A u∥Y
∥u∥X

= sup
u∈X

sup
v∈Y

(Bu− A u, v)Y
∥u∥X ∥v∥Y

= sup
u∈X

sup
v∈Y

a (u, v)− a (u, v)

∥u∥X ∥v∥Y
= 0,

and thus B = A .
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Due to the symmetry of the bilinear form, we have A ∗ = A .

Example 12.9. Consider an open and bounded domain Ω ⊂ Rn and the
L2−inner product of two functions u(x), v(x) is given in (12.5). Consider
the following parametrized linear operator

A u =

{
β · ∇u+ λu in Ω,

β · nu = 0 in ∂Ωin,

where β ∈
[
C1 (Ω,R)

]n
and ∇ · β = 0, λ > 0, n is the unit outward normal

vector of the boundary ∂Ω, and ∂Ωin := {x ∈ ∂Ω : β · n < 0} is the inflow
boundary. We consider the graph spaceHA := H1

β (Ω) :=
{
u : u ∈ L2 (Ω) and β · ∇u ∈ L2 (Ω)

}
which is dense in L2 (Ω) under sufficient regularity4 of the domain Ω [52].
The domain of A is defined as a subset of the graph space, namely, D (A ) :={
u ∈ H1

β (Ω) : β · nu = 0 in ∂Ωin

}
. It is clear that A : D (A ) → L2 (Ω)

is linear and continuous owing to the definition of H1
β (Ω) and the intrin-

sic graph norm ∥u∥H1
β(Ω) :=

√
∥u∥2L2 + ∥β · ∇u∥2. Using the definition of

weak/distributional derivative and integration by parts once, we can show
(see Example 12.10 for a more general differential operator) that

A ∗v =

{
−β · ∇v + λv in Ω,

β · nv = 0 in ∂Ωout,

where ∂Ωout := {x ∈ ∂Ω : β · n > 0} is the outflow boundary and

D (A ∗) =
{
v ∈ H1

β (Ω) : β · nu = 0 in ∂Ωout

}
.

Example 12.10 (Friedrichs’ systems). We are interested in Friedrichs’ system
that embraces a large class of elliptic, parabolic, hyperbolic, and mixed-type
PDEs operators [58]:

A u :=
n∑

k=1

Ak∂ku+Cu in ∈ Ω, (12.6)

where d is the spatial dimension, u the unknown solution with values in Rm,
f the forcing term, and Ω is an open and bounded subset of Rn with sufficient
regular boundary ∂Ω. The matrices Ak and C are assumed to be constant
and continuous across Ω. Here, ∂k is understood as the kth partial derivative.
We start with the standard assumptions (see, e.g., [58, 52, 78, 54]):

4 Assume Ω has segment property [8].
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C ∈ [L∞ (Ω)]
m,m

, (12.7a)

Ak ∈ [L∞ (Ω)]
m,m

, k = 1, . . . , n, and

n∑
k=1

∂kAk ∈ [L∞ (Ω)]
m,m

,

(12.7b)

Ak = (Ak)
T

in Ω, k = 1, . . . , n, , (12.7c)

C +CT +

n∑
k=1

∂kAk ≥ 2α0I in Ω, (12.7d)

where α0 > 0 is some coercivity constant. In this book, we consider the

following abstract boundary condition for A [52]: let D :=

n∑
k=1

Aknk, where

nk is the kth component of the unit outward normal vector n on ∂Ω, and
assume there exists M ∈ [L∞ (∂Ω)]

m,m
such that

M +MT ≥ 0 on ∂Ω, (12.8a)

(D −M)u = 0 on ∂Ω, (12.8b)

N (D −M) + N (D +M) = Rm, on ∂Ω. (12.8c)

Following [51], we define5 the graph space of A using its differential part
B := A −C:

HA :=
{
u ∈

[
L2 (Ω)

]m
: Bu ∈

[
L2 (Ω)

]m}
,

which is dense [54] in
[
L2 (Ω)

]m
when Ω is sufficiently regular (see Exam-

ple 12.9 for an example). Furthermore, from the definition, it is easy to see
that A is linear and continuous on D (A ) := {x ∈ HA : (D −M)x = 0 on ∂Ω}
equipped with intrinsic graph norm. Using the definition of weak/distributional
derivative and integration by parts we can show that its adjoint is found to
be (see section 12.3 in section 12.3):

A ∗v = −
n∑

k=1

∂k (Akv) +CT v ∈ L2 (Ω) ,

for any v ∈ D (A ∗), where

D (A ∗) =
{
v ∈ HA : Dv ∈ [N (D −M)]

⊥
}
.

5 Note that we pick the L2-setting here for concreteness, but all the results for Friedrichs’
system/operator in this paper hold for the general Hilbert space setting in [51, 52].



98 12 Notations and conventions

Remark 12.3. Note that we have considered Friedrichs systems with full coer-
civity in Example 12.10. Applying such a general setting to various concrete
PDEs [51, 52] will reveal concrete adjoints and their domains, but we omit
the details here. The elliptic operator in Example 12.7, when written in the
first order form, is a particular two-field Friedrichs system [51, 52], whose
adjoint can be derived similarly.

Problems

Problem 12.1 (Sturm-Liouville differential operator). Consider the
following weighted L2−inner product of two functions u, v in L2(a, b) over
the complex field

(u, v)L2(a,b) =

∫ b

a

ρ(x)u(x)v(x)dx, (12.9)

where ρ(x) ∈ C [a, b] is a positive weight. Next, define an operator A :
D (A ) ⊂ L2 (a, b)→ L2 (a, b) as

A u =
1

ρ

[
− (pu′)

′
+ qu

]
in (a, b)

where p = p(x) ∈ C1 [a, b] is positive, q = q(x) ∈ C [a, b], ()′ = d

dx
. Let us

choose the domain of A to be

D (A ) :=
{
u ∈ C2 [a, b] : α1u(a) + α2u

′(a) = 0, and β1u(b) + β2u
′(b) = 0

}
,

where α1, α2, β1, β2 are constants such that α2
1 + α2

2 ̸= 0 and β2
1 + β2

2 ̸= 0.
Find the adjoint and its domain using Definition 12.2.

Problem 12.2. Work out the details for Example 12.2.

Problem 12.3. Consider Example 12.1 but now the operator A is defined
as

A u :=
d2u

dx2
+ u.

We are interested in the domain of A with the boundary condition u (1) = 0.
Define a suitable domain for A , then find A ∗ (and its domain).

Problem 12.4. Let v be a function, with value in R3, over an open and
bounded subset Ω of R3. Consider the Curl operator

A v := ∇× v.
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Pick D (A ) ⊂ L2 (Ω) such that A makes sense in the classical sense (i.e. ∇
is classical gradient operator). Then find A ∗ (and its domain).

12.3 Appendix

This section provides a proof for Example 12.7. It requires the notation of
distributional derivatives which can be referred to Chapter 13.

Proof (of Example 12.7).
We next find A ∗ and D (A ∗). Take any v ∈ D (A ∗), by Definition 12.2 we

have

(A u, v)L2(Ω) = (u,A ∗v)L2(Ω) , ∀u ∈ D (A )

⇕ ∀φ ∈ C∞0 (Ω) dense in D (A )

(A φ, v)L2(Ω) = (φ,A ∗v)L2(Ω)

⇕ definition of distributional derivative

⟨φ,−∇ · (ez∇v)⟩ = (φ,A ∗v)L2(Ω)

⇕
−∇ · (ez∇v) = A ∗v ∈ L2 (Ω)

which shows that A ∗ = A on D (A ∗). Next, from

(A u, v)L2(Ω) = (u,A ∗v)L2(Ω) = (u,A v)L2(Ω) , ∀u ∈ D (A ) and v ∈ D (A ∗) ,

and integration by parts we conclude

− (ez∇u · n, v)L2(∂Ω)+(u, ez∇v · n)L2(∂Ω) = 0, ∀u ∈ D (A ) and v ∈ D (A ∗) ,

with the assumption that the boundary integrals make sense. As a result,
in addition to ∇ · (ez∇v) ∈ L2 we need v ∈ H1 (Ω) and v = 0 on ∂Ω. We
conclude that D (A ∗) = D (A ), and A is self-adjoint.

Proof (Proof for Example 12.10). We now derive the adjoint A ∗ (and its do-
main) of the Friedrichs’ operator in Example 12.10. Proceed as in section 12.3,
we can easily see that

A ∗v = −
n∑

k=1

∂k (Akv) +CT v ∈ L2 (Ω) ,

for any v ∈ D (A ∗). Thus D (A ∗) ⊆ HA . Next from

(A u, v)L2(Ω) = (u,A ∗v)L2(Ω) , ∀u ∈ D (A ) and v ∈ D (A ∗) ,
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and integrating by parts, we obtain

(u,Dv)L2(∂Ω) = 0, ∀u ∈ D (A ) and v ∈ D (A ∗) ,

which in turns yields Dv ∈ N (D −M)
⊥

since u ∈ N (D −M). We thus
conclude

D (A ∗) =
{
v ∈ HA : Dv ∈ [N (D −M)]

⊥
}



Chapter 13

Distributional derivatives and Green
functions from adjoint perspectives

Abstract This chapter presents an introduction to distributional deriva-
tives, Green functions, and Green identities. The goal is to provide fresh and
constructive perspectives on these important subjects using adjoint. Using
integration by parts, we shall show that adjoints of differential operators are
also differential operators with appropriate boundary (and/or initial) condi-
tions. Of particular interest are the derivations of the adjoint of the diver-
gence, gradient, and curl operators. As a by-product, we shall see that by
not specifying the boundary conditions for differential operators and their
adjoints in the process of constructing the adjoints, we obtain the Green
identities. The fact that the adjoint of a differential operator is a differen-
tial operator and that the adjoint of adjoint is the original operator has a
far-reaching implication: we can generalize the notion of derivatives for func-
tions that do not have classical derivatives. The two important ingredients
that facilitate the generalization are: i) choose the domain of a differential
operator A so that it makes sense in the classical sense; ii) use duality pairing
to define the adjoint A ∗: ⟨A u, v⟩ := ⟨u,A ∗v⟩, where v is the function we
would like to define its generalized derivatives. The beauty here is that if v
possesses classical derivatives, we recover A ∗ as a differential operator in the
classical sense. Otherwise, A ∗ is a generalized derivative known as distribu-
tional derivative or distribution. The special cases of distributions are weak
derivatives that are extremely important for analyzing differential equations
with Sobolev spaces. We shall see that Sobolev spaces are spaces of functions
possessing up to certain order of weak derivatives. An important application
of distribution is to rigorously understand the “Dirac delta function”: in par-
ticular, it is not a function but a distribution. This is particularly useful as
the Dirac delta distribution is the heart of the Green function theory. Unlike
the standard literature where the Green function is defined through a dif-
ferential equation with Dirac delta distributions as the right-hand side, we
present a goal-oriented approach that systematically constructs Green func-
tions equations via the Lagrangian theorem Theorem 9.3. We shall see that
the Green function equation is nothing more but the adjoint equation. Our

101
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approach, thus, provides not only a systematic way to the construction of
Green functions for specific interest but also new insights into Green func-
tions as the Lagrange multipliers. The prerequisites for this chapter are the
following

• Basic familiarity with Lebesgue integration theory including equivalent
classes of functions (functions that are the same almost everywhere) and
the dominated convergence theorem.

13.1 Distribution and weak derivatives as adjoint of
classical differential operators

We have seen in Chapter 12 that adjoints of classical differential operators are
again differential operators. That was possible because we limited the domain
of the adjoint operators to be subsets of spaces of continuously differentiable
functions. Had we chosen “rougher” spaces of functions for the domain of
the adjoint operator in section 12.2, we would not have been able, in the
classical sense, to carry out the necessary integration by parts to obtain the
adjoint explicitly. On the other hand, the domain of an abstract adjoint in
Definition 12.2:

D (A ∗) := {v : the map u 7→ (A u, v)V is continuous on U} ,

says that as long as (A u, v)V is continuous in u with respect to the U-norm,
v is a member of D (A ∗) by definition. Moreover, section 12.1 shows that the
adjoint A ∗ then exists, is unique, and is linear in v. In other words, we do
not have to restrict ourselves in classical spaces of continuously differentiable
functions to define the domain of adjoints of classical differentiable operators.
But of course, the adjoint will change as we have discussed in section 12.1.
Reversing this line of arguments provides us a way to generalize the classical
derivatives to functions that are not differentiable in the classical sense. In
particular, by enlarging D (A ∗) to include functions that are not classically
differentiable, A ∗ is a generalized differentiable operator (interchangeably
called a distributional derivative). What remains is to ensure that (A u, v)V be
continuous with respect to u in the U-topology. The main goal of this section
is to provide a brief introduction with basic ingredients to ensure that A ∗ is
well-defined as a distributional derivative. Before doing so, we need to answer
a critical question: why do we need to generalize the classical derivatives in
the first place?
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13.1.1 Why do we need generalized derivatives?

In this section, we provide simple examples to present the need for a gen-
eralized notion of derivatives. For the rest of the chapter, unless otherwise
stated, when we write “differentiable” or “derivatives”, we mean the classical
derivatives. Consider the simplest differential operator

A u := u′ :=
du

dt
.

and we are interested in solving the most basic ordinary differentiable equa-
tion

A u = f, u (0) = u0, (13.1)

for t ∈ (0, tf ), where the initial condition u0 is given and f is left unspeci-
fied at this moment. Recall that Cn (Ω) is the space of n-times continuously
differentiable functions on a given domainΩ and the space of continuous func-
tions C (Ω) corresponds to n = 0. The obvious choice for the domain of A is
D (A ) = C1 (0, tf ), and thus R (A ) = C (0, tf ): a proper subset of L2 (0, tf )
(L2 spaces and more generally Lp spaces will be defined formally in Defini-
tion 13.7). The main problem with this classical setting is that (13.1) does
not have a solution if the forcing f ∈ L2 (0, tf ). For example, the forcing term
f could be discontinuous, which is not uncommon in practice. The nature of
this problem is that the domains of the definition of classical derivatives are
too small to embrace a solution. Thus, there is a critical need to overcome
this issue. The key idea is to define generalized differential operators with
sufficient rich domains of definition that contain at least one solution. In par-
ticular, for (13.1) with f ∈ L2 (0, tf ), if the generalized differential operator
A is defined such that its range is L2 (0, tf ), then we always have a solution.

In the following, subsection 13.1.2 introduces the space of distributions
and we show that the Dirac delta is not a function but a distribution. Built
upon this, we shall introduce the notion of distributional derivatives in sub-
section 13.1.4. Weak derivatives are then presented as special cases of dis-
tributational derivatives. As shall be seen, the Sobolev spaces are spaces of
functions possessing certain order of weak derivatives.

13.1.2 The space of distributions

As discussed in Remark 12.2, enlarging D (A ∗) means restricting D (A ) to a
smaller subspace. One of the sufficiently small spaces is the space of contin-
uously infinitely differentiable functions with compact supports.

Definition 13.1 (compact subsets of Rn). A set K is a compact subset
of Rn if it is closed and bounded, that is,
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• K = K, and
• there exists 0 < α <∞ such that ∥x∥Rn < α for all x ∈ K.

Definition 13.2 (Support of a function). Let Ω ⊆ Rn and f : Ω → F
(either real or complex field). We define a support of f on Ω as

supp f = {x ∈ Ω : f(x) ̸= 0},

where the overline denotes the closer (recall Definition 5.8) in Rn.

Definition 13.3 (Continuously infinitely differentiable function). We
define

D (Ω) := C∞0 (Ω) := {f : f is continuously infinitely differentiable functions

and suppf is a compact subset of Ω} (13.2)

Note that we have introduced two alternative notations D (Ω) and C∞0 (Ω)
for the space of continuously infinitely differentiable functions with compact
support in Ω. We shall interchangeably call D (Ω) as the test space (on Ω),
and each member of which is called a test function.

We next introduce the multi-index notation that helps us simplify the
notations for mixed derivatives in high dimensions.

Definition 13.4 (Multi-index notation for mixed derivatives). Amulti-

index α = [α1, . . .αn]
T
is an n-tuple of non-negative integers. The norm of

multi-index is defined as:

|α| :=
n∑

i=1

αi.

Let D be a derivative notation: it could the classical, or Fréchet (see Chap-
ter 9), or the distributional derivative (to be defined). We define te mixed
derivative of order |α| for a function1 u : Ω ⊆ Rn → F, where F is either the
complex or real field, as

Dαu = Dα1
x1

Dα2
x2

. . .Dαn
xn
u.

If |α| = 0, we set
Dαu := u.

Example 13.1. Let u : R3 → R and α = [α1,α2,α3]
T

be an multi-index.
Assume that u is differentiable up to order |α|. Using ∂ for classical partial
derivatives, we have

∂αu =
∂α1

∂xα1
1

(
∂α2

∂xα2
2

(
∂α3

∂xα3
3

u

))
.

1 generally a distribution.
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For example, taking α = [1, 2, 3]
T
gives

∂αu =
∂

∂x1

(
∂2

∂x2
2

(
∂3

∂x3
3

u

))
=

∂6

∂x1∂x2
2∂x

3
3

u.

Definition 13.5 (Uniform norm). Let Ω ⊂ Rn be open and bounded, we
define the (uniform) norm in the space of continuous functions on Ω, C (Ω),
as

∥f∥∞ := ∥f∥C(Ω) := sup
x∈Ω
|f (x)| , ∀f ∈ C (Ω) .

Definition 13.6 (Convergence in D (Ω)). A sequence {ϕn}∞n=1 ⊂ D (Ω)
converges to ϕ ∈ D (Ω) iff

i) there exists a compact subset K ⊂ Ω such that suppϕn ⊂ K,∀n, and
ii) ∥∂αϕn − ∂αϕ∥C(K) −→ 0 for all multi-index α.

Remark 13.1. Note that any derivative of a test function is again a test func-
tion. We will use this fact at various places in subsection 13.1.4.

Remark 13.2. Though all the results, definitions, etc, when appropriate, can
be extended straightforwardly to complex-value functions and/or vector
spaces over complex fields, we shall only consider the real cases for clarity.

For the rest of the chapter,

∫
dx means a Lebesgue integral with dx as

the Lebesgue measure. Unless otherwise stated, we assume Ω ⊆ Rn. We first
define Lp (Ω) spaces here for any natural number p = 1, 2, . . ., as we will refer
to them frequently from now on.

Definition 13.7 (Lp spaces). Let p be an arbitrary natural number and
Ω ⊆ Rd, we define the corresponding Lp (Ω) space as

Lp (Ω) :=

{
f : Rd → F such that ∥f∥Lp(Ω) :=

(∫
Ω

|f (x)|p dx
) 1

p

<∞

}
,

where F is either real or complex field and ∥f∥Lp(Ω) is called the Lp-norm of
f . The generalization to vector-valued Lp-spaces is straightforward:

[Lp (Ω)]
n
:=

{
f : Rd → Fn such that ∥f∥[Lp(Ω)]n :=

(∫
Ω

∥f (x)∥pℓp dx
) 1

p

<∞

}
,

where the ℓp-norm in Rn is defined as

∥f(x)∥ℓp :=

(
p∑

i=1

|f i (x)|
p

) 1
p

.
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When p =∞ we define L∞ (Ω) slightly differently.

L∞ (Ω) :=
{
f : Rd → R such that ∥f∥L∞(Ω) := ess sup |f | <∞

}
,

where2

ess sup f := inf {sup g : g = f almost everywhere} .

We say that L∞ (Ω) is the space of essentially bounded functions. The gen-
eralization to vector-valued function is obvious

[L∞ (Ω)]
n
:=

{
f : Rd → Rn such that ∥f∥[L∞(Ω)]n := max

i=1 ...,n
ess supf i <∞

}
.

These Lp-spaces are Banach spaces and many of their properties can be
referred to, e.g., [3, 102, 112]. For example

D(Ω) ⊂
dense

Lp(Ω), ∀p ≥ 1, (13.3)

where ⊂
dense

means “is a dense subset set of”.

Remark 13.3 (A fact). L2 (Ω) is a Hilbert space with the following inner
product

(f, g)L2(Ω) :=

∫
Ω

f(x) g (x) dx,

for any f, g ∈ L2 (Ω). For real-valued L2 spaces, the above L2-inner product
becomes

(f, g)L2(Ω) :=

∫
Ω

f(x)g (x) dx.

We shall deploy the Cauchy-Schwarz inequality for L2 (Ω) at various places
in the book: ∣∣∣(f, g)L2(Ω)

∣∣∣ ≤ ∥f∥L2(Ω) ∥g∥L2(Ω) , ∀f, g ∈ L2 (Ω) . (13.4)

The next result generalizes those in section 12.2. In particular, it essentially
shows that ∂α is, up to a sign, the adjoint of ∂α. More importantly, it is the
motivation to define distributional derivatives in Definition 13.12.

Proposition 13.1 ((−1)|α|
∂α is the adjoint of ∂α). Consider Ω ⊆ Rn,

ϕ ∈ D (Ω), a multi-index α, and u : Rn → R is |α|-order differentiable. Then(
(−1)|α|

∂αu, ϕ
)
L2(Ω)

= (u, ∂αϕ)L2(Ω) . (13.5)

2 g = f almost everywhere means f is equal g pointwise except on the sets with zero

(Lebesgue) measure.
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Proof. The proof is straightforward using integration by parts (see Prob-
lem 13.2).

Definition 13.8 (The space of distributions). Let Ω ⊆ Rn. The dual
of D (Ω), denoted as D′(Ω), is the collection of linear functionals, called
distributions (also known as generalized functions), u such that for every
compact subset K of Ω, there exists a non-negative integer j and a positive
constant c such that:

u(ϕ) := ⟨u, ϕ⟩ ≤ c PK,j(ϕ), for any ϕ ∈ D(Ω) with suppϕ ⊂ K,

where we have used ⟨u, ϕ⟩ and u (ϕ) interchangeably for the duality pairings
between D (Ω) and D′ (Ω), and we have defined

PK,j(ϕ) := sup
|α|≤j, x∈K

|∂αϕ(x)|, (13.6)

with ∂αϕ denoting the |α|-order classical mixed derivative of ϕ.

It turns out that any u ∈ D′ (Ω) is not only linear but also (sequentially)
continuous on D (Ω).

Corollary 13.1. D′ (Ω) is the collection of all (sequentially) continuous lin-
ear functionals on D (Ω) in the following sense: if {ϕn}∞n=1 ⊂ D (Ω) converges
to ϕ in D (Ω), then for any u ∈ D′ (Ω) we have u (ϕn) −→ u (ϕ).

Proof. Let {ϕn}∞n=1 ⊂ D (Ω) converges to ϕ in D (Ω). Clearly ϕn−ϕ ∈ D (Ω)
and by Definition 13.6, there exists a compact subset K such that suppϕ ⊂ K
and suppϕn ⊂ K for all n. Now, by Definition 13.8, for any u ∈ D′ (Ω), there
exists a non-negative integer j (n) and a constant c (n) such that

u (ϕn − ϕ) ≤ c(n) sup
|α|≤j(n), x∈K

|∂α (ϕn(x)− ϕ (x))|
Definition 13.6−−−−−−−−−→

n→∞
0,

and this concludes the proof.

Remark 13.4. It is important to note that both j and c in Definition 13.12
depend on the compact set K under consideration.

Example 13.2. In (13.6), if we take j = 1, then there are n + 1 possibilities
for ∂αϕ

∂αϕ =

{
∂ϕ

∂xi
: i = 1, . . . , n

}
∪ {ϕ} .

Definition 13.9 (Locally integrable functions). If

∫
K

|f(x)| dx <∞ for

any compact subset K of Ω ⊆ Rn, then f is called locally integrable, and we
denote by L1

loc(Ω) the collections of all locally integrable functions.
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We can define similarly the space of locally square integrable functions
Lp
loc (Ω) as the spaces of functions whose Lp-norm on any compact subset of

Ω is finite. The following are two examples of subsets of L1
loc(Ω).

Corollary 13.2. L2
loc (Ω) ⊂ L1

loc (Ω) and C (Ω) ⊂ L1
loc (Ω). In particular, we

have Cα (Ω) ⊂ L1
loc (Ω) for any multi-index α.

Proof. For the first assertion, take any f ∈ L2 (Ω), we have∫
K

|f (x)| dx ≤
√
|K| ∥f∥L2(K) <∞,

where we have used Cauchy-Schwarz inequality (13.4) in the first inequality
and by |K| we mean the (Lebesgue) measure of the set K. For the second
assertion, any continuous function f on Ω is locally integrable since

∥f∥L2(K) ≤ max
x∈K
|f (x)|

√
|K| <∞,

where max
x∈K
|f (x)| is well-defined and finite owing to the Weierstrass theorem

(i.e. any continuous function on a compact set attains its maximum [112, 109,
28, 12, 87, 142]).

Definition 13.10 (Regular distribution). For any f ∈ L1
loc(Ω), where

Ω ⊆ Rn, we define the associate linear functional F : D(Ω) 7→ R (with an
obvious extension to C) as:

< F , ϕ >:=
∫
Ω

f ϕ dx = (f, ϕ)L2(Ω) , ∀ϕ ∈ D (Ω) , (13.7)

then F is call a regular distribution generated/induced via the L2-inner prod-
uct by the locally integrable function f .

We need to provide the proof for the claim that F in (13.7) is a distribution.
Indeed, for any compact subset K of Ω and any ϕ ∈ D (Ω) with suppϕ ⊂ K
we have

|< F , ϕ >| =
∣∣∣∣∫

Ω

f (x) ϕ (x) dx

∣∣∣∣ = ∣∣∣∣∫
K

f (x) ϕ (x) dx

∣∣∣∣ ≤ ∫
K

|f (x)| |ϕ (x)| dx

≤ max
x∈K
|ϕ(x)|

∫
K

|f (x)| dx = c PK,j(ϕ),

with j = 0 and c =

∫
K

|f (x)| dx. Therefore, F ∈ D′(Ω) is a distribution by

Definition 13.8

Remark 13.5. For F ∈ D′(Ω) that is generated from a locally integrable
function f ∈ L1

loc(Ω) function, we simply say that F is a regular distribution.
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It is conventional and convenient to identify F with f , and thus we simply
write

< f, ϕ >:=

∫
Ω

f (x) ϕ (x) dx = (f, ϕ)L2(Ω) , ∀ϕ ∈ D (Ω) ,

and call f itself as a regular distribution in this case. Such an identification
makes sense as far as the test space is concerned since the action of F on any
test function is the same as the L2-inner product of f with ϕ by definition.
This is similar to the identification of the dual X∗ of a Hilbert space X via
the Riesz representation Theorem 5.1 (see Remark 5.4). In the following,
we will identify a distribution with its generator via other means such as
Hm-inner product in the proof of Proposition 13.3. When it is important to
re-emphasize this point for clarity, we will do so.

Remark 13.6. It is important to emphasize that a regular distribution F is
a special distribution whose action on a test function (i.e. pairing with a
test function) can be written as the L2-inner product of a locally integrable
function f and the test function.

Lemma 13.1 (Uniqueness of regular distribution). Let h ∈ L1
loc(Ω)

and suppose:
(h, ϕ)L2(Ω) = 0, ∀ϕ ∈ D(Ω),

then h = 0 almost everywhere in Ω. Consequently, if there are two regular
distributions F and G such that their actions on the test space D(Ω) are
identical, then F = G.

Proof. The first assertion is the standard result for L1
loc (Ω) (see, e.g., [27]).

For the second assertion, suppose F , G are induced by f, g ∈ L1
loc(Ω). We

have
⟨F −G,ϕ⟩ = (f − g, ϕ)L2(Ω) = 0, ∀ϕ ∈ D(Ω),

which means that f = g almost everywhere by the first assertion, and thus
F = G.

Example 13.3. Consider the Heaviside function:

f(x) =

{
0, x ≤ 0,

1, x > 0.

Clearly f ∈ L1
loc(R). Now by (13.7), the regular distribution F generated by

f is given by

< F , ϕ >=
∫
R
f (x) ϕ (x) dx =

∫ ∞

0

ϕ (x) dx, ∀ϕ ∈ D (R) .
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13.1.3 Dirac delta is a distribution

We start by pointing out that our elementary understanding of the Dirac
delta δ(x)

δ(x) =

{
0, x ̸= 0,

∞, x = 0.

is not useful under the Lebesgue measure because it is equivalent to the zero
function. In other words, δ(x) is the zero function (in fact the equivalent class
of zero function) in any Lp-spaces in Definition 13.7.

Another notation of the Dirac delta that we also have seen is∫
R
δ(x) ϕ(x) dx = ϕ(0). (13.8)

where ϕ ∈ D(Ω).
We first show that the definition in (13.8) does not make sense in L1 (Rn).

For simplicity, we only provide the proof for L1 (R). Suppose δ(x) resides in

L1 (R), i.e
∫
R
|δ(x)| dx <∞. If we take ϕ(x) ∈ D (Ω), where Ω = (−a, a) ⊂ R

for some a > 0, as:

ϕ(x) =

{
e

a2

x2−a2 , |x| ≤ a,
0, |x| ≥ a,

(13.9)

we have

|ϕ(0)| =
∣∣∣∣∫

R
δ(x) ϕ(x) dx

∣∣∣∣ = ∣∣∣∣∫ a

−a

δ(x) ϕ(x) dx

∣∣∣∣ ≤ ∫ a

−a

|δ(x)| |ϕ(x)| dx

≤ sup
|y|≤a

|ϕ(y)|
∫ a

−a

|δ(x)| dx ≤ e−1

∫ a

−a

|δ(x)| dx, (13.10)

where every step makes sense as sup
|y|≤a

|ϕ(y)| = ϕ(0) = e−1, and by the as-

sumption ∫ a

−a

|δ(x)| dx ≤
∫
R
|δ(x)| dx <∞.

Thus, (13.10) is equivalent to

e−1 ≤ e−1

∫ a

−a

|δ(x)| dx a→∞−−−→ e−1 × 0 = 0

due to the property of the Lebesque integral, which is a contradiction. We
conclude that δ(x) is not a member of L1 (R), that is, it is not integrable.

We next show that the definition in (13.8) does not make sense in L2 (Rn).
For simplicity, we only provide the proof for L2 (R). Suppose δ(x) resides in
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L2 (R), i.e
∫
R
|δ(x)|2 dx < ∞ and take Ω = (−a, a). For any ϕ ∈ D (Ω), we

have

|ϕ(0)| =
∣∣∣∣∫

R
δ(x) ϕ(x) dx

∣∣∣∣ = ∣∣∣∣∫ a

−a

δ(x) ϕ(x) dx

∣∣∣∣ ≤
√∫ a

−a

|δ(x)|2 dx

√∫ a

−a

|ϕ(x)|2 dx,

by Cauchy Schwarz inequality (13.4). Now taking ϕ as in (13.9) leads to

|ϕ(0)| ≤

√∫ a

−a

|δ(x)|2 dx

√∫ a

−a

∣∣∣∣max
|y|≤a

ϕ(y)

∣∣∣∣2 dx ≤ e−1
√
2a

√∫ a

−a

|δ(x)|2 dx.

Now passing the limit a→ 0 we have a contradiction:

e−1 ≤ e−1 × 0× 0 = 0.

Therefore, δ(x) /∈ L2 (R), i.e., it cannot be square integrable either.
In fact, we can show that the Dirac delta defined as in (13.8) cannot be a

member of any Lp function spaces (see Problem 13.1). So which space does
it belong to? To answer this question, we need a proper definition for δ (x).

Definition 13.11 (Dirac delta). Let Ω ⊆ Rn such that 0 ∈ Ω. We define
δ via the following action on the test space

⟨δ, ϕ⟩ := ϕ (0) , ∀ϕ ∈ D (Ω) . (13.11)

Proposition 13.2 (Dirac delta is a distribution). The Dirac delta δ
defined in Definition 13.11 is a distribution, i.e., δ ∈ D′ (Rn).

Proof. For any compact subset K of Rn we have

|⟨δ, ϕ⟩| = |ϕ(0)| ≤ max
x∈K
|ϕ(x)| = PK,0(ϕ), ∀ϕ ∈ D(Rn) with suppϕ ⊂ K.

Hence by Definition 13.8, δ ∈ D′(Rn), i.e., δ is a distribution.

In subsection 13.1.4, we shall see a clearer picture for δ at least in R, in
which we show that δ is the distributional derivative of the Heaviside func-
tion. In Corollary 13.6, we shall precisely show that δ is a linear continuous
functional on a Sobolev space and provide an explicit expression of δ via its
Riesz representation.
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13.1.4 Distributional derivatives as generalized
derivatives

As discussed in Remark 12.2 and at the beginning of section 13.1, in order
to use the adjoint differential operator A ∗ to define generalized derivatives
for rougher functions, we need to enlarge D (A ∗) and simultaneously restrict
the domain D (A ) of the classical differential operator A . The theory of dis-
tributions, due to Schwartz [129, 102, 11, 141], take the smoothnest space of
functions D (Ω) as D (A ) and take the roughest space of “functions” (dis-
tributions to be precise) D′ (Ω) as D (A ∗). The adjoint differential operator
A ∗ is then called distributional derivatives. It is a generalized notation of
the classical derivative in the sense that when A ∗ acts on functions that pos-
sesses a classical derivative of the same order, A ∗ reduces to that classical
derivative.

Before dwelling into the definition of distributional derivatives as A ∗, we
need to resolve one technical issue: we have defined A ∗ as the adjoint of
an operator A mapping between two Hilbert spaces, but it is not clear if
D (A ∗) := D′ (Ω) is a (dense) subset of any Hilbert space, and thus defining
A ∗ via inner products may not be feasible. The theory of distribution address
this by defining the adjoint of classical differential operators using duality
pairing ⟨·, ·⟩ between D (Ω) and D′ (Ω).

Definition 13.12 (Adjoint of classical differential operators via du-
ality pairings). Let α be a multi-index and u be a distribution, we call Dα

with the domain D′ (Ω) the “adjoint” of ∂α with the domain D (Ω) if〈
(−1)|α|Dαu, ϕ

〉
= ⟨u, ∂αϕ⟩ , ∀ϕ ∈ D(Ω) and u ∈ D′ (Ω) . (13.12)

Dα is called the distributional derivatives of u.

A few remarks for Definition 13.12 are in order. First, we note the re-
semblance between (13.12) and the integration by parts formula (13.5) for
differentiable functions. In fact the latter is the motivation for the former.
This ensures the generality and consistency of the distributional derivatives
in the sense that when u is indeed classically differentiable, its distributional
derivatives coincide with its classical derivatives (see Example 13.5). Second,
we use the duality pairing ⟨·, ·⟩ between D (Ω) and D′ (Ω) to define the “ad-
joint derivatives” Dαu.3 If we ignore the factor (−1)|α| (either 1 or −1, and
3 Using duality pairings to define adjoint is standard for a mapping between two Banach

spaces U and V.
⟨A u, v⟩V∗×V = ⟨A ∗v, u⟩U∗×U ,

where U∗ and V∗ are the duals of U and V, respectively. When U and V are Hilbert spaces,

this reduces to the standard adjoint definition Definition 12.2 as we can identify a Hilbert
space and its dual (see the discussion on this identification and the Riesz map right after

Definition 5.5). The rigorous identification of the adjoint is via the Riesz map, but we

ignore the details here.
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thus amounting to a sign change), the above adjoint operator Dα is known
as the transpose operator in some literature due to the duality pairings in-
stead of inner products4 (see [112] for example). Third, this definition of
the adjoint Dα is different up to a negative sign compared to the standard
definition Definition 12.2. In the literature, (13.12) is used to defined dis-
tributional derivatives without making connection to adjoint (or transpose
operator). Our goal in this section is to use adjoint to provide a personal in-
sight into the origin of distributional derivatives and their definitions despite
of the danger of not being entirely precise. The gain is however worthwhile:
our constructive derivation of distributional derivatives from adjoint perspec-
tive helps the readers (provided that they have some familiarity with adjoint)
connects the gap between the distributional derivatives and adjoint, and thus
providing a continuation of learning with insights and depth.

Fourth, Definition 13.12 makes sense. In particular, a direct consequence
is that the distributional derivative of any order is again a well-defined distri-
bution. This is in contrast to the classical derivative, the existence of which
depends on the regularity of the function under consideration.

Corollary 13.3 (Distributional derivatives of distributions are again
distributions). The distributional derivative Dαu defined in (13.12) is a
distribution.

Proof. Since u is a distribution, from Definition 13.8, for every compact sub-
set K of Ω, there exists a non-negative integer j and a positive constant c
such that:

|⟨u, φ⟩| ≤ c PK,j(φ), for any φ ∈ D(Ω) with suppφ ⊂ K.

Consequently, from (13.12) we have

|⟨Dαu, ϕ⟩| = |⟨u, ∂αϕ⟩| ≤ cPK,j (∂
αϕ) = cPK,j+|α| (ϕ) ,

which, by Definition 13.8, shows that Dαu is a distribution.

Definition 13.13 (equal in the distributional sense). Let u and v be
two distributions inD′ (Ω). We say that u and v are equal in the distributional
sense iff

⟨u, ϕ⟩ = ⟨v, ϕ⟩ , ∀ϕ ∈ D (Ω) .

In the next two examples, we show (in fact identify) that Dα = ∂α for dis-
tributions that possess |α|-order classical derivatives. This confirms that the
distributional derivative notion defined in (13.12) is indeed a generalization
of the classical derivative concept.

4 There is no universal notation for the adjoint operator A ∗ or the transport operator A ′.
In fact, some use A ′ for the adjoint and A ∗ for the transpose.
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Example 13.4. Consider u ∈ C2(Ω) ⊂ L1
loc (Ω) with Ω ⊂ R. The regular

distribution U (see (13.7)) induced by u becomes

⟨U, ϕ⟩ :=
∫
Ω

u (x) ϕ(x) dx = (u, ϕ)L2(Ω) , ∀ϕ ∈ D (Ω) , (13.13)

We are interested in knowing what the second order distributional deriva-
tive D2U of the regular distribution U looks like. For this example, ∂2u is
the second-order total derivative of u, and from Corollary 13.2 we know that
∂2u ∈ L1

loc (Ω), and thus itself generates a regular distribution denoted by V .
Starting from the definition (13.12) for |α| = α = 2 and integrating by parts
twice give

〈
(−1)2D2U, ϕ

〉 (13.12)
======

〈
U, ∂2ϕ

〉 (13.13)
======

(
u,
d2ϕ

dx2

)
L2(Ω)

integration by parts twice
==================

(
d2u

dx2
, ϕ

)
L2(Ω)

definition of V
=========== ⟨V, ϕ⟩ , ∀ϕ ∈ D (Ω) ,

where the boundary terms from integration by parts vanish since ϕ has com-
pact support in Ω. Therefore, by Lemma 13.1, we have

D2U = V,

that is, the second-order distributional derivative of U—the regular distri-

bution induced by u—is the regular distribution induced by
d2u

dx2
. A better

understanding is perhaps to recognize that both are regular distributions in-

duced by
d2u

dx2
, and thus are identical in the distributional sense. From the

discussion in Remark 13.5, we identify the regular distribution D2U with its

generator
d2u

dx2
in additional to identifying U with u, and in the distributional

sense we write

D2u =
d2u

dx2
,

that is, we say the distributional derivative reduces to the classical derivative.
What such a (conventional) statement means is

〈
D2u, ϕ

〉
=

(
d2u

dx2
, ϕ

)
L2(Ω)

, ∀ϕ ∈ D (Ω) .

The identification becomes precise when we introduce the weak derivative in
Definition 13.14.

Example 13.5 (Dα reduces to ∂α). This example generalizes Example 13.4.
Consider Ω ⊆ Rn, a multi-index α, u ∈ Cα(Ω) ⊂ L1

loc (Ω). The regular
distribution (13.7) induced by u, identified with u, becomes
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⟨u, ϕ⟩ :=
∫
Ω

u (x) ϕ(x) dx = (u, ϕ)L2(Ω) , ∀ϕ ∈ D (Ω) .

For any ϕ ∈ D (Ω), we have

⟨(−1)αDαu, ϕ⟩ = ⟨u, ∂αϕ⟩ = (u, ∂αϕ)L2(Ω) =
(
(−1)|α|

∂αu, ϕ
)
L2(Ω)

,

where we have used the integration by parts formula (13.5) in the last equality.
Thus, for |α|-order differentiable functions, not only

Dα = ∂α,

in the distributional sense due to Definition 13.13 but also Dα is the regular
distribution induced by ∂α (see Definition 13.10). The identification becomes
precise when we introduce the weak derivative in Definition 13.14.

Example 13.6 (Dirac delta is the distributional derivative of the Heaviside
function). Let us continue with Example 13.3 and now we are interested in
finding the distribution derivative Df of f . Clearly, the classical derivative
for f does not exist (at least at x = 0) as f is a discontinuous function. The
distributional derivative of5 f is, however, well-defined as we now show. From
definition (13.12), we have

− ⟨Df, ϕ⟩ = ⟨f, ∂ϕ⟩ = (f, ∂ϕ)L2(R) =

∫ ∞

0

∂ϕ (x) dx =

∫ ∞

0

dϕ

dx
dx

= ϕ (∞)− ϕ(0) = −ϕ(0) = −⟨δ, ϕ⟩ , ∀ϕ ∈ D (R) ,

where we have used Definition 13.11 for the Dirac delta in the last inequality.
By Definition 13.13, we conclude

Df = δ

in the distributional sense. We can continue this procedure to compute any
higher-order distributional derivatives for f to obtain

Dmf = Dm−1δ,

in the distributional sense. For example, ∀ϕ ∈ D (R):

〈
D2f, ϕ

〉
=
〈
f, ∂2ϕ

〉
=

∫ ∞

0

∂2ϕ

∂x2
dx =

dϕ

dx
(0) = ⟨δ, ∂ϕ⟩ = ⟨Dδ, ϕ⟩ ,

where we have used the distributional derivative definition (13.12) in the first
and the last equalities.

5 of the regular distribution induced by f to be precise, but again from Remark 13.5, we
do not distinguish them.
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Definition 13.14 (Weak derivatives). Let f ∈ L1
loc(Ω) with Ω ⊆ Rn and

a multi-index α. If there exists a locally integrable function g ∈ L1
loc(Ω) such

that:〈
(−1)|α|Dαf, ϕ

〉
= ⟨f, ∂αϕ⟩ =

(
(−1)|α|g, ϕ

)
L2(Ω)

, ∀ϕ ∈ D(Ω),

then, g is called as the weak derivative of f and we write Dαf = g (in
distributional sense). In other words, a weak derivative of a distribution, if
exists, is a locally integrable function.6

Note that a weak derivative is a special case of the distributional derivative.
From Example 13.5, the classical derivatives are in turn special cases of weak
derivatives.

Lemma 13.2 (Uniqueness of weak derivative). Consider f ∈ L1
loc(Ω)

and a multi-index α. Let g, g̃ ∈ L1
loc(Ω) be an |α|-order weak derivative of

f , that is,〈
(−1)|α|Dαf, ϕ

〉
=
(
(−1)|α|g, ϕ

)
L2(Ω)

=
(
(−1)|α|g̃, ϕ

)
L2(Ω)

, ∀ϕ ∈ D(Ω),

then, g = g̃ for almost everywhere.

Proof. The proof is obvious due to Lemma 13.1.

Example 13.7. Let us now revisit Example 13.4. From

〈
(−1)2D2U, ϕ

〉
=

(
d2u

dx2
, ϕ

)
L2(Ω)

, ∀ϕ ∈ D (Ω) ,

we conclude that D2U =
d2u

dx2
is the second-order weak derivative of u. That

is the weak derivatives up to the second order of u coincide with the classical
derivatives.

Similarly, let us revisit Example 13.5, and we see that the weak deriva-
tives up to order |α| not only exist but they are identical to the correspond-
ing classical derivatives. Again, this confirms that the generalized derivative,
here weak derivative, is consistent in the sense that when the function un-
der consideration possesses classical derivatives, the classical and generalized
derivatives coincide.

Example 13.8. Consider the following discontinuous function (and thus not
differentiable in the classical sense):

f(x) =

{
0, for x rational,

2 + sinx, for x irrational.

6 In fact they are the same almost everywhere, i.e. they are in the same equivalent class,

and we do not distinguish them.
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Clearly, f is locally integrable on Ω = R. Now computing its distributional
derivative, we have

⟨Df, ϕ⟩ = −
〈
f,

dϕ

dx

〉
= −

∫ ∞

−∞
(2 + sinx)

dϕ

dx
dx

=

∫ ∞

−∞
cosx ϕ dx = (cos, ϕ)L2(R) .

Since cos is locally integrable on Ω, by Definition 13.14 cos is the weak
derivative of f . Following the same procedure, it is easy to see that f possesses
weak derivatives of all orders. In particular, the nth-order weak derivative of
f is given by

Dnf = (−1)n−1

{
cos (x) if n is odd

sin (x) otherwise
, ∀n ≥ 1.

Example 13.9. Consider the distributional derivatives of the Heaviside func-
tion in Example 13.6, we see that the Heaviside function does not have weak
derivatives as δ is not locally integrable (see (13.10)).

13.1.5 Sobolev spaces and some applications

We limit ourselves to a brief introduction to L2-based Sobolev spaces of
integer order. (Extensive presentations on Sobolev spaces can be consulted
from [3, 102] and references therein). The goal of this section is to use the
above developments on weak derivatives to introduce Sobolev spaces that
are needed to properly understand/derive the Green functions in section 13.2
and the PDE examples in Chapter 15. Similar to other sections, we consider
Ω ⊆ Rn, for some integer n.

Definition 13.15 (Sobolev spaces Hm(Ω)). Let m be a nonnegative inte-
ger and α be a multi-index. We define Hm(Ω) as:

Hm(Ω) =
{
u ∈ L2(Ω) : Dαu ∈ L2(Ω), ∀ |α| ≤ m

}
,

that is, Hm(Ω) is the collection of all functions whose distributional deriva-
tives up to order m are square-integrable (L2-functions). Clearly, H0 (Ω) =
L2 (Ω) and Hp (Ω) ⊂ Hm (Ω) for p ≥ m.

The following result is well-known [3, 102, 11].

Lemma 13.3. For any non-negative integer m, Hm(Ω) is a Hilbert space
with the following inner product
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(f, g)Hm(Ω) :=
∑

|α|≤m

(Dαf,Dαg)L2(Ω) , ∀f, g ∈ Hm(Ω), (13.14)

and the induced norm

∥f∥Hm(Ω) =
√

(f, f)Hm(Ω), ∀f ∈ Hm(Ω). (13.15)

Definition 13.16 (Hm
0 (Ω)). For a non-negative integer m, we define Hm

0 (Ω)
as the closure of D (Ω) under the Hm-norm (13.15):

Hm
0 (Ω) = D (Ω)

Hm

.

We present two consequences of Definition 13.16.

Corollary 13.4. Hm
0 (Ω), equipped with the Hm-inner product (13.14), is a

Hilbert space.

Corollary 13.5 (Integration by parts for Hm (Ω)). Let m be any non-
negative integer. For any f ∈ Hm (Ω) and any g ∈ Hm

0 (Ω), the following
integration by parts formula holds:(

(−1)|α|Dαf, g
)
L2(Ω)

= (f, Dαg)L2(Ω) , ∀ |α| ≤ m. (13.16)

Proof. From Corollary 13.2 and Definition 13.14, we have(
(−1)|α|Dαf, ϕ

)
L2(Ω)

= (f, ∂αϕ)L2(Ω) , ∀ϕ ∈ D (Ω) ,∀ |α| ≤ m. (13.17)

By Definition 13.16, there exists a sequence {φn}∞n=1 ⊂ D (Ω) converges to
g in the Hm-norm. In particular, ∥∂αφn −Dαg∥L2(Ω) → 0, for any |α| ≤ m,

as n approaches ∞. Replacing ϕ with φn in (13.17), using the fact that the
L2-inner product is continuous in both of its arguments in the L2-norm, and
passing to the limit conclude the proof.

Remark 13.7. Note that the integration by parts formula for Hm in (13.16) is
similar to the standard integration by parts for differentiable functions except
without having the boundary terms. For open and bounded domain Ω ⊂ Rn,
this suggests that all the (directional normal) derivatives of g up to order
m− 1 vanish on ∂Ω since f and any of its weak derivatives do not vanish on
∂Ω in general. A rigorous justification of this requires the study of the trace
of functions in Hm (see, e.g., [132, 102]), but this is out of the scope of the
book.
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Definition 13.17 (Topological dual of Hm
0 (Ω)). We denote by H−m (Ω)

the space of continuous linear functionals on Hm
0 (Ω) with the operator norm

(see Theorem 5.1)

∥u∥H−m = sup
φ∈Hm

0 (Ω)

⟨u, φ⟩Hm

∥φ∥Hm

Proposition 13.3 (Characterization of H−m (Ω)). There holds:

H−m (Ω) := span
{
Dαf : |α| ≤ m and f ∈ L2 (Ω)

}
.

Proof. Suppose f ∈ L2 (Ω) and α is a multi-index such that |α| ≤ m. By
Definition 13.12, ∀ϕ ∈ D (Ω) we have

⟨Dαf, ϕ⟩ = (−1)|α| ⟨f, ∂αϕ⟩ = (−1)|α| (f, ∂αϕ)L2(Ω)

≤ ∥f∥L2(Ω) ∥∂
αϕ∥L2(Ω) ≤ ∥f∥L2(Ω) ∥ϕ∥Hm(Ω) ,

where have used Corollary 13.2 in the second equality and (13.14) in the last
inequality. That is, the disbution Dαf is linear and continuous on D (Ω) in
the Hm-norm. By the extension principle Lemma 12.1, Dαf can be extended
uniquely to a linear and continuous functional on Hm

0 (Ω), again denoted by
Dαf . That is, Dαf ∈ H−m (Ω).

Conversely, suppose u ∈ H−m (Ω). Since Hm
0 (Ω) is a Hilbert space (see

Corollary 13.4), by the Riesz representation Theorem 5.1 there exists a unique
g ∈ Hm

0 (Ω) such that

u (v) := ⟨u, v⟩Hm
0 (Ω) = (g, v)Hm

0 (Ω) , ∀v ∈ Hm
0 (Ω) ,

where we recall Remark 5.4 that the notation ⟨u, v⟩Hm
0 (Ω) means u and v is

a duality pairing in Hm
0 (Ω). It follows from Definition 13.16 that

u (ϕ) = (g, ϕ)Hm
0 (Ω) , ∀ϕ ∈ D (Ω) .

which defines the distribution u via Hm-inner product (compared to regular
distributions defined via L2-inner product in (13.7)). In other words, g de-
fines/induces the distribution u via its Hm-inner product with test functions.
Using distributional derivation Definition 13.12 gives

u (ϕ) =

〈 ∑
|α|≤m

(−1)|α|Dαg, ϕ

〉
, ∀ϕ ∈ D (Ω) ,

that is, in the distributional sense we have the following identification:

u =
∑

|α|≤m

(−1)|α|Dα (Dαg) , (13.18)
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which completes the proof as by Definition 13.15 Dαg ∈ L2 (Ω) for all α
with |α| ≤ m.

Corollary 13.6 (δ ∈ H−1 (Ω)). Let us define the n-dimensional Dirac delta
distribution in Definition 13.11 as the tensor product of one-dimensional
Dirac delta functions. Then δ ∈ H−1 (Ω). In particular, there exists a func-
tion g ∈ H1

0 (Ω) such that

δ = g −
∑
|α|=1

Dα (Dαg) (13.19)

in the distributional sense.

Proof. The proof is obvious due to the tensor product structure of δ, Exam-
ple 13.6, and Proposition 13.3.

Remark 13.8. Note that in the representation (13.18) of distributions in H−m,
and in particular of the Dirac delta in (13.19), the inner distributional deriva-
tive Dα is a weak derivative since g ∈ Hm

0 (Ω) while the outer is a distribution
derivative in general. The Riesz representation Theorem 5.1 tells us that there
is a unique represented ℓ in the Hilbert space U for a given linear continuous
functional L , but it does not tell us how to find ℓ in general. When U = Hm

0 ,
Proposition 13.3 tells us that if we consider the distributional differential
equation (13.18) given u ∈ H−m, we know that its unique solution is the
Riesz representer g of u.

The next example is a nice exercise on the interplay among distributional
derivatives, weak derivatives, dual spaces, and dense subsets to study the
relationship between Sobolev spaces and their topological duals.

Example 13.10. Let u ∈ Hm (Ω) where m is an integer. Define v := Dγu,
where γ is a multi-index. Clearly, if m is a non-negative integer, |γ| ≤ m, and
u resides in Cm (Ω), then we know that v ∈ Cm−|γ| (Ω). Consequently, if the
distributional/weak derivatives are generalizations of the classical derivatives,
we expect that v resides in Hm−|γ| (Ω). The objective of this example is to
rigorously confirm this hypothesis for an arbitrary integer m.

Step 1. First, let us consider non-negative m. By Definition 13.15 of Sobolev
spaces, Dαu ∈ L2 (Ω) for all |α| ≤ m. From distributional derivative
Definition 13.12, if a multi-index β is such that |γ + β| = |γ|+ |β| ≤ m
we have〈

(−1)|β| Dβv, ϕ
〉
=
〈
v, ∂βϕ

〉
=
〈
Dγu, ∂βϕ

〉
=
〈
(−1)|β| Dγ+βu, ϕ

〉
=
(
(−1)|β| Dγ+βu, ϕ

)
L2(Ω)

, ∀ϕ ∈ D (Ω) .

In other words, by Definition 13.14, v possesses weak derivatives up to or-
der |β| as long as |β| ≤ m−|γ|. Thus, by Definition 13.15, v ∈ Hm−|γ| (Ω).
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Step 2. Now for m = −q ≤ 0, we have

⟨v, ϕ⟩ = (−1)|γ| ⟨u,Dγϕ⟩ , ∀ϕ ∈ D (Ω) .

Since, from Definition 13.16, D (Ω) is dense in Hp
0 (Ω) in the Hp-norm for

any non-negative integer p, we can replace ϕ by w (see Lemma 12.1)

⟨v, w⟩ = (−1)|γ| ⟨u,Dγw⟩ , ∀w ∈ Hp
0 (Ω) ,

as long as p − |γ| = q, because then Dγw ∈ Hq by the Step 1, and thus
the right-hand side is a valid duality pairing for H−q (Ω) and Hq

0 (Ω).
Consequently,

|⟨v, w⟩| ≤ ∥u∥H−q(Ω) ∥w∥Hq(Ω) ≤ ∥u∥H−q(Ω) ∥w∥H|γ|+q(Ω)

which implies that v ∈ H−q−|γ| (Ω) = Hm−|γ| (Ω).

We are in the position to revisit the motivational example in subsec-
tion 13.1.1 with two objectives in mind. First, we shall show that the classical
setting is a particular case of a generalized setting with weak derivative, that
is, a solution to the classical setting is also a solution to the weak setting.
Second, we show that while the former does not make sense when f is rough
(discontinuous), not only is the latter meaningful, but it also admits a so-
lution. Finally we show that when f is sufficiently in the weak setting, the
weak solution is classical solution of the classical setting (13.20), and this
completes our demonstration that the weak setting is indeed a generalization
of the classical setting.

Example 13.11. Back to the motivational example in subsection 13.1.1. With
Ω = (0, 1), if f ∈ L2 (Ω) with real value, it is locally integrable owing to
Corollary 13.2. Thus, the classical setting

du

dx
= f, (13.20)

does not have a classical solution if f ∈ L2 (Ω) \ C (Ω). Suppose f ∈ C (Ω) so
that (13.20) has a classical solution u ∈ C1 (Ω). For all ϕ ∈ D (Ω), we have

(f, ϕ)L2(Ω) =

(
du

dx
, ϕ

)
L2(Ω)

= −
(
u,
dϕ

dx

)
L2(Ω)

= − (u, ∂ϕ)L2(Ω) . (13.21)

Using the fact that u is differentiable and Example 13.7, we can write (13.21)
equivalently as

Du = f, (13.22)

where Du is the weak derivative of u. Thus, we have shown that a classical
solution of the classical setting (13.20) is also a solution to ODE in the weak
form (13.22).
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The interesting point of weak form (13.22) is that it is also valid for
f ∈ L2 (Ω), as opposed to classical setting (13.20) which admits only classi-
cal solutions for sufficiently smooth f . In other words, (13.22) allows us to
look for solutions in bigger spaces when f is “rough” (such as discontinuous
functions). The hope is that a sufficiently big space may contain a solution.
A reasonable general setting for (13.22) is therefore to look for a weak solu-
tion u ∈ H1 (Ω). The existence and uniqueness of the solution will be shown
in Example 13.12. It is important to point out that such a weak solution u
may not be a solution of the classical setting (13.20) as it is not classically
differentiable in general.

We have shown that we can go from classical setting (13.20) to weak setting
(13.22) if f is such that a solution u is differentiable. The question is: could
we show that the weak setting (13.22) reduces to classical setting (13.20)
when f ∈ C (Ω)? Only when the answer is affirmative, is (13.22) truly a
generalization of (13.20). The answer is indeed quite straightforward. Since
u ∈ H1 (Ω), u and Du reside in L2 (Ω) by Definition 13.15. Now since f is
continuous, Du = f is continuous.7 By invoking the regularity result in [28,
Theorem 8.2 and Remark 6], we conclude that u ∈ C1 (Ω). Thus, the weak
solution is indeed classical and it is a solution of the classical setting (13.20)
when f ∈ C (Ω).

Example 13.12 (Characterization of H1
0 (0, 1)). We continue Example 13.11

and we aim to show the existence and uniqueness of the solution in (13.22)
(achieving the same results using the Banach-Nečas-Babuška theorem will be
provided in Example 15.2). To that end, let us consider the following closed
and dense subspace of H1 [0, 1], and thus still Hilbert,

H1
0 [0, 1] :=

{
g ∈ H1 [0, 1] : g(0) = 0

}
.

Solving for a solution of (13.22) is the same as asking for the characterization
of functions in H1

0 [0, 1], that is, what a function looks like if itself and its first
order weak derivative are square integrable. From the fundamental theorem
of calculus for C1 [0, 1], we expect that u (x) is given in the form

ũ (x) =

∫ x

0

Du (t) dt. (13.23)

We now make this rigorous. First, the right-hand side of (13.23) is meaningful
by the Cauchy-Schwarz inequality (13.4):∣∣∣∣∫ x

0

Du (t) dt

∣∣∣∣ ≤ √x ∥Du∥L2 <∞. (13.24)

Second, ũ is a continuous function. Indeed, let xn
n→∞−−−−→ x and we have

7 Technically, Du is equal to f almost everywhere. We simply pick Du = f pointwise as
both belong to the same equivalent class.
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lim
n→∞

[ũ (x)− ũ (xn)] = lim
n→∞

∫ 1

0

1[xn,x] (t)Du (t) dt

=

∫ 1

0

lim
n→∞

1[xn,x] (t)Du (t) dt = 0,

where, without loss of generality, we assume that xn approaches x from below
and thus the indicator function 1[xn,x] (t) makes sense, and we have invoked

the dominated convergence theorem8 in the second last equality.
Third, the weak derivative of ũ is Du. Indeed, let us denote Ω = (0, 1), by

Corollary 13.2 we have

− ⟨D ũ, ϕ⟩ = (ũ, ∂ϕ)L2 =

∫ 1

0

∂ϕ (x)

∫ x

0

Du (t) dt dx

=

∫ 1

0

Du (t)

∫ 1

t

∂ϕ (x) dx dt = −
∫ 1

0

Du (t)ϕ (t) dt, ∀ϕ ∈ D (Ω) ,

and thus D ũ = Du by Definition 13.14.
Fourth, ũ = u almost everywhere, that is, two L2 functions with the same

weak derivative must be in the same equivalent class. Indeed, from D ũ = Du
we conclude that ũ − u must be constant almost everywhere (see, e.g., [28,
Lemma 8.1] and [53, Lemma B.29]). Since both ũ and u vanish at x = 0, ũ = u
almost everywhere and ũ is the unique continuous representation of u. This
is consistent with the Sobolev embedding theorem [11, 28, 3, 102, 132] which
shows that H1

0 [0, 1] is embedded in the space of continuous functions. Clearly,
embedding means that each function in H1

0 [0, 1] is equal almost everywhere
to its unique continuous representative in the same equivalent class.

We conclude that u ∈ H1
0 [0, 1] iff

• The weak derivative of u is square integrable, i.e. Du ∈ L2 [0, 1], and
• u is continuous and obeys the fundamental theorem of calculus

u (x) =

∫ x

0

Du (t) dt.

It follows that there is a unique solution in H1
0 (0, 1) to (13.22).

Similar to Example 13.11, we now discusses the classical and weak settings
for an elliptic partial differential equation (PDE).

Example 13.13. Let Ω ⊂ Rn be open and bounded. Consider the following
elliptic PDE:

−∆u+ u = f, in Ω,

u = 0, in ∂Ω,
(13.25)

8 It is obvious that 1[xn,x] (t)Du (t)
n→∞−−−−→ 0 almost everywhere,

∣∣1[xn,x] (t)Du (t)
∣∣ ≤

|Du (t)|. Together with the fact that |Du (t)| is integrable by (13.24), we can apply the

dominated convergence theorem to switch the limit and the integration.
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where ∆ (·) :=
n∑

i=1

∂xi (∂xi (·)) is the Laplacian.

If f ∈ C (Ω), then the classical setting (13.25) in which we look for a
solution u ∈ C2 (Ω) makes sense. However, when f is discontinuous, such as
f ∈ L2 (Ω) \ C (Ω), the classical setting does not make sense, that is, there is
no classical solution.

Now, suppose, for the moment, there is a solution u ∈ C2(Ω) (with f
necessarily being in C (Ω) of course), then from (13.25) we have

(−∆u+ u, ϕ)L2(Ω) = (f, ϕ)L2(Ω) , ∀ϕ ∈ D(Ω),

which, after integration by parts, becomes

(∇u,∇ϕ)L2(Ω) + (u, ϕ)L2(Ω) = (f, ϕ)L2(Ω) , ∀ϕ ∈ D(Ω), (13.26)

which, by using the definition of weak derivative in Definition 13.14, can be
equivalently written as

−∆Du+ u = f, (13.27)

where we have used ∆D (·) :=
n∑

i=1

Dxi
(Dxi

(·)) to denote the weak Laplacian,

which is nothing more than the classical Laplacian (recall Example 13.7).
Thus, we have shown that if u is a solution for the classical setting (13.25) it
is also a solution for the weak setting (13.27).

Now suppose that f ∈ L2 (Ω) \ C (Ω). In this case, the classical setting
(13.25) is not meaningful and there is no classical solution. The question is
if the weak setting (13.27) has a solution? From crefeq:weakEllipticPDE, a
natural general setting is to search for a solution in a bigger space of H1 (Ω)
that contains functions whose weak derivatives up to the first order are in
L2 (Ω) (see Definition 13.15). If we do that, using the definition of the H1

inner product in (13.14), we can write (13.26) as

(u, ϕ)H1(Ω) = (f, ϕ)L2(Ω) , ∀ϕ ∈ D(Ω). (13.28)

Clearly, by Example 13.7, a solution to the classical setting (13.25) is also a
solution of the H1-setting (13.28). However, not only does the latter make
sense for any f ∈ L2 (Ω) (discontinuous or not), but it also has a unique
solution as we now show. This should not be a surprise as we search for a
solution in the bigger space H1 (Ω), there is hope that we can find a solution.

Owing to Definition 13.16, D (Ω) is dense in H1
0 (Ω) with respect to the

H1-norm, using a similar procedure as in the proof of Corollary 13.5, we see
that a solution to (13.28) is a also a solution to the following equation (and
vice versa):

(u, v)H1(Ω) = (f, v)L2(Ω) , ∀v ∈ H1
0(Ω). (13.29)
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Now, owing to Cauchy-Schwarz inequality (13.4) and H1-norm definition in
(13.15), we have∣∣∣(f, v)L2(Ω)

∣∣∣ ≤ ∥f∥L2(Ω) ∥v∥L2(Ω) ≤ ∥f∥L2(Ω) ∥v∥H1(Ω) ,

and thus f is linear and continuous on H1
0 (Ω), i.e., f ∈

[
H1

0(Ω)
]∗

(recall
Definition 5.5 for the dual spaces). By the Riesz representation Theorem 5.1,
there is a unique ũ ∈ H1

0 (Ω) such that

(ũ, v)H1(Ω) = (f, v)L2(Ω) .

Thus, (13.29) can be written equivalently as

(u− ũ, v)H1(Ω) = 0, ∀v ∈ H1
0(Ω),

which implies that
u = ũ.

Thus, given an f ∈ L2 (Ω), there is a unique solution u ∈ H1
0 (Ω) for (13.29).

It is important to point out that such a solution ũ may not be a solution of
the classical setting (13.25) as it is not classically differentiable in general.

Next, we discuss the generality of the weak form (13.29) (or equivalently
(13.27)). In particular, if f is sufficiently smooth, then a weak solution is clas-
sical and it is a solution of the classical setting (13.25). As opposed to ODE
(13.20), we need stringent conditions not only on f but also on the domain
Ω in order to recover the classical solution from the weak form (13.29). In
particular, if f ∈ Hm (Ω) with9 m > n/2 and for Ω with sufficiently smooth
boundary ∂Ω, then the unique solution ũ ∈ C2

(
Ω
)
(see, e.g., [28, Theorem

9.25]).

13.2 Green functions as adjoint solutions

With the proper understanding of the Dirac delta function as a distribution
and of distributional derivatives in section 13.1, we are now in the position
to develop a proper understanding of the Green functions. The vital role of
Green functions in understanding solutions of the corresponding PDE can
be found in any textbooks on PDEs (see, e.g., [63, 55]). Unlike most of the
literature in which Green functions are introduced as solutions to partial
differential equations (PDE), we systematically derive Green functions from
the optimization theory that we have developed in Chapter 9.

9 This ensures that f is continuous by the Sobolev embedding theorem [11, 28, 3, 102, 132].
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13.2.1 Green function of an elliptic PDE

We start with a concrete example and then generalize the derivation to an
abstract setting. Consider the elliptic PDE in Example 13.13 in the weak10

form (13.29) and for simplicity we also use the classical differential operator
∂ notations (including gradient operator ∇ and the Laplacian operator ∆ =
∇ · ∇) for weak and distributional derivatives, and it will be clear from the
context which one we refer to. We can write (13.29) explicitly as

(∇u,∇v)[L2(Ω)]n + (u, v)L2(Ω) = (f, v)L2(Ω) , ∀v ∈ H1
0(Ω). (13.30)

As shown in Example 13.13, (13.30) has a unique solution ũ ∈ H1
0 (Ω).

Suppose now we are interested in evaluating the following quantity of
interest—the duality pairing between δ ∈ H−1 (Ω) and u ∈ H1

0 (Ω):

J := δ (u) := ⟨δ, u⟩H1
0(Ω) ,

which makes sense due to Corollary 13.6. We present two approaches to eval-
uate J via the L2-inner product of f and the Green function of equation
(13.25). The first approach, presented in subsection 13.2.1.1, exploits the
Riesz representation Theorem 5.1 since the specific elliptic operator under
consideration is associated with H1-inner product. This approach is not gen-
eralizable to general cases, as we shall show in subsection 13.2.2, but provides
insights into this specific setting. The second approach in subsection 13.2.1.2
deploys the Lagrangian multiplier Theorem 9.3 which is straightforward to
be generalized to abstract settings.

13.2.1.1 Derive the Green function via Riesz representation
theorem

Recall from Remark 13.8 that if we can solve the distributional differential
equation (13.19), its unique solution is the Riesz representer g ∈ H1

0 (Ω) such
that

J =

〈
g −

∑
|α|=1

Dα (Dαg) , u

〉
= ⟨g −∆g, u⟩

= (∇u,∇g)[L2(Ω)]n + (u, g)L2(Ω) = (f, g)L2(Ω) ,

where we have used the weak derivative definition (similar to (13.26)) in the
second last equality, and (13.30) in the last equality. As can be seen, if we
can solve for the Riesz representer g, we can evaluate J as the inner product
of g and f without solving the original PDE (13.30) for u. Now by the Riesz

10 Again, weak form means considering the PDE using weak derivatives.
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representation Theorem 5.1, g satisfies

δ (v) = ⟨g −∆g, v⟩ , ∀v ∈ H1
0 (Ω) ,

which is equivalent to saying that

g −∆g = δ in H−1 (Ω) . (13.31)

A function g that is a solution of (13.31) is known as the Green function for
(13.25). Our derivation has shown that the Green function g is a function
in H1 (Ω). Similar to (13.26), we can write (13.31) in the the following weak
form

(∇g,∇ϕ)[L2(Ω)]n + (g, ϕ)L2(Ω) = δ (ϕ) = ϕ (0) , ∀ϕ ∈ D (Ω) ,

where we have used Definition 13.11 for Dirac delta in the last equality.

13.2.1.2 Derive the Green function from optimization

We next consider the following optimization problem

min
u∈H1

0(Ω)
J, subject to (13.30), (13.32)

for which the unique solution ũ of (13.30) is also the optimal solution and
thus the optimal quantity of interest is J̃ = ⟨δ, ũ⟩H1

0(Ω). Ignoring this obvious

fact about the optimal solution, we set out to write down the first-order opti-
mality condition for the optimization problem (13.32) using the Lagrangian
Theorem 9.3. In particular, the first-order optimality condition, in fact the
adjoint equation (see Remark 9.2), (9.5) reads

δ (h) + (∇h,∇v)[L2(Ω)]n + (h, v)L2(Ω) = 0, ∀h ∈ H1
0 (Ω) , (13.33)

for some v ∈ H1
0 (Ω). By the density of D (Ω) in H1

0 (Ω) (see Definition 13.16),
we have

δ (ϕ) + (∇h,∇ϕ)[L2(Ω)]n + (h, ϕ)L2(Ω) = 0, ∀ϕ ∈ D (Ω) ,

which, by using Dirac delta definition (13.11) for the first term, distributional
derivative (13.12) for the second term, and the regular distribution (13.7) for
the last term, can be written equivalently as

−∆v + v = −δ, (13.34)

in the distributional sense.
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A few observations are in order for the adjoint equation (13.34). First,
the adjoint solution v in this case is known as the Green function for the
PDE (13.25) and we have derived it from the Lagrangian multiplier Theo-
rem 9.3. Second, even when the original PDE has a classical solution u, the
Green function v is a distribution in general as the Green equation (13.34) is
only valid in the distributional sense. Specifically, the Lagrangian multiplier
Theorem 9.3 tells us that v ∈ H1

0 (Ω) and this makes perfect sense for the
Green equation (13.34), as then the left hand side −∆v+v is a distribution in
H−1 (Ω) (see Example 13.10) and the right hand side δ is also a distribution in
H−1 (Ω) by Corollary 13.6. In other words, (13.34) is an equality in H−1 (Ω).
The result is identical—up to a sign difference which is immaterial and can
be corrected by defining the constraint with the negative sign—and consis-
tent with the derivation of the Green function from the Riesz representation
Theorem 5.1 in subsection 13.2.1.1.

The beauty of the Green function is that, once determined, it can be used
as the inverse operator of the original differential operator to compute the
solutions of the corresponding PDE for any new right-hand side f in (13.30).
Indeed, from the definition of J and the Green function (13.34) we have

J = δ (u) = − (∇u,∇v)[L2(Ω)]n − (u, v)L2(Ω) = − (f, v)L2(Ω) (13.35)

where we have used (13.33) in the second equality with h = u, and (13.30)
in the last equality. As a result, evaluating J for an arbitrary f amounts to
computing the L2-inner product of the Green function v and f .

13.2.2 Green functions of general linear operators

Let us now consider an abstract linear operator A : D (A ) ⊂
dense

X → Y∗,

with X and Y being Hilbert spaces, and the following equation

A u = f, (13.36)

which is assumed to have a unique solution ũ in X for every f ∈ Y∗. Let
us denote by A −1 : Y → X∗ the inverse of A . We also define the adjoint
A ∗ : Y→ X∗ as

⟨A v, w⟩Y = ⟨v,A ∗w⟩X , ∀v ∈ D (A ) and w ∈ D (A ∗) , (13.37)

where

D (A ∗) := {w : the map v 7→ ⟨A v, w⟩Y is continuous on X} . (13.38)

Similar to section 12.1, we can justify the above definition of adjoint (see

Problem 13.4) in particular one can show that
(
A −1

)∗
= (A ∗)

−1
. We would
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like to point out that the setting in (13.27), and hence subsection 13.2.1, is a
special case of this section when we take X := H1

0 (Ω) and Y∗ ≡ Y := L2 (Ω).
Suppose that the Dirac delta δ is well-defined11 on X and we are interested
in evaluating the following duality pairing

J := ⟨δ, u⟩X .

By assumption, δ is a linear and continuous functional on X, and by the
Riesz representation Theorem 5.1 there is a unique g ∈ X such that

⟨δ, v⟩X = (v, g)X , ∀v ∈ X,

which is the equation to solve for g. Unlike a specific setting in subsec-
tion 13.2.1.1 in which we can write an explicit equation for g in (13.31),
all we can say here is that the unique g can be solved, at least in principle,
once we are given the X-inner product. We then have

J = ⟨δ, u⟩X = (u, g)X =
(
A −1f, g

)
X =

〈
f, (A ∗)

−1
g
〉
Y
,

where we have used duality pairings to define the adjoint of A −1 in the last
equality. We have shown that we can evaluate J for any f by determining
two quantities: i) the Riesz representation g of δ in X and ii) the inverse of
the adjoint operator A ∗. Since the operator A is not related to the X-inner
product in general, g is not related to the Green function associated with A
in general. In other words, the approach relies on the Riesz representation
theorem in subsection 13.2.1.1 fails to lead to the Green function for general
linear operators.

We begin the Lagrangian approach by considering the following trivial
optimization problem

min
u∈X

J (u) , subject to (13.36), (13.39)

for which the unique solution ũ of (13.36) is also the optimal solution and
thus the optimal quantity of interest is J̃ = ⟨δ, ũ⟩X. Ignoring this obvious fact
about the optimal solution, we write down the first-order optimality condition
for the optimization problem (13.39) using the Lagrangian Theorem 9.3. The
adjoint equation (9.5) (see Remark 9.2) reads

δ (h) + ⟨A h, v⟩Y = 0, ∀h ∈ X, (13.40)

which, after using the definition of adjoint in (13.37) and the assumption that
δ is a linear and continuous on X, becomes

⟨h, δ⟩X + ⟨h,A ∗v⟩X = 0, ∀h ∈ X,

11 From Corollary 13.6, X should be some Hilbert subspace of H1
0 (Ω).
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which is equivalent to
A ∗v = δ (13.41)

as an equation in X∗. Such a v is know as the Green function for the equation
(13.36).

Our systematic and constructive derivation of the Green function induces
several important properties of the Green function. First, the existence of the
Green function v is guaranteed by the Lagrangian Theorem 9.3. In particular,
the adjoint/Green equation (13.41) guarantees to have at least one Green
function v as its solution. Second, we have, again, shown that the Green
function is nothing more than the adjoint solution resulting from the first-
order optimality condition of the optimization problem (13.39), namely, the
adjoint of (13.36). Third, our approach also shows that the Green function is
a member of D (A ∗) ⊂ Y. Fourth, we can now express the objective function
J in terms of the Green function v and the forcing term f as follow

J = δ (u) = −⟨A u, v⟩Y = −⟨f, v⟩Y ,

where we have used (13.40) in the second equality and (13.36) in the last
equality. When Y = L2 (Ω), we recover the result in (13.35).

A generalization to any linear functional ℓ ∈ X∗, and thus not requiring
that X be a Hilbert subspace of H1 (Ω), is straightforward and is left as an
exercise (see Problem 13.6).

Problems

Problem 13.1. Show that the Dirac delta function defined via (13.8) does
not reside in any Lp function spaces for p ≥ 1.

Problem 13.2. Prove Proposition 13.1.

Problem 13.3. Let m and p be two arbitrary integers. Show that Hm (Ω) ⊂
Hp (Ω) when m > p ≥ 0 or p < m ≤ 0.
Hint. For m > p ≥ 0, the conclusion is oblivious by Definition 13.15 of the
Sobolev spaces. Now consider p < m ≤ 0 and take u ∈ Hp (Ω) and φ ∈ H−p.
By Definition 13.15, we have φ ∈ H−m, and thus

|⟨u, φ⟩H−m | ≤ ∥u∥Hm ∥φ∥H−m ≤ ∥u∥Hm ∥φ∥H−p ,

and thus u ∈ Hp (Ω).

Problem 13.4. Following section 12.1, show the existence and uniqueness of
the adjoint operator defined in (13.37) with the domain defined in (13.38).

In addition, show that
(
A −1

)∗
= (A ∗)

−1
.
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Problem 13.5. Let Ω ⊂ Rn be open and bounded. Consider the following
elliptic PDE:

−∆u = f, in Ω,

u = 0, in ∂Ω,

where ∆ (·) :=

n∑
i=1

∂xi (∂xi (·)) is the Laplacian. Following Example 13.13,

derive the weak formulation for the above PDE. In Example 15.4, we will
show that the weak setting has a unique solution. Derive the Green function
using both the Riesz representation theorem and optimization method. Which
one gives the standard Green function? Why doesn’t the other?

Hint. We do not get the same result because the Riesz representation ap-
proach does not actually give the Green function associated with the PDE.
The PDE is now no longer associated with the Hs1-inner product. Thus,
though we can still get through the result with the Riesz representation the-
orem, it does not yield the standard Green function.

Problem 13.6. Consider the setting in subsection 13.2.2, but not instead of
δ we consider a general linear function ℓ ∈ X∗, and thus not requiring that X
be a Hilbert subspace of H1 (Ω). Find the equation for a generalized Green
function v such that

J := ⟨ℓ, u⟩X = −⟨f, v⟩Y ,

where u is a solution of (13.36).





Chapter 14

Understanding ill-posed problems
using the singular value decomposition

Abstract
In this section, we consider continuous linear operator defined on the whole

space and we shall extend the spectral decomposition in Corollary 7.1 and
SVD decomposition in Theorem 8.1 to compact (linear) operators in infinite
dimensions. This allows us to show that inverting a compact operator is an
ill-posed problem. We then explain rigorously how the standard Tikhonov
regularization could overcome the ill-posedness. We begin by recalling the
definition of compact linear operators and some of its consequences.

14.1 Preliminary

Definition 14.1 (Compact operator). Let A : X → Y be linear. We say
that A is a compact operator if for every bounded sequence {ui}∞i=1 ⊂ X,
the sequence {A ui}∞i=1 ⊂ Y has a convergent subsequence.

A direct consequence of Definition 14.1 is that any compact operator is a
linear and continuous map.

Corollary 14.1. If A : X→ Y is compact, then A ∈ B (X,Y).

14.2 A version of the Hilbert-Schmidt theorem

Self-adjoint compact operators in Hilbert spaces possesses many desirable
properties among which are countable real spectrum, finite dimensional
eigenspaces for non-zero eigenvalues, and the convergence to zero of eigen-
values when the number of them are infinite (see, e.g., [11, 28, 112, 126]).
One of the important consequences is the Hilbert-Schmidt theorem (see, e.g.,
[11, 28, 112, 126, 131]), which is a generalization of Corollary 7.1.

133
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Theorem 14.1 (Hilbert-Schmidt theorem for self-adjoint compact
operators: first version). Let B : X→ X be a self-adjoint compact opera-
tor. Then there exists an orthonormal set of eigen-functions φi corresponding
to non-zero eigenvalues λi of B such that for any x ∈ X we have a unique
expansion of the form

x =
∑
i

(φi, x)X φi + Px, (14.1)

where P is an orthogonal projection from X to the nullspace N (B).
Furthermore, we have

Bx =
∑
i

λi (φi, x)X φi,

that is, the set of all eigenfunctions {φi} forms a basis for R (B), and the
convergence for the series on the right hand side is in the X-topology.

Remark 14.1. Note that the spectral expansion of x in (14.1) can be con-
sidered as a generalization of the Fourier series in (16.1). Even when X is
not countable, Px can be expanded in a countable orthonormal set that is
orthogonal to all eigenfunctions (see [108, Lemma 5.17.17]).

Remark 14.2. The fact that B is compact when X is a finite dimensional space
implies that Theorem 14.1 is a generalization of Corollary 7.1. Indeed, let
dim (X) = n. In this case, the eigenspace corresponding to the zero eigenvalue

is spanned by finite number of (say d) orthonormal eigenfunctions
{
φ0
j

}d
j=1

and thus Px =

d∑
j=1

(
φ0
j , x
)
X φ

0
j , which can be absorbed into the first sum on

the right side of (14.1) so that we can write

x =

n∑
i=1

(φi, x)X φi,

after renaming the eigenfunctions corresponding to zero eigenvalues. This is
exactly Corollary 7.1.

• Since it is now a book, we should prove the Hilbert-Schmidt theorem?
Look back at the book by Showalter again for the proof.

• Should separate the rest of the chapter in a new chapter ”Adjoint in
infinite dimensional SVD and application to ill-posed problems.

• perhaps add another chapter on SVD for non-symmetric kernel and the
error bound for neural networks with kernel approach as in the paper
”Approximation by non-symmetric networks for cross-domain learning”
by H. N. Mhaskar? I think the unifying paper ”Green’s Functions: Tak-
ing Another Look at Kernel Approximation, Radial Basis Functions and
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Splines” by Gregory E. Fasshauer is nice. We should expand this chapter
based on this paper?

14.3 SVD of compact operators in Hilbert spaces

We now follow the exposition in Chapter 8 to construct the SVD for compact
operators. Let A : X → Y be a compact operator, then it can be shown
that that B := A ∗A : X → X is a self-adjoint compact operator [112,
11]. The Hilbert-Schmidt Theorem 14.1 says that there exists orthonormal
eigenfunctions φi corresponding to nonzero eigenvalues λi of B such that

Bφi = A ∗A φi = λiφi,

which implies
(A ∗A φi, φi)X = λi (φi, φi)X ,

which, by definition of A ∗, in turn can be written as

∥A φi∥2X = λi ∥φi∥2X ,

which shows that λi ≥ 0. Let us define the singular value σi of A as

σi :=
√
λi. (14.2)

We are now in the position to study the singular value decomposition for
compact operators (see, e.g.,[37]) that is a direct extension of Theorem 8.1.

Theorem 14.2 (Singular value decomposition for compact opera-
tors). Let {σi} be the sequence of non-zero singular values (defined in (14.2))
of a compact operator A : X→ Y and be ordered as

σ1 ≥ σ2 ≥ . . . ,

then there exist two orthonormal sequences {φi} and {ϕi} such that

1. A φi = σiϕi and A ∗ϕi = σiφi.
2. ∀x ∈ X, we have

x =
∑
i

(x, φi)X φi + Pφ,

P : X→ N (A ) is an orthogonal projection.
3. There holds

A x =
∑
i

σi (x, φi)X ϕi.

We call {σi, φi, ϕi}, i = 1, 2, . . ., the singular system of A .
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Proof. The proof of this theorem is similar to its finite dimensional counter-
part Theorem 8.1. The key that we exploit is the Hilbert-Schmidt theorem
Theorem 14.1.

1. By Theorem 14.1 we have

A ∗A φi = σ2
i φi,

where {φi} is an orthonormal set in X. Let us define

σiϕi := A φi,

then

(ϕi, ϕj)Y =
1

σiσj
(A φi,A φj)Y =

1

σiσj
(A ∗A φi, φj)X =

σi
σj

(φi, φj)X = δij .

That is, {ϕi} is an orthonormal set in Y. By definition we have

A ∗ϕi =
1

σi
A ∗A φi = σiφi.

2. Again, by Hilbert-Schmidt Theorem 14.1 we have

∀x ∈ X : x =
∑

(x, φi)X φi + Pφ,

where P is an orthonormal projection from X to N (A ∗A ). The second
assertion is now clear owing to the fact that N (A ) = N (A ∗A ).

3. We start with the partial sum

sN :=

N∑
i=1

(x, φi)X φi,

and thus

A sN =

N∑
i=1

σi (x, φi)X ϕi.

Now passing to the limit we obtain

lim
N→∞

A sN = A (x−Px) = A x.

Consequently,

A x =
∑
i

µi (x, φi)X ϕi.

The Theorem 14.2 provides a trivial proof for the following result.

Corollary 14.2. Let A : X → Y be a compact operator and its singular
triplets are given in Theorem 14.2. The following hold.
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1. The SVD of A ∗ : Y→ X is given as

A ∗y =
∑
i

σi (y, ϕi)Y φi,

for any y ∈ Y.
2. φ1 and ϕ1 are, respectively, a solution of the following problem

∥A ∥ := sup
x∈X

∥A x∥X
∥x∥X

, and ∥A ∗∥ := sup
y∈Y

∥A ∗y∥Y
∥y∥Y

,

and ∥A ∥ = ∥A ∗∥ = σ1.

Proof. The proof for the first assertion is easy and left as an exercise in
Problem 14.1. For the second assertion, the proof is similar to the proof of
Corollary 8.1. Recall from Theorem 14.2 that any x ∈ X can be expressed as

x =
∑
i

(x, φi)X φi + Pφ,

and by Bessel inequality we have

∥A x∥2Y =
∑
i

σ2
i |(x, φi)X|

2 ≤ σ2
1

∑
i

|(x, φi)X|
2 ≤ σ2

1 ∥x∥
2
X <∞,

and the equality happens when x = φ1. Furthermore, in that case

sup
x∈X

∥A x∥Y
∥x∥X

= σ1.

The next result [37], due to Picard, tells us the conditions under which
inverting a compact operator is well-defined. As we will see, the adjoint plays
a key role.

Theorem 14.3 (Picard). Suppose A : X → Y is a compact operator. The
equation

A x = y

is solvable iff

i) y ∈ N (A ∗)
⊥
, and

ii)
∑ 1

σ2
i

|(y, ϕi)Y|
2
<∞,

where {σi, φi, ϕi} is the singular system of A . In this case the solution is
given by

x =
∑
i

1

σi
(y, ϕi)Y φi.
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Proof. The SVD Theorem 14.2 provides a simple proof for this theorem.

⇒ Solvability implies that y belongs to the range of A , i.e. y ∈ R (A ). From

the closed range Theorem 5.2 1 we know that R (A ) ⊂ R (A ) = N (A ∗)
⊥
,

and hence i) holds. On the other hand, by Theorem 14.1 we can express
a solution x as

x =
∑
i

(x, φi)X φi + Px,

which, together with the Parseval identity, implies

∥x∥2X =
∑
i

|(x, φi)X|
2
+ ∥Px∥2X , (14.3)

which in turns implies∑
i

|(x, φi)X|
2 ≤ ∥x∥2X <∞.

Since

(x, φi)X =
1

σi
(x,A ∗ϕi)X =

1

σi
(A x, ϕi)Y =

1

σi
(y, ϕi)Y ,

the assertion ii) holds.

⇐ Since y ∈ N (A ∗)
⊥
, Hilbert-Schmidt Theorem 14.1 gives

y =
∑
i

(y, ϕi)Y ϕi.

Now, from ii) the following definition

x :=
∑
i

1

σi
(y, ϕi)Y φi

is meaningful. Together with Corollary 14.1, we have

A x =
∑
i

1

σi
(y, ϕi)Y A φi =

∑
i

(y, ϕi)Y ϕi = y,

where we have used in the last equality the Hilbert-Schmidt Theorem 14.1
for B = A A ∗, the fact that ϕi are eigenfunctions of B, and y ∈ N (A ∗)

⊥
.

This concludes the proof.

1 Note that R (A ) cannot be closed since A is compact. Assume, on the contrary, it is,
then by the bounded inverse theorem [127] we know that A −1 is continuous and hence

I = A −1A is also a compact operator. But, this is a contradiction since identity operator

in infinite dimensional space cannot be a compact operator [112, 11]. If R (A ) were closed,
then i) would be both necessary and sufficient. Since this is not true for compact operators,

we have to replace the closedness by the smooth property ii) of the right hand side.
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We now discuss the important consequence of the Picard Theorem 14.3,
that is, inverting a compact operator is an ill-posed problem. We observe that

y = A x =
∑
i

σi (x, ϕi)X ϕi,

where we have used the second assertion of Theorem 14.2. Since A is com-
pact, and hence σi → 0 as i → ∞, A smoothes out the contribution from
the “high frequency” mode: i.e. φi for large i. In other words, the output y
is insensitive to high frequency modes φi when i→∞.

Conversely, let us perturb the right hand side y as

ỹ = y + δϕN ,

where δ ∈ R and N ∈ N, then the corresponding solution reads

x̃ =
∑
i

1

µi
(ỹ, ϕi)Y φi = x+

δ

µN
φN .

Thus,
∥x̃− x∥X
∥ỹ − y∥Y

=
1

µN
→∞, as N →∞,

which is exactly the subtle instability problem of inverting a compact oper-
ator, namely, small changes in the input can lead to very large change in
the solution. Most of linear inverse problems (such as deconvolution) fall
into this category, and practical nonlinear inverse problems do too (see, e.g.,
[34, 33, 32] and the references therein).

Definition 14.2 (Well-posedness). In Hadamard’s sense [65], the problem
A x = g is well-posed if

1. A is surjective (there exists a solution: existence),
2. A is injective (there is at most one solution: uniqueness), and
3. A −1 is continuous (the solution depends continuously on the data: sta-

bility).

Example 14.1 (Inverse of the fundamental theorem of calculus). Let A : X→
Y and consider the fundamental theorem of calculus in the following form

y (t) = A x :=

∫ t

0

x (s) ds, 0 ≤ t ≤ 1,

and the inverse problem is to find x given its anti-derivative y. We are going
to show that, depending on X,Y, this inverse problem can be ill-posed or
well-posed.

• First let us consider X = C ([0, 1]) ,Y = C ([0, 1]). Let A x = y and con-
sider
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ỹ := y − α

N
+

δ

N
cos (Nt) .

Then, by the fundamental theorem of calculus, the corresponding solution
is given by

x̃ = x+ δ sin (Nt) .

Clearly

∥ỹ − y∥C([0,1]) := sup
t∈[0,1]

|ỹ(t)− y(t)| → 0, as N →∞,

but
∥x̃− x∥C([0,1]) = α ∀N.

We conclude that A does not distinguish x and x̃, and as the result
the inverse problem does not have a unique solution. In fact, A is a
compact operator2 and, as we have discussed above, it “smoonthes” out
the difference in x and x̃ so that the observation y is the same. Intu-
itively, a compact operator “squeezes” its domain into “smaller” range:
for the above example A , as an integral operator, maps C ([0, 1]) into
C1 ([0, 1]) ⊂ C ([0, 1]). Since the inverse of a compact operator is un-
bounded, inverting the fundamental theorem of calculus is unstable by
the Picard Theorem 14.3. The setting X = C ([0, 1]) ,Y = C ([0, 1]) thus
leads to an ill-posed problem.

• Now let us consider X = C ([0, 1]) ,Y = C1 ([0, 1]). In this case we have

∥ỹ − y∥C1([0,1]) := ∥ỹ − y∥C([0,1]) + ∥ỹ
′ − y′∥C([0,1]) = α, ∀N,

and since
∥x̃− x∥C([0,1]) = α ∀N.

we conclude that a small change in y leads to a small (in fact the same)
change in x. The inverse problem is thus stable. The uniqueness is also

trivial due to the fact that
dy

dt
= x. The surjectivity is also clear. Conse-

quently, the inverse problem is well-posed in the Hadamard’s sense.3

Remark 14.3. In practice, we do not solve A x = y directly on the infinite
dimensional setting but via some discretization approach to obtain a finite
dimensional problem to solve (on computer). This does not go around the
ill-posedness issue. Indeed, in this case, the compactess of A is manifest in
the ill-conditioning of its discrete counterpart whose smallest singular value
could be very small. Inverting the discrete system is thus an ill-conditioned
problem—a discrete way of saying ill-posedness.

2 By the Ascoli-Arzela theorem [112, 11].
3 Note that this is an instance of the Tikhonov theorem [46] since C1 ([0, 1]) is compactly

embedded in C ([0, 1]).
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We have seen that there could be multiple (or there is no) solutions to the
linear problem of interest A x = y. The main reason is that the nullspace of
A is non-trivial or y is not in the range of A . The question is if we can find a
“useful solution” in this case? One way to address this question is to look for
the solution that minimizes the residual, such as the least squares problem
in Corollary 11.1:

min
x

1

2
∥A x− y∥2Y . (14.4)

However, when A : X → Y is compact, the ill-posedness nature of our in-
verse problem does not go away as the normal equation (11.1) is still ill-posed
due to the fact that A ∗A is compact. In other words, we still have prob-
lem with the uniqueness if N (A ) is not trivial, and the (bigger) problem
with instability due to inverting the compact operator A ∗A . However, the
optimization idea paves the way for using optimization technique to over-
come the ill-posedness problem, as we now discuss. Note that the objective
function in (14.4) is quadratic in x, and hence a “parabola”. Clearly, if it
is a well-behaved parabola, then the minimizer is unique. This immediately
suggests that we should add a quadratic term to the objective function to
improve its behavior, and hence removing the uniqueness issue: as will be
shown, this also addresses the stability. This is essentially the idea behind
the Tikhonov regularization [138, 137], which proposes to solve the following
nearby problem

min
x∈X

1

2
∥A x− y∥2Y +

κ

2
∥x− x0∥2X , (14.5)

where x0 is some “prior” reference function and κ is known as the regulariza-
tion parameter. To show that the regularized optimization problem (14.5) is
well-posed, we need the projection theorem Theorem 11.1 and the following
key result from the Riesz-Fredholm theory [36].

Lemma 14.1. Let A be a compact operator from X to X. If (I + A ) is
injective, then (I + A ) is continuously invertible.

Theorem 14.4. For any κ > 0, the regularized optimization problem (14.5)
is well-posed.

Proof. Without loss of generality, assume κ = 1. We begin by rewrite the
optimization (14.5) into the following equivalent form

min
z

1

2
∥Bz − w∥2Y×X , (14.6)

where we have defined B : X ∋ z 7→ [A ,I ] z := [A z, z] ∈ Y × X, and w :=
[w1, w2] := [y, z0]. The inner product of z, w ∈ Y×X is defined as (z, w)Y×X :=
(z1, w1)Y + (z2, w2)X, and the induced norm for any z = [z1, z2] ∈ Y × X is

given by ∥z∥2Y×X := ∥z1∥2Y + ∥z2∥2X. From the definition of the inner product
in Y × X, the definition of adjoint, and the fact that the identity operator
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I is self-adjoint, we have B∗z = A ∗z1 + z2. Next, from Corollary 11.1 we
know that the minimizer satisfies

B∗Bz = B∗w,

which is equivalent to

(A ∗A + I) z = A ∗y + z0.

Since (A ∗A + I) is injective4, Lemma 14.1 shows that it is continuously

invertible, i.e.
∥∥∥(A ∗A + I)

−1
∥∥∥ <∞. Hence,

∥z∥X =
∥∥∥(A ∗A + I)

−1
(A ∗y + z0)

∥∥∥ ≤ ∥∥∥(A ∗A + I)
−1
∥∥∥ (∥A ∗∥ ∥y∥X + β ∥z0∥X) ,

that is, the solution x of the Tikhonov regularization (14.5) is not only unique
but also depends continuously on the data y, and this concludes the proof.

Problems

Problem 14.1. Prove the first assertion of Corollary 14.2.

4 From (A ∗A + I) z = 0 we have 0 = (x, (A ∗A + I) z)X = ∥A x∥2Y+∥x∥2X and thus x = θ.



Chapter 15

Wellposedness of linear operator
equation via adjoint

Abstract
In this section we are interested in the well-posedness (in the sense of

Hadamard in Definition 14.2) of operator equation A x = y, where A : X→
Y is linear and continuous. Our exposition follows [51] closely. We begin with
a key result [11, 7, 51].

Lemma 15.1. Let A : X→ Y be linear and continuous. Then

A is bounded below ⇔ ∃α > 0 : ∥A u∥Y ≥ α ∥u∥X ⇔

{
A is injective,

R (A ) is closed.

Proof. We provide a proof in section 15.1.

The following result highlights the role of the adjoint operator A ∗ on the
injectivity and the closedness of R (A ), and hence the boundedness below of
A .

Theorem 15.1. Let A : X→ Y be linear and continuous. The following are
equivalent:

1) A ∗ : Y→ X is surjective.
2) A is injective and R (A ) is closed.
3) There exists α > 0 such that

∥A u∥Y ≥ α ∥u∥X , ∀u ∈ X.

4) There exists α > 0 such that

inf
u∈X

sup
v∈Y

(A u, v)Y
∥u∥X ∥v∥Y

≥ α.

143
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Proof. We only need to show 1) ⇔ 2) as the equivalence between 2) and 3)
is due to Lemma 15.1, and 4) is simply a restatement of 3). We have

A ∗ is surjective
⇕

R (A ∗) = X and thus R (A ∗) closed
⇕ The closed range Theorem 5.2

N (A ) = R (A ∗)
⊥
= {θ} and R (A ) closed
⇕

A is injective and R (A ) closed.

The following twin counterpart of Theorem 15.1 characterizes the surjectivity
of A via the adjoint A ∗.

Theorem 15.2. Let A : X→ Y be linear and continuous. The following are
equivalent:

1) A : Y→ X is surjective.
2) A ∗ is injective and R (A ∗) is closed.
3) There exists α > 0 such that

∥A ∗v∥X ≥ α ∥v∥Y , ∀v ∈ Y.

4) There exists α > 0 such that

inf
v∈Y

sup
u∈X

(u,A ∗v)X
∥u∥X ∥v∥Y

≥ α.

Combining Theorem 15.1 and Theorem 15.2 we see that A is bijective iff
A ∗ is bijective. The more popular statement that leads to the Banach-Nečas-
Babuška theorem for the variational equation is the following

Lemma 15.2. Let A : X → Y be linear and continuous. The following are
equivalent:

1) A is bijective

2) • ∃α > 0 such that inf
u∈X

sup
v∈Y

(A u, v)Y
∥u∥X ∥v∥Y

≥ α, and

• If (A u, v)Y = 0,∀u ∈ X, then v = θ.

Proof. The proof is straightforward. Indeed, the first statement of 2) is the
injectivity of A plus the closedness of R (A ) due to Theorem 15.1, and the
second statement of 2) can be written equivalently in terms of A ∗ as: “if
(u,A ∗v)Y = 0,∀u ∈ X, then v = θ”, which is equivalent to “if A ∗v = θ then
v = θ”, which in turn simply means N (A ∗) = {θ}, which then means A is
surjective owing to Theorem 15.2.
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State here that linear operator equation is equivalent to a matrix equa-
tion via matrix representation, and thus it is sufficient to consider a matrix
example. Also after the matrix example, perhaps writing a remark on how
the conditions are translated to the original linear operator equation

Example 15.1. Consider A : Rn 7→ Rm. We are interested in applying
Lemma 15.2 to find conditions for the linear system of equations Au = y to
have a unique solution. To that end, we suppose A is bijective. Thus, both
A and A∗ are injective. By the rank-nullity theorem (8.5) we have

n = dim(N(A)) + dim(R(A)).

Since A is injective, we have dim(N(A)) = 0, and hence

n = dim(R(A)) ≤ m.

Following similar arguments for the injectivity of A∗, we have:

m = dim(R(A∗)) ≤ n.

Therefore, it is necessary that n = m for the bijectivity of A. Further, the
inf-sup condition in Lemma 15.2 says:

0 < α ≤ inf
u∈Rn

sup
v∈Rn

(Au,v)

∥u∥Rn ∥v∥Rn

≤ inf
u∈Rn

∥Au∥Rn

∥u∥Rn

= σmin(A).

=⇒ 0 < α ≤ σmin(A),

where σmin(A) denotes the smallest singular value of A. We conclude the
necessary and sufficient for a linear system of equations Au = y to have a
unique solution is that the matrix A is square and invertible. This is consis-
tent with what we know from linear algebra.

Theorem 15.3 (Banach-Nečas-Babuška). Let A : X→ Y be the unique
linear and continuous operator (see Example 12.8) associated with a contin-
uous sequilinear form a : X× Y→ F such that

(A u, v)Y := a (u, v) , ∀u ∈ X and v ∈ Y,

where |a (u, v)| ≤ β ∥u∥X ∥v∥Y and 0 < β <∞. The following are equivalent:

1) For all y ∈ Y, there exists a unique solution u ∈ X such that

a (u, v) = (y, v)Y , ∀v ∈ Y.

2) There exists α > 0 such that

C1) ∃α > 0 such that inf
u∈X

sup
v∈Y

a (u, v)

∥u∥X ∥v∥Y
≥ α, and
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C2) If a (u, v) = 0,∀u ∈ X, then v = θ.

Furthermore, when either of the statements holds then the unique solution is
stable in the following sense:

∥u∥Y ≤
1

α
∥y∥Y .

Proof. The proof is obvious due to the definition (A u, v)Y := a (u, v), and
thus the equivalent of the variational equation a (u, v) = (y, v)Y and A u = y.
Specifically, owing to Lemma 15.2, statement 2) is equivalent to the bijectivity
of A . The stability of the solution u is the direction consequence of the
boundedness from below of A :

α ∥u∥X ≤ ∥A u∥Y = sup
v∈Y

(A u, v)Y
∥v∥Y

= sup
v∈Y

a (u, v)Y
∥v∥Y

= sup
v∈Y

(y, v)Y
∥v∥Y

= ∥y∥Y .

Remark 15.1. The condition inf
u∈X

sup
v∈Y

a (u, v)

∥u∥X ∥v∥Y
≥ α, is known as the inf-sup

condition, and, as we have shown, it is nothing more than the restatement of
the boundedness from below of the associated linear operator A or equiva-
lently the injectivity of A plus its closed range.

Example 15.2. Let us continue our study of the differentiable equation in the
weak setting developed in Example 13.11. Consider solving the diferential
equation u′ := Du = f in (0, 1) with u(0) = 0 and f ∈ L2(0, 1). The cor-
responding weak form of the problem is formulated as: seek u ∈ H1

0(0, 1) :=
{u ∈ L2(0, 1), u′ ∈ L2(0, 1), u(0) = 0} such that:

(u′, v)L2 = (f, v)L2 , ∀v ∈ L2(0, 1).

We choose X = H1
0(0, 1), Y = L2(0, 1) and F = R, and are going to use

Theorem 15.3 to show that the differential equation is well-posed.
The continuity of the bilinear form a(u, v) is clear as

|a(u, v)| = |(u′, v)| ≤ ∥u′∥L2 ∥v∥L2 ≤ ∥u∥H1 ∥v∥L2 .

We next verify the inf-sup condition Item C1). By a simple integration
and the Cauchy-Schwarz inequality (see also Example 16.1) we obtain the
following the Poincaré-Friedrichs inequality

∥u′∥L2 ≥ ∥u∥L2 ,

and thus the inf-sup condition holds since

inf
u∈H1

sup
v∈L2

a(u, v)

∥u∥H1 ∥v∥L2

= inf
u∈H1

∥u′∥L2

∥u∥H1

≥ 1√
2
.
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Now we verify the injectivity of the adjoint, i.e Item C2). We start from

(u′, v)L2 = 0, ∀u ∈ H1
0 (0, 1) . (15.1)

Since C∞0 (0, 1) ⊂ H1
0(0, 1), we have:

(ψ′, v)L2 = 0, ∀ψ ∈ C∞0 (0, 1).

By definition of the distributional derivative we arrive at

⟨ψ, v′⟩L2 = 0, ∀ψ ∈ C∞0 (0, 1),

which implies that v is a constant function. Now in (15.1) taking u = x we
have ∫ 1

0

vdx = 0,

which means v = 0. Thus, the differential equation is well-posed with the
setting X = H1

0(0, 1), Y = L2(0, 1).

Example 15.3 (Friedrichs’ system). We consider the abstract problem A u =
y where A is the Friedrichs’ operator defined in Example 12.10. We choose
Y = L2 (Ω) and

X = {u ∈ HA : (D −M)u = 0 on ∂Ω} ,

with the inner product (u,w)X := (u,w)Y + (Bu,Bw)Y, and hence the in-

duced graph norm ∥u∥X =

√
∥u∥2Y + ∥Bu∥2Y. We can show that A : X → Y

is bijective (see [51, Theorem 5.7]), and thus applying Theorem 15.3 shows
that A u = y is well-posed for any y ∈ Y. The beauty here is that this single
proof is applicable for a large class of PDEs [58, 52, 78, 54].

Need to provide the proof that the inf-sup constants for both the primal
and the adjoint problem are the same.

When Y = X and the sequilinear form is symmetric, the inf-sup condition
is both necessary and sufficient for bijectivity.

Lemma 15.3. Consider the variational equation a (u, v) = (y, v)X , ∀v ∈ X,
with a continuous sequilinear form a : X×X→ F. Suppose a (·, ·) is symmet-
ric, i.e., a (w, v) = a (v, w). Then, there exists a unique solution u iff

∃α > 0 such that inf
u∈X

sup
v∈Y

a (u, v)

∥u∥X ∥v∥Y
≥ α.

Proof. We need to prove only the second condition in the second statement
of Theorem 15.3, namely the injectivity of the adjoint in Item C2). But this
is obvious due to symmetry:
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0 = a (w, v) = a (v, w) , ∀w ∈ X =⇒ 0 = sup
w∈X

a (v, w)

∥w∥X
≥ α ∥v∥X =⇒ v = θ.

Remark 15.2. Note that the symmetry of a (w, v) is equivalent to the self-
adjointness of its associate linear and continuous operator A defined in The-
orem 15.3. Indeed, since a : X× X→ F, we have

(A w, v)X = a (w, v) = a (v, w) = (A v, w)X = (w,A v)X ,

which means A ∗ = A .

On the other hand, when Y = X and the sequilinear form is coercive, the
condition for bijectivity is simpler.

Lemma 15.4 (The Lax-Milgram lemma). Consider the variational equa-
tion a (u, v) = (y, v)X , ∀v ∈ X, with a continuous sequilinear form a : X×X→
F. If

a (v, v) ≥ α ∥v∥2X , ∀v ∈ X, (Coercivity)

then there exists a unique solution u and ∥u∥ ≤ 1

α
∥y∥X.

Proof. We need to verify the two conditions in the second statement of The-
orem 15.3. The inf-sup condition in Item C1) is clear from (Coercivity) as

α ∥v∥X ≤
a (v, v)

∥v∥X
≤ sup

w∈X

a (v, w)

∥w∥X
.

For the injectivity of the adjoint in Item C2), we note that

a (w, v) = 0, ∀w ∈ X =⇒ 0 = sup
w∈X

a (w, v) ≥ a (v, v) ≥ α ∥v∥2X =⇒ v = θ.

When the sequilinear form is symmetric and positive, it turns out that
(Coercivity) is both sufficient and necessary.

Corollary 15.1. Consider the variational equation a (u, v) = (y, v)X , ∀v ∈
X, with a continuous sequilinear form a : X×X→ F, with continuity constant
β. Suppose a (·, ·) is symmetric, i.e., a (w, v) = a (v, w) and positive, i.e.,
a (v, v) > 0,∀v ̸= θ. Then, there exists a unique solution u iff the coercivity
condition (Coercivity) holds.

Proof. Lemma 15.4 proves the sufficiency, and we need to show the necessity.
Since the sequilinear form a (·, ·) is symmetric and positive, it defines an inner
product in X and the induced norm is

∥v∥a :=
√
a (v, v).

Thus, by the inf-sup condition, the Cauchy-Schwarz inequality, and the con-
tinuity of a (·, ·), we have
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α ∥v∥X ≤ sup
w∈X

a (w, v)

∥w∥X
≤ sup

w∈X

√
a (v, v)

√
a (w,w)

∥w∥X
≤
√
β
√
a (v, v),

and this ends the proof.

Example 15.4. We now consider the variational equation a (u, v) = (y, v)Y
where the bilinear form a (u, v), the spaces X and Y, and other specifications
are described in Example 12.8. We have shown that a (u, v) is symmetric and
continuous on H1

0 (Ω). It is clearly positive if we assume that z is bounded
away from −∞. What remains is to show that a (u, v) is coercive. Recall the
Poincaré-Friedrichs inequality (see, e.g., [51, 11, 28]) for H1

0 (Ω): there exists
a constant c depending on only Ω such that

c ∥u∥L2 ≤ ∥∇u∥L2 , ∀u ∈ H1
0 (Ω) .

It follows that for any v ∈ H1
0 (Ω) we have

a (v, v) = (ez∇v,∇v)2L2 ≥ einf z ∥∇v∥2L2 ≥ min {1, c} 1
2
einf z ∥v∥2H1 ,

and this ends the proof.

15.1 Appendix

Proof (of Lemma 15.1). For the necessary, the injectivity is clear. Now, let

{yi}∞i=1 ⊂ R (A ) and yi
Y−→ y and we need to show that y ∈ R (A ). There

exists {xi}∞i=1 ⊂ X : yi = A xi. For any ε > 0, there exists an integer n = n (ε)
such that for all i, j > n we have

α ∥xi − xj∥X ≤ ∥A xi −A xj∥Y ∥yi − yj∥Y < ε
⇓

{xi}∞i=1 is Cauchy =⇒ xi
X−→ x

⇓ continuity of A

y
Y←− yi = A xi

Y−→ A x,

and thus R (A ) is closed.
For the sufficiency, R (A ) is a Banach space due to its closedness. A : X→

R (A ) is thus bijective, which in turn implies A −1 is linear and continuous
owing to the Open Mapping Theorem [28, 112, 11, 127]. Thus, let y = A x,
there exists β > 0 such that

∥∥A −1y
∥∥
X ≤ β ∥y∥Y =⇒ ∥x∥X ≤ β ∥A x∥Y, and

hence A is bounded below.





Chapter 16

Understanding Sturm-Liouville
problem and generalized Fourier series
using adjoint

Abstract
In this section, we are interested in self-adjoint operator A in infinite

dimensions. Our exposition mostly follows [132]. To the end of this section,
for any A ∈ L (X,Y) we assume that its domain D (A ) ⊆ X is dense in X.

Definition 16.1 (Closed linear operators). A linear operator A ∈ L (X,Y)
is called closed iff its graph

GA := {[u,A u] : u ∈ D (A )}

is closed in the product topology on X× Y.

Clearly, any continuous linear operator is necessarily closed. The following
are standard results for closed operators [132].

Lemma 16.1. The following hold:

• If A is closed, so is A ∗.
• A is closed and D (A ) = X iff A ∈ B (X,Y).
• If D (A ) = X, then A ∗ is continuous, and hence D (A ∗) is closed.
• If A is closed, then D (A ∗) is dense in Y.

We consider operators with X = Y in this section. Suppose V is dense
in X and the injection V → X is compact, and for simplicity in writing we

denote V
compact
↪−−−−−→

dense
X. We shall limit ourself to linear operator A : D (A ) ⊂

V
compact
↪−−−−−→

dense
X→ X with the domain defined as

D (A ) := {x ∈ V : A x ∈ X} .

We also assume the following.

1. The associate sequilinear form a (u, v) := (A u, v)X is defined for u ∈
D (A ) and v ∈ V, and is continuous in v on V with respect to the X-
norm topology.

151
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2. The a (u, v) is V-elliptic in the following sense: there exists c > 0 such
that

a (v, v) + a (v, v) ≥ 2c ∥v∥2V .

3. Finally, a (·, ·) is symmetric, i.e.,

a (u, v) = a (v, u), ∀u, v ∈ V,

which is, again, equivalent to the self-adjointness of A on V.

Recall that Lemma 7.1 holds in this case: in particular, eigenvalues of A are
real and its eigenfunctions corresponding to distinct eigenvalues are orthog-
onal to each other. The following theorem provides further characteristics of
eigenpairs of A .

Theorem 16.1. Suppose all the aforementioned assumptions hold for A .
Then, there is a countable sequence of eigenpairs {λn, vn}∞n=1 such that

• A vn = λnvn, where ∥v∥X = 1,
• (vn, vm)X = 0 for all n ̸= m,
• 0 < λ1 ≤ λ2 ≤ . . . ≤ λn →∞ when n→∞, and
• {vn}∞n=1 is an orthonormal basis of X.

Proof. We sketch the proof and more details can be found in [131]. The keys
are: i) the V-elliptic condition implies coercivity of A on V. By Lax-Milgram
Lemma 15.4, A : V → V′ ≡ V is a continuous bijection. The restriction
of A on D (A ) is thus surjective on X, and A −1 : X → D (A ) ⊂ V exists
and is continuous by the coercivity; ii) the compact injection of V in X then
implies that A −1 : X → X is compact. Hilbert-Schmidt Theorem 14.1 then
ensures the existence of the eigenpairs µn, vn of A −1, where {vn}n is a basis
of D (A ), and hence the eigenpairs λi, vn of A where λn = 1/µn; and iii) the
V-elliptic condition also implies A is a closed operator and this leads to the
conclusion that {vn}∞n=1 is a also basis of X.

Theorem 16.1 provides a generalized Fourier series in X. In particular, for
any function f ∈ X, we have

f =

∞∑
n=1

(vn, f)X vn, (16.1)

where equality means convergence in the topology generated by the X-norm.
More generally, we have the following resolution of identity in X.

Corollary 16.1 (Resolution of identity). Suppose the setting, and hence
all the results, in Theorem 16.1 holds. Then

I =

∞∑
n=1

(vn, ·)X vn,
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where I is the identity operator and the convergence of the series is in the
strong sense, that is, the series in (16.1) converges in norm topology of X.

Proof. Though there is nothing to prove here, we shall show that the series
is an orthogonal projection onto X. To that end, to avoid confusion, let us
define

P :=

∞∑
n=1

(vn, ·)X vn.

First, we show that P2 = P. Indeed, due to the continuity of the inner
product, we have

P2f = P (Pf) =

∞∑
n=1

∞∑
m=1

(vm, f)X (vn, vm)X vn =

∞∑
n=1

(vn, f)X vn = Pf.

Second, P is self-adjoint. Indeed,

(Pf, g)X =

( ∞∑
n=1

(vn, f)X vn, g

)
X

=

∞∑
n=1

(f, vn)X (vn, g)X

=

(
f,

∞∑
n=1

(vn, g)X vn

)
X

= (f,Pg)X ,

where we have used the continuity of the inner product.

Below are a few special cases that lead to the standard Fourier series and
a general Sturm-Liouville problem.

Example 16.1. Consider the following Sturm-Liouville problem: seek λ and v
such that −

d2v

dx2
= λv in Ω = (0, 1) ,

v = 0 on ∂Ω = {0, 1} ,
(16.2)

where the derivative is understood in the classical sense. We solve this prob-
lem using Theorem 16.1. To that end, we define the symmetric sequilinear
form as

a (u, v) :=

(
du

dx
,
dv

dx

)
L2(Ω)

=

∫ 1

0

du

dx

dv

dx
dx,

for all u, v ∈ V with V := H1
0 (0, 1) and thus the derivatives in a (·, ·) are

understood in the weak sense. Note that V
compact
↪−−−−−→

dense
X := L2 (0, 1) [132],

and the continuity on V of a (·, ·) is straightforward. By the fundamental
theorem of calculus and Cauchy-Schwarz inquality we can easily arrive at a
Poincaré-Friedrichs inequality: ∀v ∈ C10 [0, 1]
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∥∥∥∥
L2(0,1)

≥ ∥v∥L2(0,1) ,

which also holds for any v ∈ H1
0 (0, 1) due to the density of C10 (0, 1) in V.

This leads to the V-ellipticity of a (u, v) as

a (v, v) + a (v, v) ≥ ∥v∥2H1
0(0,1)

.

Thus, Theorem 16.1 ensures that there is a complete orthonormal eigen-
functions of A : D (A )→ L2 (0, 1) in L2 (0, 1), where

D (A ) :=
{
w ∈ H1

0 (0, 1) : A w ∈ L2 (0, 1)
}
,

and (A u, v)L2(0,1) := a (u, v) for all u ∈ D (A ) and v ∈ H1
0 (0, 1). Let us

determine what D (A ) is. We have, by definition of a (·, ·),

(A w, v)L2(0,1) =

∫ 1

0

dw

dx

dv

dx
dx ∀v ∈ H1

0 (0, 1)

⇕ density of C∞0 (0, 1) in H1
0 (0, 1)

(A w,φ)L2(0,1) =

∫ 1

0

dw

dx

dφ

dx
dx ∀φ ∈ C∞0 (0, 1)

⇕ definition of distributional derivative

(A w,φ)L2(0,1) =

〈
−d

2w

dx2
, φ

〉
∀φ ∈ C∞0 (0, 1)

⇕

A w = −d
2w

dx2
in L2 (0, 1)

As a result, D (A ) = H2
0 (0, 1).

Each eigenpair λn and vn ∈ D (A ) satisfies

A vn = λnvn in L2 (0, 1) ,

i.e,

−d
2vn
dx2

= λnvn, in L2 (0, 1) , (16.3)

which is equivalent to

vn = −
∫ ∫

λnvn dx dy,

Owing vn ∈ D (A ), and the embedding of H1
0 (0, 1) in C0 (0, 1) (see, e.g.,

[28, Theorem 8.2]) the eigenvalue problem (16.3) holds in the classical sense,
which is exactly the Sturm-Liouville problem (16.2). Thus, eigenfunctions of
the Sturm-Liouville problem (16.2) forms a complete basis for L2 (0, 1). By a
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simple integrations, we have vn =
√
2 sin (nπx), n = 1, 2, . . ., which is exactly

a Fourier basis (sine series) for L2 (0, 1).

Corollary 16.2. Let V and X be given in Theorem 16.1. Suppose the se-
quilinear form a (·, ·) is symmetric and continuous on V. Assume that there
exists c > 0 such that for some λ ∈ R

a (v, v) + a (v, v) + 2λ ∥v∥2X ≥ 2c ∥v∥2V , ∀v ∈ V.

Then, there exists an orthonormal sequence of eigenfunctions of A , which is
a basis for X and the corresponding eigenvalues satisfies −λ < λ1 ≤ λ2 ≤
. . . ≤ λn →∞ when n→∞.

Proof. Let us define the sequilinear b (u, v) := a (u, v) + λ (u, v)X. The con-
tinuity and symmetry of b (·, ·) are clear. The linear operator B associated
with b (u, v) is given by Bu = A u + λu for any u ∈ D (B) ≡ D (A ), and
b (u, v) = (Bu, v)X for all u ∈ D (B) and v ∈ V. Furthermore, we have

b (v, v) + b (v, v) ≥ 2c ∥v∥2V , ∀v ∈ V,

i.e., b (u, v) is V-elliptic. Theorem 16.1 thus applies to b (·, ·). In particular,
there exist eigenpairs {γn, vn}∞n=1 of B such that A vn + λvn = Bvn = γnvn
and 0 < γ1 ≤ γ2 ≤ . . . ≤ γn → ∞ when n → ∞. As a result, {λn, vn}∞n=1

with λn := γn − λ, and thus −λ < λ1 ≤ λ2 ≤ . . . ≤ λn → ∞ when n → ∞,
and {vn}∞n=1 being a basis of X, and this concludes the proof.

Remark 16.1. We can use Corollary 16.2 for Example 16.1 as well. In partic-
ular, we can choose V = H1 (0, 1), and b (u, v) := a (u, v) + λ (u, v)L2(0,1) is

coercive on V for any λ > 0 with c = min {1, λ}. The rest of the arguments
are similar and the same results are obtained.

Example 16.2. Consider the following Sturm-Liouville problem: seek κ and v
such that −

d2v

dx2
= κv in Ω = (0, 1) ,

dv

dx
= 0 on ∂Ω = {0, 1} ,

(16.4)

where the derivative is understood in the classical sense. The sequilinear
a (·, ·) is defined the same as in Example 16.1 with V := H1 (0, 1) and X :=

L2 (0, 1). We still have V
compact
↪−−−−−→

dense
X := L2 (0, 1) [132]. The linear operator

A associated with a (·, ·) defined via the identity (A u, v)X = a (u, v) for all
u ∈ D (A ) where

D (A ) :=

{
w ∈ V : A w ∈ X and

dw

dx
= 0 on ∂Ω = {0, 1}

}
,

and v ∈ V. Note that unlike Example 16.1 in which the boundary conditions
are naturally incorporated in V, we have to build the boundary conditions
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in the definition of the domain of A in order to associate a (·, ·) with the
eigenvalue problem (16.4). The continuity and symmetry of a (·, ·) on V are
clear. Furthermore, a (·, ·) satisfies Corollary 16.2 for any λ > 0 and c =
min {1, λ}. Using a similar argument as in Example 16.1, the eigenpairs λn, vn
of A are exactly the solutions of (16.4), and in particular vn =

√
2 cos (nπx)

for n ≥ 1 and v0 = 1. By Corollary 16.2, {vn}∞n=0 is another Fourier basis
(cosine series) for L2 (0, 1).

Example 16.3 (A more general Sturm-Liouville problem). We now generalize
Example 16.1 and Example 16.2: seek κ and v such that

1

ρ

[
d

dx

(
p
dv

dx

)
+ qv

]
= κv in Ω = (0, 1) ,

αv (0) + β
dv

dx
(0) = 0, γv (1) + δ

dv

dx
(1) = 0,

(16.5)

where ρ ∈ C [0, 1] and ρ > 0, p ∈ C1 [0, 1] and p < 0, and q ∈ C [0, 1].
Here, the constants α, β, γ, and δ satisfy α2 + β2 ̸= 0, and γ2 + δ2 ̸= 0. We
take X := L2

ρ (0, 1) is the L2 (0, 1) space with the weighted inner product:
(u, v)L2(0,1),ρ := (ρu, v)L2(0,1). We choose the sequilinear form a (·, ·) as

a (u, v) :=

(
p
du

dx
,
dv

dx

)
L2(0,1)

+ (qu, v)L2(0,1) ,

with the derivative understood in the weak sense. By taking V = H1
ρ (0, 1),

where H1
ρ (0, 1) is H1 (0, 1) based on L2

ρ (0, 1), it is clear that a (·, ·) is contin-
uous and symmetric on V. The linear operator A associated with a (·, ·) is
defined via the identity (A u, v)X = a (u, v) for all u ∈ D (A ) where

D (A ) :=

{
w ∈ H1

ρ (0, 1) : A w ∈ X, αw (0) + β
dw

dx
(0) = 0 and γw (1) + δ

dw

dx
(1) = 0

}
,

and v ∈ V. By a similar distributional argument as in Example 16.1,

one can show that A w =
1

ρ

[
d

dx

(
p
dw

dx

)
+ qw

]
in L2 (0, 1). Furthermore,

it is clear that a (·, ·) satisfies Corollary 16.2 for any λ > −q and c =

min

{∥∥∥∥ρp
∥∥∥∥−1

∞
,

∥∥∥∥ ρ

λ+ q

∥∥∥∥−1

∞

}
. We thus conclude that the eigenpairs λn and

vn ∈ D (A ) satisfy

1

ρ

[
d

dx

(
p
dvn
dx

)
+ qvn

]
= λnvn, (16.6)

which is equivalent to

vn =

∫
1

p

∫
ρ (λn − q) vn dx dy,
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which, together with the embedding result in [28, Theorem 8.2], shows that
the eigenvalue problem (16.6) holds in the classical sense, which is exactly the
Sturm-Liouville problem (16.5). Thus, eigenfunctions of the Sturm-Liouville
problem (16.5) forms a complete basis for L2 (0, 1). However, it is not so clear
how to calculate the eigenpairs analytically as we have done for the previous
examples.

Example 16.4. Next, we consider the following Sturm-Liouville problem that
is not covered by Example 16.3: seek κ and v such that−

d2v

dx2
= κv in Ω = (0, 1) ,

v(0) = v(1) and
dv

dx
(0) =

dv

dx
(1) ,

(16.7)

where the derivative is understood in the classical sense. The sequilinear
a (·, ·) is defined the same as in Example 16.1 with V := H1 (0, 1) and X :=
L2 (0, 1). The linear operator A associated with a (·, ·) defined via the identity
(A u, v)X = a (u, v) for all u ∈ D (A ), where

D (A ) :=

{
w ∈ V : A w ∈ X, v(0) = v(1) and

dv

dx
(0) =

dv

dx
(1)

}
,

and v ∈ V. Similar to Example 16.2, a (·, ·) is obviously symmetric and con-
tinuous on V. Furthermore, a (·, ·) satisfies Corollary 16.2 for any λ > 0 and
c = min {1, λ}. Using a similar distributional argument as in Example 16.1,
the eigenpairs λn, vn of A are exactly the solutions of (16.7), and in partic-

ular v0 = 1 and vn ∈
{√

2 cos (2nπx) ,
√
2 sin (2nπx : n ∈ N)

}
, which is the

usual Fourier basis for L2 (0, 1).

From the above examples, a few observations are in order. First, the view
of (generalized) Fourier series from self-adjoint Sturm-Liouville operators im-
mediately provides a rigorous convergence guarantee for the (generalized)
Fourier series in the L2-sense. This view also shows that there are other or-
thogonal bases for L2(a, b) and we can in principle find them by solving the
corresponding Sturm-Liouville eigenvalue problems. Second, the results also
show that L2(a, b) is a separable Hilbert space. Third, the results are not
restricted to L2 spaces over compact subsets in R but are also valid for any
compact subsets in Rn using tensor product, dilation, and translation (see,
e.g., [11]).





Chapter 17

Efficient PDE-constrained
optimization with Adjoint

Abstract We have seen the important role of adjoint in constrained op-
timization in Chapter 9, especially constrained optimization with equality
constraints that have separable structure (see Corollary 9.2 and Lemma 9.4).
We have also seen what the adjoint looks like and how it helps compute
the gradient of deep neural networks (DNN) efficiently as backpropagation
in Chapter 10. In this section, we shall work out the details of the adjoint
equation and the reduced gradient for optimization problems constrained by
partial differential equations (PDE-constrained optimization). For high-order
optimization methods, such as Newton-type techniques with Krylov subspace
approaches, we shall apply the development in Chapter 20 to derive exact
Hessian-vector products using adjoint. We consider prototype steady state
(time-independent) PDEs of elliptic and hyperbolic types. The goal is to
show how we translate abstract results in Lemma 9.4 and section 20.2 to
concrete problems. This can serve as the baseline for carrying out the same
task for different PDE-constrained optimization problems. Other topics on
PDE-constrained optimization can be found in [96, 22, 21, 23, 92].

17.1 An advection-PDE-constrained optimization
problem

Consider the following PDE-constrained optimization problem

min
z,u

J := ∥u∥2L2(Ω) :=
1

2

∫
Ω

u2 dΩ

subject to
β · ∇u = 0, in Ω,

β · nu = z, in ∂Ωin,
(17.1)

159



160 17 Efficient PDE-constrained optimization with Adjoint

where u ∈ H1
β (Ω) :=

{
u : u ∈ L2 (Ω) and β · ∇u ∈ L2 (Ω)

}
. See Example 12.9

for the definition of other quantities in the constraint and the associated
differential operator together with its adjoint. This optimization problem
is a special case of the abstract problem discussed in Lemma 9.4. Note
that for u ∈ H1

β (Ω), its trace (in fact weighted trace with weight |β · n|)
on ∂Ωin belongs to L2 (∂Ωin). The correct space for z is thus L2 (∂Ωin)
with a weighted norm (see section 17.1). Since the constraints map [u, z] ∈
X × Z := H1

β (Ω) × L2 (∂Ωin) to Y:=L2 (Ω) × L2 (∂Ωin), the Lagrange mul-

tiplier y = [v, w] has two components v ∈ L2 (Ω) and w ∈ L2 (∂Ωin),
respectively. Our task is to find the explicit form of the first order opti-
mality condition (9.10) which, we recall, is a special case of the first order
optimality condition via the Lagrangian multiplier Theorem 9.3. For prac-
tical PDE-constrained problem, the adjoint operators [Duc (u0, z0)]

∗
y and

[Dzc (u0, z0)]
∗
y are subtlely coupled and we have to go back to the Lagrangian

functional in Theorem 9.3 to derive the optimality condition. To that end,
let us form the Lagrangian functional

L (z, u) =
1

2

∫
Ω

u2 dΩ +

∫
Ω

(β · ∇u) v dΩ +

∫
∂Ωin

(β · nu− z) w ds,

and note that our optimization variable has two components [u, z] ∈ H1
β (Ω)×

L2 (∂Ωin). Take an arbitrary direction [h, r] ∈ H1
β (Ω) × L2 (∂Ωin), the first

order optimality condition (9.5), with [u, z] in place of u0 and [h, r] in place
of h, reads

⟨[v, w] ,Dc ([u, z] , [h, r])⟩Y =

∫
Ω

(β · ∇h) v dΩ +

∫
∂Ωin

(β · nh− r) w ds,

which after integration by parts becomes

⟨[v, w] ,Dc ([u, z] , [h, r])⟩Y = −
∫
Ω

(β · ∇v)h dΩ+

∫
∂Ωin

β ·n (w + v)h ds+∫
∂Ωout

β · nv h ds−
∫
∂Ωin

r w ds.

Here, we have restricted v in H1
β (Ω) for the differential and integral operators

to make sense. The first order optimality condition (9.5) in this case reads:
∀ [h, r] ∈ H1

β (Ω)× L2 (∂Ωin),∫
Ω

uh dΩ −
∫
Ω

(β · ∇v)h dΩ +

∫
∂Ωin

β ·n (w + v)h ds+

∫
∂Ωout

β ·nv h ds

−
∫
∂Ωin

r w ds = 0,
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which, after taking r = 0 and any h ∈ H1
β,0 (Ω) :=

{
u ∈ H1

β (Ω) : u|∂Ω = 0
}
,

becomes ∫
Ω

uh dΩ −
∫
Ω

(β · ∇v)h dΩ = 0, ∀h ∈ H1
β,0 (Ω) ,

which implies1

−β · ∇v + u = 0.

Consequently, the first order optimality condition reduces to: ∀ [h, r] ∈
H1

β (Ω)× L2 (∂Ωin) ,∫
∂Ωin

β · n (w + v)h ds+

∫
∂Ωout

β · nv h ds−
∫
∂Ωin

r w ds = 0, (17.2)

which, by taking h = 0 on ∂Ωout and r = 0, becomes∫
∂Ωin

β · n (w + v)h ds = 0,

which in turn gives2

w = −v on ∂Ωin,

that is, the adjoint variables are not independent. This can be then substi-
tuted into (17.2) to further reduce the first order optimality condition to∫

∂Ωout

β · nv h ds+
∫
∂Ωin

r v ds = 0, ∀ [h, r] ∈ H1
β (Ω)× L2 (∂Ωin) .

It follows that, by taking r = 0 and using the surjectivity in section 17.1, we
conclude

β · nv = 0 on ∂Ωout,

and thus
v = 0 on ∂Ωin.

In summary, the control equation (9.10c) becomes

v = 0 on ∂Ωin, (17.3)

and the adjoint equation (9.10b) reads

1 It is due to the fact that H1
β,0 (Ω) is dense in L2 (Ω) assuming Ω has segment property

[8].
2 Note that this is true due to the fact that the trace operator γ : H1

β (Ω) → L2
β·n (∂Ω)

is a continuous surjection (see, e.g., [31]), where L2
β·n (∂Ω) is L2 (∂Ω) with the weighted

inner product (u, v)L2
β·n(∂Ω) :=

∫
∂Ω

|β · n|uv ds. When |β · n| is bounded on ∂Ω, which is

assumed for our setting, the two norms are equivalent, and thus it does not matter which

norm we work with.
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−β · ∇v = −u in Ω, (17.4a)

β · nv = 0 on ∂Ωout, (17.4b)

Note that the differential operator on the left side of the adjoint equation
(together with the homogeneous boundary condition) is exactly the adjoint
operator we found in Example 12.9, which is not a surprise. As can be seen,
the adjoint equation describes a reverse flow with −β velocity (compared to
β in the forward equation) with (the derivative of) the objective function,
particularly the forward solution u, as the forcing. The control equation says
that at the optimal the forcing of the adjoint equation is such that the ad-
joint solution v on ∂Ωin must vanish. Clearly, one admissible solution is that
the adjoint is identically zero and the forcing u is identically zero. It then
follows from the forward equation that z = 0. This is not surprising since,
by inspection, the quadratic optimization under consideration has a solution
u = 0 and z = 0 (different objective functions are presented in Problem 17.1.
The reduced gradient can be now computed for a given z via three steps:
1) solve the forward equation (17.1) for u (z), 2) solve the adjoint equation
(17.4) for v (u(z), z), and 3) substitute v(u (z) , z) into the left hand side of
(17.3) to obtain the reduced gradient.

The next subject is how to compute the Hessian-vector products. The
motivation for such a task in operator/matrix-free high-order optimization
methods, e.g. Newton methods, can be referred to Chapter 20. To that end,
we note that the reduced gradient

∇J = v on ∂Ωin

is the particular example of abstract reduced gradient (20.11). Similarly, the
forward equation (17.1) the adjoint equation (17.4) are specific instances of
(20.12a) and (20.12b), respectively: note that we have used v as the ad-
joint state instead of y. The question is how the Hessian-vector products in
(20.13) and in (20.15) unfold for this particular optimization constrained by
advection PDE (17.1). As shown above, the nontrivial part is the derivation
of the reduced gradient (and thus the adjoint equation (17.4)) as they are
not immediate from the abstract settings Lemma 9.4 and section 20.2. The
Hessian-vector products, as disclosed in section 20.2, are then quite straight-
forward using directional derivatives.

Let ẑ be an arbitrary function in L2 (∂Ωin). For notational convenience,
let us denote the directional derivative of any quantity (·) with respect to z

in the direction ẑ as (̂·): for example, ẑ is the directional derivative of z along
ẑ direction. Clearly, the key to realize is that the product of the (full) Hessian
operator of J and ẑ, HF ẑ is nothing more than the directional derivative of
the gradient ∇J at z along the direction ẑ. Thus, we have

HF ẑ := ∇̂J = v̂ on ∂Ωin, (17.5)
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where v̂, the directional derivative of v at z along the direction ẑ, can be
obtained by differentiate the adjoint equation (17.4):

−β · ∇v̂ = −û in Ω, (17.6a)

β · nv̂ = 0 on ∂Ωout, (17.6b)

where û, the directional derivative of u at z along the direction ẑ, can be
obtained by differentiate the forward equation (17.1):

β · ∇û = 0, in Ω,

β · nû = ẑ, in ∂Ωin.
(17.7)

In summary, at the current3 z and a given ẑ, we first solve (17.7) for û,
which is then substituted into (17.6) to solve for v̂, and then finally compute
the full Hessian-vector product (17.5). Since this problem is linear, and thus
there are no second-order derivatives in the computation of the full Hessian,
the Gauss-Newton Hessian is identical to the full Hessian. For nonlinear set-
tings in which the Gauss-Newton Hessian is different from the full Hessian,
we refer to Problem 17.2.

17.2 Elliptic-PDE-constrained optimization problem

In this section, we derive the gradient and Hessian-vector products for an
optimization problem constrained by the elliptic PDE given in Example 12.7.
In particular, consider

min
z,u

J (u) :=
1

2

∫
Ω

(
u− uobs

)2
dΩ

subject to

−∇ · (ez∇u) = 0, in Ω, (17.8a)

u = g, in ∂Ω, (17.8b)

where uobs (x) is some reference/observational data, and the definition of the
operator associated with the constraint and its adjoint are given in Exam-
ple 12.7: in particular, z ∈ C1 (Ω) ⊂ L2 (Ω). Here, g is the Dirichlet bound-
ary data. This optimization problem is a special case of the abstract one
in Lemma 9.4. Thus, the constraint maps [u, z] ∈ X × Z := HA × C1 (Ω) to
L2 (Ω)×L2 (∂Ω), and the Lagrange multiplier y = [v, w] has two components
v ∈ L2 (Ω) and w ∈ L2 (∂Ω), respectively. Similar to section 17.1, we have
to go back to Lagrangian multiplier Theorem 9.3 to derive the explicit form

3 Here, we mean the value of z at the current optimization iteration.
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of the first order optimality condition. In this case, the Lagrangian reads

L (z, u) = J (u) +

∫
Ω

[−∇ · (ez∇u)] v dΩ +

∫
∂Ω

(u− g) w ds,

and note that our optimization variable has two components [u, z] ∈ HA ×
C1 (Ω). Take an arbitrary direction [h, r] ∈ HA × C1 (Ω), the first order
optimality condition (9.5), with [u, z] in place of u0 and [h, r] in place of h,
reads∫

Ω

(
u− uobs

)
h dΩ +

∫
Ω

[−∇ · (ez∇h)] v dΩ +

∫
∂Ω

hw ds

+

∫
Ω

[−∇ · (ezr∇u)] v dΩ = 0.

We next restrict v ∈ HA and integrate the second term by parts two times
we arrive at:∫

Ω

(
u− uobs

)
h dΩ+

∫
Ω

[−∇ · (ez∇v)]h dΩ+

∫
∂Ω

hw ds−
∫
∂Ω

ez∇h·n v ds

+

∫
∂Ω

ez∇v ·nh ds+
∫
Ω

[−∇ · (ezr∇u)] v dΩ = 0, ∀ [h, r] ∈ HA ×C1 (Ω) .

(17.9)

Following a similar strategy4 as in section 17.1 for (17.9) gives the adjoint
equation

−∇ · (ez∇v) = −
(
u− uobs

)
, in Ω, (17.10a)

v = 0, in ∂Ω. (17.10b)

Note that the differential operator on the left side of the adjoint equation
(together with the homogeneous boundary condition) is exactly the adjoint
operator we found in Example 12.7, which is not a surprise. The first order
optimality condition is thus reduced to: ∀ [h, r] ∈ HA × C1 (Ω) ,∫

∂Ω

hw ds+

∫
∂Ω

ez∇v · nh ds+
∫
Ω

[−∇ · (ezr∇u)] v dΩ = 0, (17.11)

which, by taking r = 0, gives,

w = −ez∇v · n.
4 Here we take h ∈ C∞

0 (Ω) and r = 0 to obtain the equation (17.10a) for v. To get the

boundary condition (17.10b), we then take h ∈ C1
0 (Ω) so that the normal trace ∇h · n is

surjective on L2 (∂Ω).
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Similar to section 17.1, we see that the second component of the adjoint
variable y depends on the first, hence v is in fact the only adjoint variable.
The first order optimality condition is further reduced to∫

Ω

[−∇ · (ezr∇u)] v dΩ = 0, ∀r ∈ C1 (Ω) ,

which—after integrating by parts, using the fact that v = 0 on ∂Ω, and using
the fact that C1 (Ω) is dense in L2 (Ω)—gives the control equation

ez∇u · ∇v = 0. (17.12)

The reduced gradient can be now computed for a given z via three steps:
1) solve the forward equation (17.8) for u (z), 2) solve the adjoint equation
(17.10) for v (u(z), z), and 3) substitute u(z) and v(u (z) , z) into the left hand
side of (17.12) to obtain the reduced gradient

∇J = ez∇u · ∇v.

The next task is to derive the Hessian-vector products for high-order op-
timization with Krylov subspace (operator/matrix free) methods. As in sec-
tion 17.1, let ẑ ∈ C1 (Ω) ⊂ L2 (Ω) and denote the directional derivative of

any quantity (·) with respect to z in the direction ẑ as (̂·).
Since the product of the (full) Hessian operator of J and ẑ, HF ẑ is the

directional derivative of the gradient ∇J at z along the direction ẑ, we have

HF ẑ := ∇̂J = ẑez∇u · ∇v + ez∇û · ∇v︸ ︷︷ ︸
second order terms

+ez∇u · ∇v̂, (17.13)

where û and v̂ are obtained from directional differentiation of the forward
(17.8) and adjoint (17.10) equations. Doing so gives us the following equations
to solve for û and v̂:

−∇ · (ez ẑ∇u)−∇ · (ez∇û) = 0, in Ω,

û = 0, in ∂Ω,
(17.14)

and
−∇ · (ez ẑ∇v)︸ ︷︷ ︸
second order term

−∇ · (ez∇v̂) = û, in Ω,

v̂ = 0, in ∂Ω.

(17.15)

As shown in Chapter 20, the Gauss-Newton Hessian-vector product can
be obtained by removing second-order derivative terms from the full Hessian-
vector product (17.13) and the associated system (17.14) and (17.15).

In summary, at the current z and a given ẑ, we first solve (17.14) for û,
which is then substituted into (17.15) to solve for v̂, and then finally compute
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the full Hessian-vector product (17.13). The Gauss-Newton Hessian-vector
product follows the same steps with the second-order terms removed.

Problems

Problem 17.1. Derive the reduced gradient and Hessian-vector products for
the advection-PDE-constrained problem in section 17.1 with the following
objective functions:

1. Let uobs ∈ L2 (Ω) be given and define

J :=
1

2

∫
Ω

(
u− uobs

)2
dΩ.

2. Let φ ∈ L2 (Ω) and fobs ∈ be given and define

J :=
∣∣∣(φ, u)L2(Ω)

∣∣∣2
Problem 17.2. Consider two objective functions in Problem 17.1. For each
case, derive the reduced gradient and Hessian-vector products for the advection-
PDE-constrained problem in section 17.1 when z is given, but the optimiza-
tion variable is β.

Problem 17.3. Derive the reduced gradient and Hessian-vector products for
the elliptic-PDE-constrained problem in section 17.2 with the following ob-
jective functions:

1. Let D be a open subset of Ω and define

J (u) :=
1

2

∫
D

(
u− uobs

)2
dΩ,

2. Let
{
uobsj

}N
j=1

be the observational data at the points xj , j = 1, . . . , N ,

and define

J :=
1

2

N∑
j=1

(
u (xj)− uobsj

)2
.
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Efficient gradient computation for
Neural ordinary differential equations
with adjoint

Abstract
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Chapter 19

The development of kernel methods in
Support Vector Machines

Abstract
Look at my lecture notes.

1. Start with regression problem and derive the adjoint problem and then
notice the kernel, just like we did in the lecture notes

2. then move the SVM formulation and then its adjoint. Need to intro-
duce/prove the weak duality. Do we need to prove strong duality? then
show that the SVM similarly only depends on the inner product of the
data. Then say that we shall limit to the classification problem.

3. present a couple of problems (just like I did on the white board in class for
1D and 2D) to demonstrate that going to high dimension things become
separable. In this case, we can guess the feature map, and hence the inner
product in featured space, and hence the definition of the kernel

4. Now turn around and start with kernel first without knowing the feature
map, and then show how to do SVM in the feature space without going
there as we did in the class.
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Chapter 20

Exact computation of Hessian-vector
product

Abstract In Chapter 9 we presented an optimization theory for sufficiently
smooth problems possessing up to second-order Fréchet derivatives of the
cost functional. We derived an efficient adjoint approach to compute the
reduced gradient in Lemma 9.4 that can be used in a gradient-based approach
to solve equality-constrained optimization problems. This chapter presents
an adjoint approach to exactly compute the Hessian-vector product of the
cost functional. This is required for Newton-type approaches, such as the
Newton conjugate gradient approach. The additional expense on Hessian-
vector products is justified due to the quadratic convergence of the Newton
approach close to a minimum. We shall show that computing a Hessian-
vector product is not more expensive than computing the gradient. It is in
fact cheaper if the forward equation (9.12a) is nonlinear as we need to solve
linearized versions of (9.12a) and (9.12b). We shall also show how to derive
the product of Gauss-Newton Hessian with an arbitrary vector exactly using
adjoint approach. This is useful for many optimization methods that rely on
the Gauss-Newton Hessian, a simplification of the full Hessian, such as the
Gauss-Newton method. The chapter starts with a finite-dimensional setting,
deriving the full and Gauss-Newton Hessians, and extends the results to an
abstract setting with examples. The Hessian-vector products for training deep
neural network and for optimization problems with PDE constraints will be
presented in Chapter 10, and Chapter 17, respectively.

20.1 Finite dimensional setting

We begin with the following unconstrained least square optimization problem

min
z∈Rp

J (z) :=
1

2

∥∥∥fobs − f (z)
∥∥∥2
Rm

, (20.1)
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where fobs ∈ Rm is given and f : Rp ∋ z 7→ f (z) ∈ Rm. To solve (20.1), we
consider Newton-type approaches of the following form:

zk+1 = zk −H−1
(
zk
)
∇zJ

(
αk
)
, k = 1, 2, . . . , (20.2)

where H (z) ∈ Rn×n is either the Hessian ∇2
zJ (z) or an approximation to

the Hessian. If we define∆zk = zk+1−zk, the iteration in (20.2) is equivalent
to

H
(
zk
)
∆zk = −∇zJ

(
zk
)
, zk+1 = zk +∆zk. (20.3)

The crux of Newton-type methods is to solve the linear system of equa-
tions (20.3) for ∆zk. For large-scale problems (n ≫ 1) it is impractical to
form the Hessian H

(
zk
)
at every Newton step, and thus methods (for ex-

ample Gaussian elimination) that need explicit construction of the Hessian
is not feasible. Fortunately, Krylov-type approaches, such as the conjugate
gradient method, require only the product of the Hessian with vectors. As
long as we can compute the Hessian-vector products in a matrix-free fashion,
these methods are readily applicable. In this chapter, the Hessian H (z) in
(20.3) is either the full Hessian HF (z) or its Gauss-Newton approximation
HGN (z) (called Gauss-Newton Hessian) and our objective is to develop ad-
joint methods to compute Hessian-vector products exactly without forming
the Hessian. Without loss of generality, we only need to compute the gradient
and Hessian-vector products at a given z. When it is clear in the context,
we also omit the dependence on z for simplicity in writing. To begin, define
r (z) := fobs − f (z). By the chain rule, the jth component of ∇zJ is given
as

∂J

∂zj
=

m∑
i=1

ri
∂ri
∂zj

= −
m∑
i=1

ri
∂f i

∂zj
,

or equivalently as
∇zJ = (∇zf)

T
r. (20.4)

Recall our conventions in Chapter 9 that all vectors are column vectors, the
gradient of scalar-valued function, e.g. ∇zJ , is a column vector, and the
Jacobian of a vector-valued function, e.g. ∇zf , is a matrix whose ith row is
the transpose of the gradient of the ith component of the function.

Next, we derive the full Hessian and the Gauss-Newton Hessian to show
their difference. The jℓ component of the full Hessian is, again by the chain
rule, given as

HF (j, ℓ) =

m∑
i=1

(
∂f i

∂zℓ

∂f i

∂zj
− ri

∂2f i

∂zj∂zℓ

)
.

The jℓ component of the Gauss-Newton Hessian is given by
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HGN (j, ℓ) =

m∑
i=1

∂f i

∂zℓ

∂f i

∂zj
,

or equivalently
HGN = (∇zf)

T ∇zf ,

which is a simplification of the full Hessian in which we ignore the second-
order derivative terms. Clearly, the Gauss-Newton Hessian is the full Hessian
if f , and hence r, is linear in z. As a result, we can show that the Gauss-
Newton Hessian is the full Hessian of an approximation of J when r is lin-
earized at z (see Problem 20.1). It follows that the convergent rate of the
Gauss-Newton method is at best second order.

Remark 20.1. We see that if the ∇zJ can be expressed in the form (20.4),
the Gauss-Newton Hessian is readily available.

We now extend unconstrained optimization to specific equality-constrained
optimization problems similar to that in Example 9.8. Let us consider the
following optimization problem

min
u∈Rn,z∈Rp

J (u, z) :=
1

2

∥∥∥fobs − f (u, z)
∥∥∥2
Rm

, subject to c (u, z) = 0,

where f : Rn × Rp → Rm and c (u, z) : Rn × Rp → Rn. We assume that
det (∇uc) ̸= 0,∀u, z so that the implicit function theorem Theorem 9.1 al-
lows us to compute u as a function of z from the constraint. The optimization
problem is thus unconstrained in the reduced variable z when u is implicitly
expressed as a function of z. We are interested in deriving the reduced gra-
dient and the reduced Hessian-vector products of J at a given point [u, z].
Applying Lemma 9.4 the (total) reduced gradient reads

∇J = − (∇zf)
T
r + (∇zc)

T
v, (20.5)

where r (u, z) := fobs−f (u, z), and u and v are governed by the first order1

forward and adjoint system:

c (u, z) = 0, (20.6a)

− (∇uf)
T
r + (∇uc)

T
v = 0, (20.6b)

For computing the Hessian-vector products it is important to recall Re-
mark 9.3. Given z (e.g. at the current optimization step in the reduced space),
(20.6a) allows us to compute u (z) as a function of z. We can then compute
v (z) as a function of z from (20.6b). The gradient of J with respect to z
is then computed using (20.5). In other words, (20.6) is simply a means to

1 We call (20.6) as the “first order” system as it is resulted from the first deriva-

tives/variation of a Lagrangian (see Corollary 9.2).
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express u and v as a function of a given z, so that J can be considered as a
function of only the reduced variable z.

We next derive the (reduced) Hessian-vector products. To that end, let
ẑ ∈ Rp be arbitrary and denote the total directional derivative of any quantity

(·) with respect to z in the direction ẑ as (̂·): for example, û is the directional
derivative of u with respect to z in the direction ẑ. Clearly, the product of
the (full) Hessian of J and ẑ, HF ẑ is nothing more than the directional
derivative of the gradient ∇J in (20.5) along the direction ẑ, i.e.,

HF ẑ = ∇̂J = −∇̂zf
T
r + (∇zf)

T
f̂ + ∇̂zc

T
v + (∇zc)

T
v̂, (20.7)

where, by the chain rule,

∇̂zf = ∇z (∇zf) ẑ +∇u (∇zf) û,

f̂ = ∇zfẑ +∇ufû,

∇̂zc = ∇z (∇zc) ẑ +∇u (∇zc) û.

Here, recall the Fréchet gradient in Definition 9.3, we have identified, for
example, that

∇u (∇zf) û = ⟨Du (∇zf) , û⟩Rn ,

∇u (∇zc) û = ⟨Du (∇zc) , û⟩Rn

are the directional derivative of ∇zf and ∇zc with respect to u in the di-
rection of û. Since we are given f and c, all the quantities involved in HF ẑ
are known except û and v̂. As discussed above, they are a function of z via
(20.6) and thus they can be computed by taking the directional derivative
along the direction ẑ for both sides of (20.6):

∇uc û+∇zc ẑ = 0 (20.8a)

− (∇z (∇uf) ẑ +∇u (∇uf) û)
T
r + (∇uf)

T
(∇zfẑ +∇ufû)

+ (∇z (∇uc) ẑ +∇u (∇uc) û)
T
v + (∇uc)

T
v̂ = 0. (20.8b)

Note that the second order system (20.8), from which we can compute û and
v̂ as a function of ẑ, is a linearization of the first order system (20.6).

The product of the Gauss-Newton Hessian with ẑ can be derived in two
ways. The first approach is based on the observation that the Gauss-Newton
Hessian is obtained by removing all second-order derivative terms in the full
Hessian. In particular, from (20.7) we have

HGN ẑ = (∇zf)
T
(∇zfẑ +∇ufû) + (∇zc)

T
v̂, (20.9)
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where û and v̂ can be computed from the second order (20.10) by removing
all second derivative terms, i.e,

∇uc û+∇zcẑ = 0 (20.10a)

(∇uf)
T
(∇zfẑ +∇ufû) + (∇uc)

T
v̂ = 0. (20.10b)

The second approach is based on Remark 20.1.

Proposition 20.1. Let G be the total derivative of r with respect to z. The
following hold:

• G = ∇uf (∇uc)
−1∇zc−∇zf ,

• HGN ẑ = GTGẑ is the Hessian-vector product in (20.9).

Proof. We begin by casting (20.5) into the form (20.4) and this can be
achieved by eliminating v using the adjoint equation (20.6b):

∇J = − (∇zf)
T
r + (∇zc)

T
(∇uc)

−T
(∇uf)

T
r =

T(
∇uf (∇uc)

−1∇zc−∇zf
)

︸ ︷︷ ︸
G

r.

from which the Gauss-Newton Hessian reads

HGN = GTG =
(
∇uf (∇uc)

−1∇zc−∇zf
)T (
∇uf (∇uc)

−1∇zc−∇zf
)
.

Thus,

HGN ẑ =
(
∇uf (∇uc)

−1∇zc−∇zf
)T (
∇uf (∇uc)

−1∇zc−∇zf
)
ẑ

=
(
∇uf (∇uc)

−1∇zc−∇zf
)T ∇uf (∇uc)

−1
ĉ︸ ︷︷ ︸

−û from (20.10a)

−∇zfẑ

 ,

= (∇zf)
T
(∇ufû+∇zfẑ)−(∇zc)

T
(∇uc)

−T
(∇uf)

T
(∇ufû+∇zfẑ)︸ ︷︷ ︸

−v̂ from (20.10b)

,

which is exactly (20.9).

Example 20.1. We are going to derive the Hessian-vector products for the
problem Example 9.9. The Hessian-vector product in (20.7) simplifies to

HF ẑ = BT v̂,

where v̂ can be computed from second order system (20.8), and in this case
it reduces to
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Aû+Bẑ = 0,

CTCû+AT v̂ = 0.

Since both f and the constraint are linear in this example, the Gauss-Newton
Hessian is exactly the Hessian.

20.2 General setting

We have constructed the Hessian-vector product for a general finite dimen-
sional setting in section 20.1, which serves as the basis and the guideline for
the following exposition in a general setting. As shall be seen, all the results
are essentially the same except with Fréchet derivatives in place of the Fréchet
gradients in Euclidean spaces. We shall skip the details and leave them as an
exercise for the readers (see Problem 20.2). We begin with a general setting
similar to that in Corollary 9.2:

min
u∈X,z∈Z

∥∥fobs − f (u, z)∥∥2W , subject to c (u, z) = 0,

where c (·, ·) : X × Z → V and f (·, ·) : X × Z → W, with X,V,Z and W
are Hilbert spaces. We assume that the Fréchet derivative of the constraint
with respect to u, i.e. Duc (u, z) : X→ V, is invertible at any point [u, z], so
that, by the implicit function Theorem 9.1, we can express u as a function
of z through the constraint. Our subject of interest is to derive the reduced
gradient and the reduced Hessian-vector products of J at a given point [u, z].
Applying Lemma 9.4 the (total) reduced gradient reads

∇J = − (Dzf)
∗
r + (Dzc)

∗
v, (20.11)

where r (u, z) := fobs − f (u, z), and u and v are governed by the first order
system:

c (u, z) = 0, (20.12a)

− (Duf)
∗
r + (Duc)

∗
v = 0, (20.12b)

We now derive the product of the (reduced) Hessian with an arbitrary
ẑ ∈ Z. As above, let us denote the directional derivative of any quantity (·)
with respect to z in the direction ẑ as (̂·): for example, v̂ is the directional
derivative of v with respect to z in the direction ẑ. Clearly, the product of the
(full) Hessian operator of J and ẑ, HF ẑ is nothing more than the directional
derivative of the gradient ∇J in (20.11) along the direction ẑ, i.e.,
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HF ẑ = − [Dz (Dzf) ẑ + Du (Dzf) û]
∗
r + (Dzf)

∗
(Dzfẑ + Dufû)

+ [Dz (Dzc) ẑ + Du (Dzc) û]
∗
v + (Dzc)

∗
v̂, (20.13)

where û and v̂ are the solution of the following second order system obtained
from taking directional derivative of (20.12) with respect to z in the direction
ẑ:

Duc û+ Dzcẑ = 0 (20.14a)

− [Dz (Duf) ẑ + Du (Duf) û]
∗
r + (Duf)

∗
(Dzfẑ + Dufû)

+ [Dz (Duc) ẑ + Du (Duc) û]
∗
v + (Duc)

∗
v̂ = 0. (20.14b)

The Gaussian-Newton counterparts can be obtained by dropping second
derivative terms in (20.13) and (20.14). Specifically, we have

HGN ẑ = (Dzf)
∗
(Dzfẑ + Dufû) + (Dzc)

∗
v̂, (20.15)

where û and v̂ satisfy the following simplified second order system:

Duc û+ Dzcẑ = 0 (20.16a)

(Duf)
∗
(Dzfẑ + Dufû) + (Duc)

∗
v̂ = 0. (20.16b)

A general version of Proposition 20.1 can now be stated.

Proposition 20.2. Let G be the total derivative of r with respect to z. The
following hold:

• G = Duf (Duc)
−1 Dzc−Dzf ,

• HGN ẑ = GTGẑ is the Hessian-vector product in (20.15).

Proof. See Problem 20.3.

Example 20.2. Recall Example 9.10 in which we provided the expression for
the reduced gradient. We now apply the above results to write out the
Hessian-vector products for this example. Note that α plays the role of z
(and thus Rn is in place of Z). Keeping the similar convention of notations,
for this example, the full Hessian-vector product in (20.13) reduces to

HF α̂ =

∫
Ω

v̂ (x)

∫
Ω

∇αk (x,y;α)u (y) dy dx

+

∫
Ω

v (x)

∫
Ω

∇αk (x,y;α) û (y) dy dx

+

∫
Ω

v (x)

∫
Ω

∇α (∇αk (x,y;α)) α̂u (y) dy dx,

and the system (20.14), for which û and v̂ satisfy, specifically becomes
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(I + K) û+

∫
Ω

(∇αk (x,y;α) , α̂)Rn u (y) dy = 0

(φ, û)L2(Ω) φ + (I + K∗) v̂ +

∫
Ω

(∇αk (x,y;α) , α̂)Rn v (x) dx = 0

Similarly, the Gauss-Newton Hessian-vector product (20.15), when applied
to this example, becomes

HGN α̂ =

∫
Ω

v̂ (x)

∫
Ω

∇αk (x,y;α)u (y) dy dx,

and the system (20.16) reduces to

(I + K) û+

∫
Ω

(∇αk (x,y;α) , α̂)Rn u (y) dy = 0,

(φ, û)L2(Ω) φ+ (I + K∗) v̂ = 0.

Problems

Problem 20.1. Let r (z) := fobs − f (z) and its linearization at ẑ is given
by p (θ) := fobs − f (ẑ) − ∇z f |ẑ θ. Consider the following least square
optimization problem

min
θ∈Rp

Ŝ (θ) :=
1

2
∥p (θ)∥2Rm .

Show that the jℓ component of the full Hessian is given by

HF (j, ℓ) =

m∑
i=1

∂f i

∂zℓ

∣∣∣∣
ẑ

∂f i

∂zj

∣∣∣∣
ẑ

,

Or equivalently
HF = ∇z f |Tẑ ∇z f |ẑ .

Problem 20.2. Using the Fréchet derivative and gradients in Chapter 9 to
derive the results in section 20.2.

Problem 20.3. Prove Proposition 20.2

Problem 20.4. Derive the full and Gauss-Newton Hessian-vector products
for Problem 9.4.



Chapter 21

Stability of ordinary differential
equations via adjoint

Abstract
In this section, we provide a brief view on the role of adjoint in the study

of stability of the equilibria of ordinary differential equations (ODEs). Most
of our mathematical exposition follows [95], and we limit ourselves to au-
tonomous systems of the form

ẋ :=
dx

dt
= f (x) , (21.1)

where x ∈ Rn and f : G ⊂ Rn → Rn is assumed to be continuous and locally
Lipschitz. The domain G of f is assumed to be a nonempty open subset
of Rn. Due to the translational invariance of autonomous system, without
loss of generality, we can assume that 0 ∈ G is an equilibrium point, i.e.
f (0) = 0. We use x0 to denote the initial condition and I to denote the
maximal interval of existence for a solution of (21.1). All the norms ∥·∥ and
inner products (·, ·) in this section are the standard Euclidean ones, and in
this case Example 5.5 shows that the adjoint of a real matrix is simply its
transpose. For matrices, the norm is the induced operator norm.

Definition 21.1 (Lyapunov stability). The equilibrium point 0 is stable
(in the sense of Lyapunov) if for any ε > 0, ∃δ > 0 such that for every
(maximal) solution x : I → G such that x (0) ≤ δ, we have x (t) ≤ ε for all
t ∈ I ∩ (0,∞).

Theorem 21.1 (Lyapunov direct method). If there exists an open neigh-
borhood U of 0 and a continuous differentiable function V such that

1. V (0) = 0 and V (z) > 0 for all z ∈ U \ {0}, and

2. Vf (z) := (∇V (z) ,f (z)) :=

n∑
i=1

∂V

∂zi
f i (z) ≤ 0 for all z ∈ U.

Then 0 is a stable equilibrium point of (21.1).

Proof. See [95, Theorem 5.2].

181
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Definition 21.2 (Asymptotic stability). The equilibrium 0 is attractive
if there exists δ > 0 such that for every x0 ∈ G such that ∥x0∥ ≤ δ, then the
solution x (t)→ 0 as t→∞. We say 0 asymptotically stable (in the sense of
Lyapunov) if it is both stable and attractive.

Theorem 21.2 (A sufficient condition for asymptotic stability). As-
sume that there exists a neighborhood U of x0 and a continuously differen-
tiable function V such that

i V (0) = 0 and V (z) > 0 for all z ∈ U\{0}, and Vf (z) ≤ 0 for all z ∈ U,
and

ii 0 is the inverse image of Vf (z) = 0, i.e., V −1
f (0) = 0.

Then 0 is asymptotically stable.

Proof. See [95, Theorem 5.15].

We next study the stability of systems of linear ODEs, and this is where
the adjoint comes into the picture. We then infer the stability of nonlinear
systems using the stability of their linearizations. To that end, we consider
linear systems with G = Rn, A ∈ Rn×n, and

ẋ = f (x) = Ax. (21.2)

Clearly, the solution of the (21.2) can be written as matrix exponential [66,
104, 73]

x (t) = exp (At)x0.

Definition 21.3 (Exponential stability). The equilibrium 0 is called ex-
ponentially stable if there exist M ≥ 1 and α > 0 such as

∥exp (At)x0∥ ≤M exp (−αt) ∥x0∥ , ∀t ≥ 0 and ∀x0 ∈ Rn.

Definition 21.4 (Hurwitz matrices). Let σ (A) denote the spectrum (the
collection of all eigenvalues) ofA.A is Hurwitz if σ (A) ⊂ {λ ∈ C : ℜ (λ) < 0}.

Proposition 21.1. Let A ∈ Rn×n. The following statements are equivalent:

i) A is Hurwitz.
ii) 0 is an exponentially stable equilibrium of (21.2).
iii) 0 is an asymptotically stable equilibrium of (21.2).

Proof. See [95, Proposition 5.25].

We are in the position to discuss one of the main results of this section.
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Theorem 21.3 (Necessary and sufficient conditions for exponential
stability). A ∈ Rn×n is Hurwitz iff for each symmetric positive definite
(SPD) matrix Q ∈ Rn×n, the matrix equation

PA+A∗P +Q = 0

has a SPD solution P ∈ Rn×n.

Proof. For the necessity, suppose A is Hurwitz. It follows from Proposi-
tion 21.1 that 0 is an exponentially stable equilibrium, that is, there exists
M > 0 and α > 0 such that

∥exp (At)∥ = sup
x0∈Rn

∥exp (At)x0∥
∥x0∥

≤M exp (−αt) , t ≥ 0.

Now for any SPD matrix Q, let us define

P :=

∫ ∞

0

exp (A∗)Q exp (At) dt,

which is a well-defined matrix since

∥P∥ ≤
∫ ∞

0

∥exp (A∗t)∥ ∥Q∥ ∥exp (At)∥ dt ≤M ∥Q∥
∫ ∞

0

exp (−2αt) dt <∞,

where in the second inequality we have used the fact from Proposition 5.3
that the norm of a linear continuous operator is equal to the norm of its
adjoint. P is SPD as

(x,Px) =
∫ ∞

0

(x, exp (A∗t)Q exp (At)x) dt =

∫ ∞

0

(exp (At)x,Q exp (At)x) dt,

and the fact that Q is SPD. Furthermore,

PA+A∗P =

∫ ∞

0

d (exp (A∗t)Q exp (At))

dt
dt = −Q,

where we have used the fact that exp (At), and hence exp (A∗t), decays
exponentially to 0.

For the sufficiency, Proposition 21.1 says that we only need to show that
0 is an asymptotically stable equilibrium. To that end, let us construct the
following function

V (z) := (z,Pz) .

Clearly V (z) ≥ 0 for all z ∈ Rn, and V (z) = 0 iff z = 0 as P is SPD.
Furthermore

Vf (z) = 2 (Pz,Az) = (z, (PA+A∗P) z) = − (z,Qz) ≤ 0.
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Thus, by Theorem 21.2, 0 is asymptotically stable, and this ends the proof.

Let us now use Theorem 21.3 to study the stability of the equilibrium 0
of the general nonlinear system (21.1).

Hypothesis 21.1 (Nonlinearly purturbed linear ODE systems). We
assume that f (x) = Ax + h (x) where A ∈ Rn×n and h : G → Rn is
continuous with

lim
z→0

∥h (z)∥
∥z∥

= 0, (21.3)

that is, h (z) = o (z). In other words, h approaches 0 faster than z.

Theorem 21.4 (Linear stability implies nonlinear stability). Assume
Hypothesis 21.1 holds. If 0 is an asymptotically stable equilibrium of (21.2),
it is also an asymptotically stable equilibrium of (21.1).

Proof. Suppose 0 is an asymptotically stable equilibrium of (21.2). Using
Theorem 21.3 we can pick Q = I, and form V (z) := (z,Pz). It follows that
V (0) = 0 and V (z) > 0 for all z ̸= 0 owing to the SPD property of P. In
order to use Theorem 21.2 to conclude the proof, we just need to show that
Vf (z) < 0. We have

Vf (z) = 2 (Pz,Az + h (z)) = −∥z∥2+2 (Pz,h (z)) ≤ −∥z∥2+2 ∥P∥ ∥z∥ ∥h (z)∥ ,

where we have used PA + A∗P = −I in the second equality. Next, using
(21.3) we can pick a sufficient small neighborhood U = Bε (0) such that

∥h (z)∥ ≤ ∥z∥
4 ∥P∥

. Thus Vf (z) < 0 for all z ∈ U, and this ends the proof.

Theorem 21.4 reduces the stability analysis of an equilibrium of a nonlin-
ear ODE system to an appropriate linear ODE counterpart, which is much
simpler as linear algebra is then all we need for studying the stability. We
have also seen in Theorem 21.3 and Theorem 21.4 that adjoint plays the key
role in establishing a necessary and sufficient condition for the stability of an
equilibrium of an ODE system.

Example 21.1 (Linearization of nonlinear ODE systems). We assume f : G→
Rn is differentiable at 0, and 0 ∈ G is an equilibrium. Let us set

A := ∇f (0) ,

where the gradient is defined in Definition 9.3 and Example 9.2. The definition
of Fréchet derivative in (9.2) implies (21.3) with h (x) := f (x)−Ax. Then by
Theorem 21.4, the asymptotic stability of 0 for the linearized system implies
the asymptotic stability of 0 for the original nonlinear system.

Example 21.2 (The asymptotic stability meaning of the basic reproduction in
epidemic modeling). With the ever-increasing human population on every
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part of the earth, the shrinkage in the natural habitat for plants and animals,
and the shortage of natural resources such as water and food, the emergence
of new and re-emergence of old infectious diseases are inevitable. Epidemic
modeling plays a key role in forecasting how an infectious disease (such as
SARS and COVID-19) spreads. This in turn facilitates informative decision-
making to prevent a disease outbreak. The reproduction number R0 provides
epidemiologically meaningful criteria to predict an outbreak [116, 71, 25, 99,
47, 91, 41, 26, 72, 139]. Its popular definition is “the number of secondary
cases one infected individual produces in a population consisting of only
susceptibles”. As a result, if R0 < 1 the disease dies out but persists as an
endemic (or goes on extinction) if R0 > 1.

One of the most popular approaches to model disease dynamics is to use
ODEs [25, 99, 47, 91, 41, 26, 72] in which, for example in an Susceptible-
Exposed-Infectious-Recovered-Susceptible (SEIRS) model, the components
of x in (21.1) are typically the fraction of susceptible, exposed, infected,
and recovered within the population under consideration. The dying out of
a disease corresponds to an outbreak returning to a disease-free state, while
persistence to an endemic corresponds to a disease that remains in the pop-
ulation. Clearly, the disease-free state is an equilibrium of the ODE system
if it is a meaningful representation of the disease dynamics. The dying out
of a disease, therefore, corresponds to a perturbation from and then a re-
turn to disease-free equilibrium (DFE). This in turn should correspond to
the asymptotic stability of the DFE. This is exactly a mathematical justi-
fication of the reproduction number. Figure 21.1 is our effort1 in sketching
the association, via the next generation matrix approach [76, 139, 45], of the
reproduction number being less than unity and the asymptotic stability of 0
as a DFE of an abstract epidemic ODE model ẋ = f (x). Note that the top
arrow is the implication (due to Theorem 21.4) and the rest are equivalences.
(See our work [6], and the references therein, for a detailed exposition of this
correspondent for a new SEIRS epidemic model.) As can be seen, when the
number of secondary cases one infected individual produces is less than one,
the DFE is asymptotically stable and the solution of the epidemic ODE model
approaches the DFE as time goes on. Epidemically speaking, the disease dies
out.

1 Unpublished notes.
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Asymptotic stability of the equilibrium 0 of ẋ = f(x)

Asymptotic stability of the equilibrium 0 of ẋ = f(x) = Ax+ h(x)

Asymptotic stability of the equilibrium 0 of ẋ = Ax

A is Hurwitz

ρ(A) < 0

R0 := ρ
(
FV −1

)
< 1

Theorem 21.4 A := ∇f(0)

h(x) = f(x)−Ax

lim
x→0

∥h(x)∥
∥x∥

= 0

Proposition 21.1

ρ(A) := max{ℜ(λ) : λ ∈ σ(A)}

decompose A = F − V , where F and V

satisfy certain conditions [76, 139, 45]

Fig. 21.1: A sketch of the association, via the next generation matrix ap-
proach, of the reproduction number being less than unity and the asymptotic
stability of the disease-free equilibrium 0 of an abstract epidemic ODE model
ẋ = f (x). Note that the top arrow is the implication (due to Theorem 21.4)
and the rest are equivalences.



Chapter 22

A new look at balanced truncation and
its application to linear and nonlinear
systems

Abstract In this chapter we provide a new look at the balanced trunca-
tion method [86, 105, 89, 9]. We explore the singular value decomposition.
Though the starting point of our derivation is based on the principle com-
ponent analysis as in [105], we provide several new perspectives. First, we
view the reachability and observability from an operator point of view. Thus,
we derive the reachability and observability gramians as, thanks to adjoint,
a natural immediate step for computing the SVD of the input-to-state the
state-to-output operators. Second, we use the calculus of variation (see ??)
to derive the reachability gramian in a natural way. Third, we provide an
active subspace viewpoint of the most reachable and observable modes, and
the balanced truncation.

22.1 Introduction

In this section, we discuss an important application of SVD in model order
reduction (a.k.a. reduced-order modeling). For concreteness, we consider the
following linear time-invariant systems (LTI)

dx

dt
= Ax+Bu

y = Cx
(22.1)

where u ∈ Rp is some given input/control vector, x ∈ Rn is the state, y ∈ Rq

is the output vector,A ∈ Rn×n,B ∈ Rn×p, andC ∈ Rq×n are given matrices,
and t is time. The initial condition is given as x (t0) = x0 for some given x0.
Note that considering a linear dynamical system in the matrix form (22.1) is
not a limitation due to the equivalence of linear operators in finite dimensions
and their matrix representations (see ??). One of the most prominent model
reduction methods of (22.1) is the so-called balanced truncation [86, 105, 89,

187
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9]. We are interested in deriving the balanced truncation from SVD point of
view. We begin with the analytical solution of (22.1) as

x (t) = eA(t−t0)x0︸ ︷︷ ︸
xI(t)

+

∫ t

t0

eA(t−τ)Bu (τ) dτ︸ ︷︷ ︸
xII(t)

.

The first component xI is the solution of (22.1) with zero control input
u. The corresponding output is

yI (t) = CeA(t−t0)x0.

The second component xII is the solution is the solution of (22.1) with input
u (t) and zero initial condition.

22.2 A constructive derivation of the observability
Gramian

We fix t0 = 0 and consider the output (vector-valued) function yI (t), for
t ∈ (0,∞), generated from x0 with u = θ (zero input). Let us define the
following space square integrable vector-valued functions

L2 (Rq, (0,∞)) :=

{
y(t) :

∫ ∞

0

∥y∥2Rq dt <∞
}

with the inner product

(x,y)L2(Rq,(0,∞)) :=

∫ ∞

0

(x,y)Rn dt,

and the induced norm

∥y∥L2(Rq,(0,∞)) =
√

(y,y)L2(Rq,(0,∞)).

We assume that (22.1) is asymptotically stable, that is, A is Hurwitz (see
Definition 21.2 and Definition 21.4). Define the map

O : Rn ∋ x0 7→ Ox0 := CeAtx0 ∈ L2 (Rq, (0,∞)) ,

so that yI (t) = Ox0. Since A is Hurwitz, yI (t) ∈ L2 (Rq, (0,∞)). Thus, O
maps an initial condition x0 to an output yI .

Definition 22.1 (Observability). Any x0 gives rise to yI (t) ̸= θ is called
observable. The system (22.1) is completely observable if every x0 ∈ Rn is
observable.
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Since Rn is the domain of O, its range is at most n-dimension, the operator
O maps finite dimensional space Rn into a finite-dimensional subpsace of
L2 (Rq, (0,∞)). Clearly, x0 ∈ N (A ) ̸= {θ} is not observable as yI (t) = θ.
Thus, for all x0 ∈ Rn to be observable, N (A ) = {θ}. This is equivalent to
the requirement that O, as an q × n matrix for any t, has full column rank.

Thinking about the output yI (t) as our gain from x0, we are interested
in gaining the largest relative change in the norms (also called energy in this
chapter) from x0 to yI . Since O is linear, this is the same as seeking x0 with
unit energy that produces the largest output energy. Let us call that optimal
initial condition as ϕ. As shown in section 8.2, ϕ must be the first principle
component of O (or equivalently the first right singular vector), namely1

ϕ = arg min
∥x0∥Rn=1

(Ox0,Ox0)L2(Rq,(0,∞)) = arg min
∥x0∥Rn=1

xT
0 O∗Ox0,

that is, ϕ must be an eigenvector of O∗O corresponding to the largest eigen-
value. Again, this is not a surprise as we have seen this in the proof of the
SVD Theorem 8.1. We need to find O∗ to see how O∗O looks like. Using the
definition of adjoint, for any x ∈ Rn and y (t) ∈ L2 (Rq, (0,∞)) we have

(Ox,y)L2(Rq,(0,∞)) =

∫ ∞

0

y (t)
T
CeAtx dt =

(
x,

∫ ∞

0

eA
T tCTy (t) dt

)
Rn

,

which implies that O∗ : L2 (Rq, (0,∞)) ∋ y (t) 7→
∫ ∞

0

eA
T tCTy (t) dt ∈ Rn.

Thus, we have

O∗O =

∫ ∞

0

eA
T tCTCeAt dt, (22.2)

which is exactly the observability Gramian in the control literature (see, e.g.,
[9]). In other words, from the desire to find an initial condition x0 that yields
the largest relative change in energy from x0 to yI (t), we have constructively
derived the observability Gramian using adjoint of the initial-condition-to-
output map O and the SVD. The eigenvector ϕ corresponding to the largest
eigenvalue of the observability Gramian is also known as the most observable
initial condition. The corresponding largest output energy is thus given by∥∥yI

∥∥2
L2(Rq,(0,∞))

= ϕTO∗Oϕ = ∥O∥2 .
1 Again, as discussed in section 8.2, we should write ϕ ∈
arg min

∥x0∥Rn=1
(Ox0,Ox0)L2(Rq,(0,∞)).
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22.3 A constructive derivation of the reachability
Gramian

We set t0 = 0 and t = ∞ in xII , that is, we are interested in reaching x0

at time 0 by driving the LTI system (22.1) with u (t) ∈ L2 (Rp, (−∞, 0))
from negative infinity time with x (−∞) = 0. Here, the Hilbert space
L2 (Rp, (−∞, 0)) is defined similar to the definition of L2 (Rq, (0,∞)) in sec-
tion 22.2. In this case, xII defines the following map

R : L2 (Rp, (−∞, 0)) ∋ u (t) 7→ x0 = Ru :=

∫ 0

−∞
e−AτBu (τ) dτ ∈ Rn.

Again, the definition of R, and hence R is bounded, makes sense thanks to
the fact that A is Hurwitz. A control question is then if there exists an input
u (t) that drives the system (22.1) from zero state x (−∞) = 0 to the desired
state x0. Such an x0 is call reachable.

Definition 22.2 (Reachability). We say that x0 is reachable if there exists
u ∈ L2 (Rp, (−∞, 0)) such that x0 = Ru. The system (22.1) is completely
reachable if any x0 ∈ Rn is reachable.

Thus, reachability of x0 ∈ Rn is the same as existence of a solution u ∈
L2 (Rp, (−∞, 0)) of the equation

Ru = x0,

and complete reachability is thus the subjectivity of R, that is, R (R) =
Rn. From now on we assume that (22.1) is completely reachable. In this
case, dim (R (R∗)) = dim (R (R)) = n (see ??), and Corollary 5.2 says that

N (R) = R (R∗)
⊥
must be infinite-dimensional subspace of L2 (Rp, (−∞, 0)).

Now thinking u (t) as the cost (expense) of gaining x0 (gain), we aim to
minimize the cost relative to gain. We use the norm of the input ∥u∥L2(Rp,(−∞,0))

for cost and the norm ∥x0∥Rn for gain. We shall first the best input u (t) in
two steps. First, we shall find an input with the smallest norm for each x0,
and then identify which x0 produces the smallest input norm. For the first
step, our task is

min
u∈L2(Rp,(−∞,0))

∥u∥L2(Rp,(−∞,0))

∥x0∥Rn

, subject to Ru = x0.

Since we are interested in the relative norm, we can simply consider x0 with
unit-norm. Thus, our task of interest is an equality-constrained optimization
problem

min
u∈L2(Rp,(−∞,0))

1

2
∥u∥2L2(Rp,(−∞,0)) , subject to Ru = x0. (22.3)
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Define the Lagrangian

L (u, z) :=
1

2
∥u∥2L2(Rp,(−∞,0)) + (z,Ru− x0)Rn ,

and apply the Lagrangian multiplier Theorem 9.3 we obtain

u+ R∗z = θ,

which implies
Ru+ RR∗z = θ.

Now since dim (R (R)) = n (complete reachability), RR∗ : Rn → Rn is
invertible (see Problem 22.1), and we can use the constraint to solve for the
Lagrangian multiplier z as

z = − (RR∗)
−1

x0,

and thus the input with minimum norm that reaches a unit vector x0 is given
by

u(t) = R∗ (RR∗)
−1

x0, (22.4)

We are now ready for the second step in which we find an x0 whose associated
u(t) given in (22.4) has the smallest norm. Since we have

∥u(t)∥2L2(Rp,(−∞,0)) =
(
R∗ (RR∗)

−1
x0,R

∗ (RR∗)
−1

x0

)
L2(Rp,(−∞,0))

=
(
x0, (RR∗)

−1 RR∗ (RR∗)
−1

x0

)
Rn

= xT
0 (RR∗)

−1
x0

A unit-norm x0 that we are looking for is thus a normalized eigenvector of
(RR∗)

−1
associated with its smallest eigenvalue. In other words, a unit-norm

x0 is a normalized eigenvector of RR∗ associated with the largest eigenvalue.
An input with smallest energy is then given by

∥u(t)∥2L2(Rp,(−∞,0)) =
1

the largest eigenvalue of RR∗ =
1

∥R∥2
.

What remains is to determine R∗ to know what the n×n matrix RR∗ looks
like. Similar to section 22.2, using definition we find that (see Problem 8.6)

R∗ : Rn ∋ x0 7→ BT e−AT tx0 ∈ L2 (Rp, (−∞, 0)) ,

and thus

RR∗ =

∫ 0

−∞
e−AτBBT e−AT τ dτ =

∫ ∞

0

eAτBBT eA
T τ dτ, (22.5)
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which is exactly the reachability Gramian in the control literature (see, e.g.,
[9]).

22.4 Balanced truncation

Recall from section 22.2 and section 22.3 that the output energy associated
with a state x0 (with zero input u)

∥y∥2L2(Rq,(0,∞)) = xT
0 O∗Ox0,

and the (minimum) input energy that produces a state x0 (from zero state)

∥u(t)∥2L2(Rp,(−∞,0)) = xT
0 (RR∗)

−1
x0.

In this section, we assume the system (22.1) is both completely reachable and
observable, and thus both O∗O and RR∗ are invertible (see Problem 22.1).
We also recall that the states x0 that are most observable are those align
with eigenvectors of O∗O (equivalently left right vectors of O) correspond-
ing to the largest eigenvalues (equivalently largest singular values of O). On
the other hand, the states x0 that are most reachable are those align with
eigenvectors of RR∗ (equivalently left singular vectors of R) corresponding
to the largest eigenvalues (equivalently largest singular values of R). Thus,
in the eigenvector coordinates of O∗O and RR∗ we know which states are
important. For example, let the eigendecomposition of O∗O be

O∗O = UΛUT ,

where Λ is a diagonal matrix whose diagonal entries are ordered from largest
to smallest, and each column of U is the corresponding eigenvector. Moving
to the eigenvector coordinates is equivalent to a linear transformation

x = Ux̂,

and the system (22.1) is transformed to
dx̂

dt
= Âx̂+ B̂u,

y = Ĉx̂,
(22.6)

where Â = UTAU , B̂ = UTB, and Ĉ = CU . The observability Gramian
for (22.6) reads (see Problem 22.2)

Ô∗Ô = UTO∗OU = Λ,



22.4 Balanced truncation 193

and the output energy now becomes

∥y∥2L2(Rq,(0,∞)) = x̂T
0 Ô∗Ôx̂0 = x̂T

0 Λx̂0 =

n∑
i=1

λix̂
2
0 (i)

which shows that the ith component of the transformed state x̂0 contributes
to the output energy more than, thus more observable than, the jth compo-
nent. Let ε > 0 be small and there exists nr ∈ N and nr < n such that λi ≤ ε
for all i ≥ nr, then truncating the transformed system to have the following
reduced system 

dx̂r

dt
= Ârx̂r + B̂ru,

ŷr = Ĉrx̂r,

where Âr is the nr×nr block of Â associated with x̂r. Similarly, B̂r and Ĉr

are the subblocks of B̂ and Ĉ associated with the reduced state x̂r. Note that
the output ŷr of the reduced system is not the same as the original output
y due to truncation. However, the energy of the reduced output is Need to
recheck the following identity: This is only true if the reduced gramians are
the reduced diagonal of the original gramians

∥yr∥
2
L2(Rq,(0,∞)) =

nr∑
i=1

λix̂
2
0 (i) .

Thus,

∥y∥2L2(Rq,(0,∞))−∥yr∥
2
L2(Rq,(0,∞)) =

n∑
i=nr+1

λix̂
2
0 (i) ≤ ε

n∑
i=nr+1

x̂2
0 (i) ≤ ε ∥x0∥2 ,

which means that the output energy loss due to truncation can be negligible
if ε is small (i.e. when the eigenvalues of O∗O decay quickly ).

We can argue similarly, and thus ranking the new transformed states, by
looking at the eigenvalue decomposition of RR∗. We can conclude that by
removing the transformed states associated with small eigenvalues of RR∗

does not alter much the system behavior from input to state.
The question is then which coordinate transform we should use to rank the

transform states, hence truncating the system appropriately? The problem
here is that states the are more observable may be less reachable. Thus, keep-
ing more observable states may not be meaningful as they could be hardly
reachable. Conversely, keeping more reachable states may not be useful as
they could be hardly observable. The intuitive approach is to transform the
system so that any transformed state is equally observable and reachable.
Then, by truncating less observable states, we also remove less reachable
states at the same time. Such a transformation must simultaneously diago-
nalizes observability and reachability Gramians so that the transformed ob-
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servability and reachability Gramians are not only diagonal but also equal to
each other.

We can find a desirable transformed system in two steps:

1. First, transform the system (22.1) via x = Sx̂, where S = UΛ−1/2, then
(see Problem 22.2) the transformed Gramians are

Ô∗Ô = I, and R̂R̂∗ = Λ1/2UTRR∗UΛ1/2.

2. Second, let the eigenvalue decomposition of R̂R̂∗ as

R̂R̂∗ = V Σ2V T ,

and transform the system once more time with x̂ = T x̃ where T =
V Σ1/2.

Then, both Gramians of the final transformed system are Σ, which is exactly
what we want. That is, any component of x̃ is equally observable and reach-
able. Furthermore x̃(i) is more observable and more reachable than x̃(j) for
i > j, where i = 1, . . . , n and j = 1, . . . , n.

We point out that without truncation the output of the system remains
unchanged through any linear and invertible transformation S. It is also
easy to see that (see Problem 22.2) the original cross Gramian RO : Rn →
Rn and the transformed one R̂Ô : Rn → Rn are related by a similarity
transformation

R̂Ô = S−1ROS,

and thus the eigenvalues of the cross Gramian are invariant.
The interesting point here is that the “reverse” cross Gramian OR stays

unchanged under any invertible linear transformation as

ÔR̂ = OR,

where, by definition, is given by

OR : L2 (Rp, (−∞, 0))→ L2 (Rq, (0,∞)) ,

and

y(t) = ORu = C

∫ 0

−∞
eA(t−τ)Bu (τ) dτ, t > 0,

which is exactly the past-input-to-future-output map: known as the Hankel
operator (see, e.g., [9]).

Under balanced truncation, the Hankel operator changes however. The
question is how much the output changes when a balanced truncation is
carried out. To answer this question, without loss of generality, let us assume
that the system (22.1) is already balanced, and thus both observability and
controllability Gramians are equal to a diagonal matrix Σ. We would like to
bound the worst-case relative error
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sup
u

∥y − yr∥L2(Rq,(0,∞))

∥u∥L2(Rp,(−∞,0))

= sup
u

∥(OR − OrRr)u∥L2(Rq,(0,∞))

∥u∥L2(Rp,(−∞,0))

= ∥OR − OrRr∥

Do not know how to estimate this value here. Come back later if necessary.

22.5 A new look at balanced truncation and its
application to linear and nonlinear systems

In this section, we first derive a new general framework for observability
and controllability. We then apply for the system (22.1) and show that the
concept of observability and reachability in section 22.2 and section 22.3
are the special case of the general framework. We then apply the system to
two nonlinear systems. We will also discuss how to apply the framework for
general input and output energies. We conclude the section with a discussion
on a balanced truncation method based on the proposed framework. For the
simplicity of the exposition, we assume that all functions under consideration
are sufficiently smooth so that their required Fréchet derivatives are well-
defined.

22.5.1 General setting

We begin with a general setting. Let h : X ∋ x 7→ y = h (x) ∈ Y. We
are interested in finding a direction x̂ in X along which y is most sensitive.
There are many ways to address this question (see, e.g., [?]). Here, we follow
[30] to find global sensitive directions on an average sense based on Fréchet
derivative (see Chapter 9). To begin, recall the Fréchet derivative with respect
to x is denoted as Dxh (x) which is a linear and continuous mapping from X
to Y. The action of Dxh (x) in any direction z is denoted as Dxh (x) z. Since
Fréchet derivative Dxh (x) depends on the direction z linearly, we can assume
that z is a unit vector. We define the most sensitive direction x̂ is the one
along which Dxh (x) amplify the largest, i.e.,

x̂ = arg max
∥z∥X=1

∥Dxh (x) z∥Y .

Recall from Remark 5.5 that this is a valid definition as Dxh (x) is a linear
and continuous mapping. Equivalently,

x̂ = arg max
∥z∥X=1

∥Dxh (x) z∥2Y = arg max
∥z∥X=1

(Dxh (x) z,Dxh (x) z)Y

= arg max
∥z∥X=1

(
z, (Dxh (x))

∗ Dxh (x) z
)
X ,
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that is, x̂ is an eigenfunction associated with the largest eigenvalue of the self-
adjoint operator (Dxh (x))

∗ Dxh (x). As a result, the above sensitive direction
x̂ is a local definition as Dxh (x) depends on x. In particular, x̂ could be the
most sensitive direction at a point x but maybe not at another point. This is
an issue for methods in which sensitive directions are important. We resolve
this by defining globally sensitive directions in an average sense. To that end,
let µ (x) be a probability measure on X. The globally sensitive direction
x̂ is defined as

x̂ = arg max
∥z∥X=1

(
z,Eµ

[
(Dxh (x))

∗ Dxh (x)
]
z
)
X , (22.7)

where the expectation is defined as

C := Eµ

[
(Dxh (x))

∗ Dxh (x)
]
:=

∫
X
(Dxh (x))

∗ Dxh (x) dµ (x) . (22.8)

As can be seen, C is a self-adjoint operator on X and it is the average of all
(Dxh (x))

∗ Dxh (x) under the probability measure µ. From Chapter 20, we see

that C is nothing more than the average Gauss-Newton Hessian of
1

2
∥h (x)∥2Y.

As a result, x̂ defined in (22.7) is a global sensitivity and it is an eigenfunction
associated with the largest eigenvalue of average Gauss-Newton Hessian C .
The eigenfunctions are sensitivity directions of h (x) and the eigenvalues al-
low us to rank eigenfunctions from the most to least sensitive ones, assuming
the number of non-zero eigenvalues is countable and the eigenspace associ-
ated with an eigenvalue is finite-dimensional. This is guaranteed when h is a
compact mapping. The theoretical details on how to exploit this information
for dimensional reduction can be found in [30]. In the following, we shall see
that observability and reachability gramians derived in (22.2) and (22.5) are
special cases of the sensitivity covariance operator C . More importantly, the
unified setting that we propose in this section provides a unified balanced
truncation approach for both linear and nonlinear systems.

22.5.2 A new look at the observability gramian

We now apply the general setting for the observable map O to derive the
observability gramian. In this case, X = Rn, Y = L2 (Rq, (0,∞)) and h :
Rn ∋ x0 7→ h (x0) := y (x0) = Ox0 = CeAtx0 ∈ L2 (Rq, (0,∞)). Note
that y, and hence h, is also a function of time t, but we ignore this for the
simplicity of the exposition. We next define the new notion of observability
based on sensitivity. To that end, we note from section 22.2 that the more
observable state is the one produces more output norm
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Definition 22.3 (Observability). A unit vector ẑ ∈ Rn is said to be locally
observable at x0 if the magnitude of Fréchet derivative of the output y at x0

along direction ẑ, ∥Dx0
y (x0) ẑ∥2L2(Rq,(0,∞)) =

(
ẑ, Dx0

y (x0)
∗
Dx0

y (x0) ẑ
)
Rn ,

is non-zero. That is, an observable state ẑ is a direction along which the out-
put y is sensitive. A unit vector ẑ ∈ Rn is said to be globally observable if on
average it is a sensitive direction, i.e.,

(
ẑ,Eµ(x0)

[
Dx0

y (x0)
∗
Dx0

y (x0)
]
ẑ
)
Rn ̸=

0.

How is this definition related to Definition 22.1? To answer this question, we
recall the Taylor expansion up to the first-order term [?]

y (x0 + εẑ) ≈ y (x0) + εDx0y (x0) ẑ,

which shows that if Dx0y (x0) ẑ ̸= θ, then moving along the direction ẑ
changes the value of y. It also shows that the larger Dx0y (x0) ẑ is, the
more y varies. Since moving along ẑ induces changes in the output y, it is
observable in that sense.

As in section 22.2 and section 22.4 we would like to order the observable
states for model reduction purposes. In particular, we are interested in the
most observable states. From Example 9.2, the Fréchet derivative Dx0y (x0)
is given as

Dx0y (x0) = CeAt = O, and (Dx0y (x0))
∗
= O∗.

We see that, for the LTI system (22.1), Dx0
y (x0) = CeAt is independent of

x0. Now assume the probability measure µ has the probability density π (x)
with respect to the Lebesgue measure on the state space Rn, i.e.,

dµ (x) := π (x) dx.

The observable states are then the eigenvectors of

C = Eµ(x0)

[
(Dx0

y (x0))
∗ Dx0

y (x0)
]
= Eπ(x0) [O

∗O] = O∗O,

where we have used the fact that O is independent of x0 and π (x) dx is a
probability measure on Rn. Thus, we have shown:

• The observabilty gramian O∗O in (22.2) is a special case of the sensitivity
covariance operator C in (22.8).

• Globally observable states are directions along which the output y is
sensitive on average and they are eigenvectors of the sensitivity covari-
ance matrix C . In particular, the most observable states are eigenvectors
associated with the largest eigenvalue of C .

• Eigenvectors with larger eigenvalues of C are easier to observe.
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22.5.3 A new look at the reachability gramian

Recall from section 22.3 that for each initial state x0, we are interested in
finding the input with minimum energy that steers the system (22.1) from
zero state at negative infinity time to x0 at time t = 0. The solution was given
in (22.4) and was derived based on the linearity of the reachable operator R
and the Lagrangian approach. We then showed that the initial condition
x0 that gives rise to the input with the smallest energy is any eigenvector
associated with the largest eigenvalue of the reachability gramian. In the
following we will show that the reachability gramian in (22.5) is a special
case of the sensitivity covariance operator C in (22.8) corresponding to a
particular setting of X,Y and h. To make our approach valid for nonlinear
systems, we revisit the problem of finding a minimum norm control input
u (t) associated with an initial condition x0 using a more general approach.
The problem at hand is

min
u∈L2(Rp,(−∞,0))

1

2
∥u∥2L2(Rp,(−∞,0)) ,

subject to the following constraints

dx

dt
= Ax+Bu, x(0) = x0 and x (−∞) = 0.

The constraint x (−∞) = 0 implies that the equilibrium 0 is asymptotically
stable not only for the system in the absence of the control input u but also
for the system with the optimal control.

Following the Lagrangian multiplier Theorem 9.3, we consider the La-
grangian

L (u,x, z,a, b) :=
1

2
∥u∥2L2(Rp,(−∞,0)) +

(
z,
dx

dt
−Ax−Bu

)
L2(Rp,(−∞,0))

+ aT [x(0)− x0] + bTx (−∞) .

We can now apply Theorem 9.3 to derive the (first order) optimality condi-
tion. The vanishing of the Fréchet derivatives of L with respect to z, a, and
b gives back the constraints. Setting to 0 the Fréchet derivative of L with
respect to x and integrating by parts once we have

−
∫ 0

−∞
pT

(
dz

dt
+ATz

)
dt+ p (0)

T
[a+ z (0)] + p (−∞)

T
(b− z (−∞)) = 0

for p ∈ L2 (Rn, (−∞, 0)). Restricting to the dense subspace C∞0 (Rn, (−∞, 0))
of L2 (Rn, (−∞, 0)), we have
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−
∫ 0

−∞
pT

(
dz

dt
+ATz

)
dt = 0,

and thus
dz

dt
+ATz = 0.

Next taking p(t) is such that p (0) = 0 and then p (−∞) = 0 gives
z (−∞) = b and z(0) = −a. It follows that z (0) and z (−∞) are finite
and the Lagrangian multipliers a and b can be found once z (t) is solved for.

Finally, setting to vanish the Fréchet derivative of L with respect to u we
obtain

(u,v)L2(Rn,(−∞,0)) −
(
BTz,v

)
L2(Rn,(−∞,0))

= 0,

for any v ∈ L2 (Rn, (−∞, 0)). It follows that

u(t) = BTz(t).

In summary, the first-order optimality conditions are given as

dx

dt
= Ax+Bu, x(0) = x0, and x (−∞) = 0, (22.9a)

dz

dt
= −ATz, (22.9b)

u = BTz. (22.9c)

Solving (22.9a) for x(0) gives

x0 = x(0) =

∫ 0

−∞
e−AtBu (t) dt. (22.10)

Next, solving (22.9b) for z(t) gives

z(t) = e−AT tz (0) .

Substituting z(t) into (22.9c) we obtain

u(t) = BT e−AT tz (0) ,

which is then substituted in (22.10) to give

x0 =

∫ 0

−∞
e−AtBBT e−AT t dt z (0) = RR∗ z(0).

Similar to section 22.3, with the complete reachability assumption, i.e.,
dim (R (R)) = n, RR∗ is invertible. Combining the last equations and the
definition of R∗ in section 22.3 yields the optimal control input u (now a
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function of the initial state x0)

u(x0, t) = R∗ (RR∗)
−1

x0, (22.11)

which, as expected, is the same results as in (22.4).Note that the optimal
control input u(t) is a function of both time t and the initial state x0, but for
notational convenience we typically write u(x0) with the dependency on time
t implicitly understood.

We now apply the general framework in subsection 22.5.1 with X = Rn,
Y = L2 (Rp, (−∞, 0)), and h (x0) := u (x0) = R∗ (RR∗)

−1
x0. Note that u,

and hence h, is a also a function of time (since R∗ is), and this is understood
implicitly for the simplicity of notations. Similar to subsection 22.5.2, we
assume that the probability measure µ has the probability density π (x) with
respect to the Lebesgue measure on the state space Rn. We are in the position
to define reachability based on Fréchet derivative of u.

Definition 22.4 (Reachability). A unit vector ẑ ∈ Rn is said to be lo-
cally reachable at x0 if the magnitude of Fréchet derivative of the opti-
mal control input u at x0 along direction ẑ, ∥Dx0u (x0) ẑ∥2L2(Rp,(−∞,0)) =(
ẑ, Dx0u (x0)

∗
Dx0u (x0) ẑ

)
Rn , is non-zero. That is, a reachable state ẑ is a

direction along which the optimal control input u is sensitive. A unit vector
ẑ ∈ Rn is said to be globally reachable if on average it is a sensitive direction,
i.e.,

(
ẑ,Eµ(x0)

[
Dx0

u (x0)
∗
Dx0

u (x0)
]
ẑ
)
Rn ̸= 0.

The relationship between Definition 22.4 and Definition 22.2 can be seen
through Taylor expansion up to the first-order term

u (x0 + εẑ) ≈ u (x0) + εDx0
u (x0) ẑ.

Indeed, as long as Dx0
u (x0) ẑ ̸= θ, moving along ẑ is associated with a

non-zero control u (x0 + εẑ), and hence the existence of the control u at
x0 + εẑ provided the control u at x0 exists. As in section 22.3 we are
interested in the globally most reachable direction x̂. It is ẑ for which(
ẑ,Eµ(x0)

[
Dx0u (x0)

∗
Dx0u (x0)

]
ẑ
)
Rn is smallest since moving along such

a direction induces smallest changes in u. Back to our intuition on u as
cost and x0 as gain, gaining along such a ẑ on average requires the smallest
changes in the cost.

From Example 9.2, the Fréchet derivative Dx0
u (x0) is given as

Dx0
u (x0) = R∗ (RR∗)

−1
, and (Dx0

u (x0))
∗
= (RR∗)

−1 R,

which are independent of x0. The globally reachable states are then the eigen-
functions corresponding to non-zero eigenvalue of the self-adjoint operator C
in (22.8). Furthermore, eigenfunctions associated with smaller eigenvalues are
more reachable. For the LTI system (22.1), C is an n×n invertible symmetric
matrix given as
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C = Eµ(x0)

[
(Dx0

u (x0))
∗ Dx0

u (x0)
]

= Eπ(x0)

[
(RR∗)

−1 RR∗ (RR∗)
−1
]
= (RR∗)

−1
.

As can be seen, the more reachable states are equivalently the eigenvectors of
RR∗ associated with larger eigenvalues. In particular, those associated with
the largest eigenvalue of RR∗ are the most reachable. Thus, we have shown
that our new notion of reachability reduces to the standard one for the LTI
system (22.1), and the reachability gramian is rediscovered as the inverse of
the sensitivity covariance matrix in this case.

In summary:

• The reachability gramian RR∗ in (22.5) is a special case of the inverse
of the sensitivity covariance operator C in (22.8).

• Globally reachable states are directions along which the input u is sensi-
tive on average and they are eigenvectors of the reachability gramian. In
particular, the most reachable states are eigenvectors associated with the
largest eigenvalue of the reachability gramian C−1 (assuming the inverse
exists).

• Eigenvectors with larger eigenvalues of C−1 are easier to reach.

22.5.4 Computing new observability gramian for
nonlinear systems

We now consider a nonlinear system of the following form
dx

dt
= f (x) + g (x)u,

y = h (x) ,
(22.12)

where f : Rn → Rn, g : Rn → Rn×p, and h : Rn → Rq are vector-valued,
matrix-valued functions, and vector-valued functions, respectively. We as-
sume f, g and h so that their partial derivatives up to second order are mean-
ingful. Furthermore, we assume f, g and h are such that y ∈ L2 (Rq, (0,∞))
for any x0 ∈ Rn and u ∈ L2 (Rp, (−∞, 0)). We also assume that 0 is an
equilibrium of the nonlinear system in the absence of u and it is asymptoti-
cally stable (see Definition 21.2). We are interested in constructing a balanced
truncation method for the nonlinear system (22.12) and we are going to apply
the unified setting in subsection 22.5.1 to accomplish our goal.

As shown in section 22.4, balanced truncation requires three ingredients:
i) observable states are defined and ranked, ii) reachable states are defined
and ranked, and iii) a transformation through which a new state is equally
observable and reachable. The first and second ingredients were essentially
already discussed in subsection 22.5.2 and subsection 22.5.3. Indeed, for the
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observability gramian, the only place where we used linearity of (22.1) was
in the last step of showing C = O∗O. Ignoring this step, we conclude that
observable states are eigenvectors of the sensitivity covariance matrix (with
the new notation CO)

CO = Eπ(x0)

[
(Dx0

y (x0))
∗ Dx0

y (x0)
]
, (22.13)

where y (x0) := y (x (x0)) ∈ L2 (Rq, (0,∞)) is the output of (22.12) starting
from x0 at t = 0 with zero input u. Eigenvectors of CO associated with larger
eigenvalues are more observable.

Definition 22.5 (Observability gramian). Let π be a probability density
function on Rn. The observability gramian GO for the system (22.12) is de-
fined as CO in (22.13). The system (22.12) is said completely observable if
GO is invertable.

A few observations are in order. First, forming CO ∈ Rn×n could be compu-
tationally extensive as we need to evaluate the expectation of (Dx0

y (x0))
∗ Dx0

y (x0)
under the probability density π (x0). Clearly, this is intractable for nonlinear
h and/or nontrivial π. One popular approach is to approximate the expec-
tation with some Monte Carlo approach [69, 103, 122, 80, 38, 125, 124, 38,
101, 48, 110, 64, 20]. This amounts to evaluating (Dx0

y (x0))
∗ Dx0

y (x0)
for each sample x0. Second, note that Dx0

y (x0) : Rn → L2 (Rq, (0,∞)) and
(Dx0

y (x0))
∗
: L2 (Rq, (0,∞))→ Rn, and thus evaluating (Dx0

y (x0))
∗ Dx0

y (x0)
for each sample x0 is in turn an integration from 0 to ∞ due to the inner
product in L2 (Rq, (0,∞)). In practice, we may have to truncate the inte-
gral at some large time T or deploy some transformation and then use some
special quadrature [68, 120, 67, 43].

Note that for the purpose of balanced truncation, we only need to compute
the dominant part of the spectrum of CO. To that end, we can deploy any
methods [?] that require only the matrix-vector products. We begin with the
following result.

Proposition 22.1. Given x0 ∈ Rn, (Dx0y (x0))
∗ Dx0y (x0) is the Gauss-

Newton Hessian of the function JO : Rn → R defined as

JO (x0) :=
1

2
∥y (x0)∥2L2(Rp,(−∞,0)) =

1

2
∥h (x0)∥2L2(Rp,(−∞,0)) . (22.14)

where x is the solution of the nonlinear dynamical system (22.12) with u = 0
and initial condition x (0) = x0.

Proof. Let HGN (x0) ∈ Rn×n be the Gauss-Newton Hessian of JO (x0). For
any w, z ∈ Rn, we have

(w,HGN (x0) z)Rn = (Dx0
y (x0)w,Dx0

y (x0) z)L2(Rp,(−∞,0))

=
(
w, (Dx0

y (x0))
∗ Dx0

y (x0) z
)
Rn ,
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which shows that HGN (x0) = (Dx0
y (x0))

∗ Dx0
y (x0).

We next present a procedure for computing the product of the Gauss-
Newton Hessian JO with an arbitrary vector x̂0 in two steps: i) computing
the gradient∇JO (x0); and then ii) computing the product the Gauss-Newton
hessian with an arbitrary vector x̂0: (∇JO (x0))

∗∇JO (x0) x̂0.

22.5.4.1 Computing ∇JO (x0)

Since we will provide step-by-step detail in section 22.3 for the reachability
gramian, which is a more complicated case, we only summarize the result
here and leave the detailed derivation as an exercise for the readers (see
Problem 22.3).

Proposition 22.2. The gradient ∇JO (x0) is given as

∇JO (x0) = −w (0) ,

where w (t), together with x (t), is the solution of the following system

dw

dt
= −∇xf (x)

T
w +∇xh (x)

T
h (x) , w (∞) = 0, (22.15a)

and
dx

dt
= f (x) , x (0) = x0, (22.15b)

provided that (22.15) has a unique solution2 for any given x0.

The solution process for (22.15) is clear: i) solve (22.15b) for x as a function
x0, and then ii) solve (22.15a) for w as a function of x and w (0). From
lim
t→∞

w (t) = 0, we can solve for w (0) as a function of x0. Note that −w (0)

is exactly the gradient of JO at x0 if we need to evaluate the gradient.

22.5.4.2 Computing (∇JO (x0))
∗ ∇JO (x0) x̂0

Let x̂0 be an arbitrary vector in Rn. The task at hand is to compute the
matrix-vector product (∇JO (x0))

∗∇JO (x0) x̂0. Since (∇JO (x0))
∗∇JO (x0)

is the Gauss-Newton Hessian of JO (x0), we can apply the results in Chap-
ter 20 to derive the procedure to compute ∇JO (x0)

∗∇JO (x0) x̂0 exactly.
For the simplicity of the exposition, let us denote the directional (Fréchet)

derivative of any quantity (·) at x0 in the direction x̂0 as (̂·). For example, x̂

2 A sufficient condition for the uniqueness of the solution is that f (x) and h (x), together

with their first partial derivatives, are globally Lipschitz continuous. Weaker conditions
can be imposed [95], but this is not the interest of the book.
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is the directional derivative of x at x0 in direction x̂0. Clearly, the directional
derivative of x0 along the direction x̂0 is exactly x̂0. To simply the notations,
let us define F j as the jth row of ∇xf (x), and H

j as the jth row of ∇xh (x).
It follows from Proposition 22.2 that

∇JO (x0)
∗∇JO (x0) x̂0 = −ŵ(0),

where ŵ (t), coupled with x̂, is the solution of the following system

dŵ

dt
= −∇xf (x)

T
ŵ −∇xh (x)

T ∇xh (x) x̂, ŵ (∞) = 0, (22.16a)

and
dx̂

dt
= ∇xf (x) x̂, x̂ (0) = x̂0, (22.16b)

where x and w have already been solved from (22.15) as we discussed at the
end of the previous section.

Computing ∇JO (x0)
∗∇JO (x0) x̂0 thus amounts to computing ŵ (0).

This can be carried out in two steps as we did in solving (22.15). First,
we solve for x̂ as a function of x̂0 from (22.16b). Second, we solve for ŵ as
a function of ŵ (0) and x̂. By passing to the limit lim

t→∞
ŵ (t) = 0, we can

compute ŵ (0) as a function of x̂0.

22.5.5 Computing new reachability gramian for
nonlinear systems

For the reachability gramian, if we do not exploit the linearity of the system
(22.1) that allows for the explicit formula for the Fréchet derivative of the
input u with respect to x0, the following conclusion still holds: reachable
states are eigenvectors corresponding to non-zero eigenvalues of the sensitivity
covariance matrix (with new notation CR)

CR = Eπ(x0)

[
(Dx0u (x0))

∗ Dx0u (x0)
]
, (22.17)

and the states that are easier to reach are those eigenvectors of CR associated
with smaller eigenvalues.

Definition 22.6 (Reachability gramian). Let π be a probability density
function on Rn. The system (22.12) is completely reachable if CR in (22.17)
is invertible. Suppose that the system (22.12) is completely reachable, then
the reachability gramian GR for the system (22.12) is defined as C−1

R .

Remark 22.1. When CR in (22.17) is not invertible, we define the reachability
gramian GR as the pseudo-inverse of CR.
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The issues with evaluating the expectation under the probability density
π in Rn and the integration for semi-infinite interval (0,∞) that we have
seen in computing CO are also pertinent to the evaluation of CR. Note that
we also do not know if CR is invertible in general. Furthermore, evaluating
CR gives rise to another issue. While evaluating the Fréchet derivative for y
is straightforward, it is much harder for u. The reason is that for nonlinear
system (22.12), we cannot express u as a function of x0 explicitly because
the nonlinear counterpart of the first-order conditions (22.9) is not solvable
analytically in general, as we shall see. The Fréchet derivative is thus also
implicit. In the next two sections, we address the question of how to compute
u (x0), the Fréchet derivative Dx0u (x0), and the adjoint (Dx0u (x0))

∗
.

22.5.5.1 Finding u (x0)

To compute u = u (x0), in fact u (x0, t) but we ignore t for simplicity, we
need to revisit the problem of finding a minimum norm input u that drives
the system from 0 at infinity to x0 at t = 0, but now for the nonlinear system
(22.12):

min
u∈L2(Rp,(−∞,0))

1

2
∥u∥2L2(Rp,(−∞,0)) , (22.18a)

subject to the following constraints

dx

dt
= f(x) + g(x)u, x(0) = x0 and x (−∞) = 0, (22.18b)

with x0 being in an asymptotically stable neighborhood3 N of 0. It follows
that an optimal input control u, if exists, ensures that 0 is also asymptotically
stable for (22.18b).

To solve (22.18) we follow the same Lagrangian approach that we did for
the linear system (22.1) above. In particular, define the Lagrangian as

L (u,x, z,a, b) :=
1

2
∥u∥2L2(Rp,(−∞,0))+

(
z,
dx

dt
− f(x)− g(x)u

)
L2(Rp,(−∞,0))

+ aT (x(0)− x0) + bTx (−∞) .

Again, the vanishing of the Fréchet derivatives of L with respect to z, a, and
b gives back the constraints. Setting the Fréchet derivative of L with respect
to x along an arbitrary direction p to zero we have

3 Here, an asymptotically stable neighborhood N means: if the system (22.18b) starts from

x0 ∈ N at time t = 0, then x (t) → 0 as t → ∞ in the absence of u.
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z,
dp

dt
−∇xf(x)p−

p∑
i=1

ui∇xg
i(x)p

)
L2(Rp,(−∞,0))

+ aTp(0) + bTp (−∞) = 0, ∀p ∈ L2 (Rp, (−∞, 0)) ,

where gi be the ith column of g and ui is the ith component of u. After
integrating by parts we obtain

−

(
p,
dz

dt
+∇xf(x)

Tz +

p∑
i=1

ui∇xg
i(x)Tz

)
L2(Rp,(−∞,0))

+p(0)T [z(0) + a]+p (−∞)
T
(b− z (−∞)) = 0, ∀p ∈ L2 (Rp, (−∞, 0)) ,

which, after choosing different cases for p similar to the linear system in
subsection 22.5.3, implies

dz

dt
+∇xf(x)

Tz +

p∑
i=1

ui∇xg
i(x)Tz = 0. (22.19)

Note that a = −z (0) and b = z (−∞) are part of the conclusion, and this
implies that z (0) and z (−∞) are finite and that the Lagrangian multiplier
a and b can be computed once z (t) is solved for from (22.19). Next setting
the Fréchet derivative of L with respect to u to zero we have

(u,v)L2(Rn,(−∞,0)) −
(
g(x)Tz,v

)
L2(Rn,(−∞,0))

= 0,

for any v ∈ L2 (Rn, (−∞, 0)). It follows that

u = g(x)Tz.

In summary, we have found the first-order optimality conditions (also called
the first-order forward system in the next section) for the optimal control
problem (22.18).

Lemma 22.1. An optimal solution u (x0, t) ∈ L2 (Rp, (−∞, 0)) of the opti-
mal control problem (22.18), if exists, is a solution of the following system:

dx

dt
= f(x) + g(x)u, x(0) = x0, and x (−∞) = 0 (22.20a)

dz

dt
= −∇xf(x)

Tz −
p∑

i=1

ui∇xg
i(x)Tz, (22.20b)

u = g(x)Tz. (22.20c)

The system of algebraic and ordinary differential equations (22.20) allows
us to solve for the control input u as a function of x0. Assume that there
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is a solution for (22.20) and one way to verify this is through the implicit
function Theorem 9.1 similar to the discussion after Corollary 9.2, but this is
not the interest of this chapter.4 We now describe an analytical procedure to
compute u (x0, t) provided that all the steps can be computed analytically
(e.g. in closed-form expressions).

F1) Substituting (22.20c) into (22.20a), we can the solve (22.20a) for x as a
function of x0 and z, i.e., x(t) = F (x0, z (τ) , t). Note that τ is a dummy
time variable indicating z being a function of time, but x(t) is not a
function of τ as it is integrated out when computing x(t).

F2) Next, substituting (22.20c) and x(t) = F (x0, z (τ) , t) into (22.20b), we
can solve for z as a function of z(0) and x0, i.e., z(τ) = G (z(0),x0, τ).

F3) It follows that x(t) = F (x0, G (z(0),x0, τ) , t). Now, setting t = 0 we
have x0 = x(0) = F (x0, G (z(0),x0, τ) , 0) and this allows us to solve for
z(0) as a function of x0, i.e., z(0) = H (x0).

F4) Finally substituting z(τ) = G (H (x0) ,x0, τ) into (22.20c) we have

u (x0, t) = g (F (x0, G (H(x0),x0, τ) , t))
T
G (H(x0),x0, t) , (22.21)

which is the optimal control input depending only on x0.

Note that the above analytical procedure is limited to simple scenarios
for the nonlinear systems (22.12) in which all the steps can be solved in
closed-form expressions. When this is infeasible, we need to resort to some
numerical optimization method to solve the optimal control problem (22.18)
for u (x0, t). Since this is not of interest to this chapter, we refer the readers
to some standard literature [119, 118, 29, 61].

Next, we need to compute the sensitivity covariance matrix CR in (22.17).
Exact computation for CR is generally not possible even when π (x0) is a
Gaussian probability density due to the nonlinearity of (Dx0

u (x0))
∗ Dx0

u (x0)
in terms of x0. In practice, we deploy some Monte Carlo approach to approx-
imate the expectation in (22.17). Thus, computing CR amounts to comput-
ing (Dx0u (x0))

∗ Dx0u (x0) at different values of x0 (sampled from π (x0)),
and then taking average. It is therefore sufficient to be able to evaluate
(Dx0

u (x0))
∗ Dx0

u (x0) for a given x0. It turns out that it is the Gauss-
Newton Hessian of a “simple” function as we now show.

Corollary 22.1. Given x0 ∈ Rn, (Dx0u (x0))
∗ Dx0u (x0) is the Gauss-

Newton Hessian of the function JR : Rn → R defined as

JR (x0) :=
1

2
∥u (x0)∥2L2(Rp,(−∞,0)) , (22.22)

4 Another approach is to substitute (22.20c) into (22.20a) and (22.20b). We can then

impose a sufficient condition on f (x) and g (x) such that the system of coupled ordinary

differential equations (ODE) (22.20a) and (22.20b) have a unique solution [x,z], starting
from an initial condition, using ODE theories (see, e.g., [95]). For example, the requirement

that f (x) and g (x) are differentiable and their derivatives are globally Lipschitz continuous

is sufficient.
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where u is an optimal solution of (22.18).

Proof. Since u is an optimal solution of (22.18), it is a solution of the first
order forward system (22.20). By u (x0) we mean a solution of (22.18) as
a function of x0, for example, from the procedure Item F1)—Item F4).
The rest of the proof is similar to the proof of Proposition 22.1, and thus is
omitted.

Corollary 22.1 shows that JR in (22.22) depends on x0 implicitly through
the solution u of (22.20) that induces a smallest J for a given x0. From now
on we assume that u(x0) is such a solution.

In the following, we present a procedure for computing the Gauss-Newton
Hessian of JR for a given x0 in two steps: i) compute the gradient ∇JR (x0)
and then ii) compute the product of the Gauss-Newton Hessian∇JR (x0)

∗∇JR (x0)
with an arbitrary vector x̂0 ∈ Rn. To be discussed below, for dimensional re-
duction purposes, we do not need to compute the full Gauss-Newton Hessian,
but only the relevant part of its eigenspaces. In order to achieve such a pur-
pose, we need only the product of the Gauss-Newton Hessian with arbitrary
vectors, because this is what efficient matrix-free algorithms [?] need.

22.5.5.2 Finding the gradient ∇JR (x0)

This section presents an approach to compute the reduced gradient approach
to compute the gradient∇JR (x0). Let us define F

j as the jth row of∇xf (x),
Gij as the jth row of ∇xg

i (x), and the following Lagrangian

L :=
1

2
∥u∥2L2(Rp,(−∞,0)) +

(
y,
dx

dt
− f(x)− g(x)u

)
L2(Rp,(−∞,0))

+(α,x(0)− x0)Rn+

(
w,

dz

dt
+∇xf(x)

Tz +

p∑
i=1

ui∇xg
i(x)Tz

)
L2(Rp,(−∞,0))

+ (β, z (−∞))Rn +
(
v,u− g(x)Tz

)
L2(Rp,(−∞,0))

,

where y,w,v ∈ L2 (Rp, (−∞, 0)), and α,β ∈ Rn are the Lagrangian multi-
pliers.

Proposition 22.3. The gradient ∇J (x0) is given by

∇JR (x0) = y(0),

where y (t), together with w (t) and v (t), satisfies the following “first order
adjoint” system:
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dy

dt
= −∇xf (x)

T
y −

p∑
i=1

ui∇xg
i (x)

T
y −

p∑
i=1

vi∇xg
i (x)

T
z

+

n∑
j=1

zj

(
∇xF

j
)T

w +

p,n∑
i=1,j=1

uizj

(
∇xG

ij
)T

w, (22.23a)

dw

dt
= ∇xf (x)w +

p∑
i=1

ui∇xg
i (x)w + g (x)v,

w(0) = 0, and w (−∞) = 0, (22.23b)

and
u+ v − g (x)T y − λ = 0, (22.23c)

where λ ∈ L2 (Rn, (−∞, 0)) with the ith component defined as

λi =
(
z,∇xg

i (x)w
)
Rn ,

and x, z and u satisfy (22.20).

Proof. The proof is the same as Lemma 9.4 and the derivation of (22.20) in
subsection 22.5.5.1, and thus is left as an exercise (see Problem 22.4).

What remains is how to solve the first order adjoint system (22.23) for
y,w and v provided that x, z and u have been already solved for from the
first order forward system (22.20). Similar to (22.20), we now describe an
analytical approach to obtain a closed form expression for the solution for
(22.23).

A1) Substituting v from (22.23c) into (22.23b), we can the solve (22.23b) for
w as a function of y, i.e., w(t) = F(x0,y (τ) , t). Note that τ is a dummy
time variable indicating y being a function of time, but w(t) is not a
function of τ as it is integrated out when computing w(t).

A2) Next, substituting v from (22.23c) and w(t) = F(x0,y (τ) , t) into
(22.23a), we can solve for y as a function of y(0) and x0, i.e., y(τ) =
G (y(0),x0, τ).

A3) It follows that w(t) = F (x0,G (y(0),x0, τ) , t). Now, setting t = 0 we
have w(0) = 0 = F (x0,G (y(0),x0, τ) , 0) and this allows us to solve for
y(0) as a function of x0, i.e., y(0) = H (x0).

A4) Finally substituting y(τ) = G (H (x0) ,x0, τ) into (22.23c) we have

v (x0, t) = −u+ g (x)
T G (H(x0),x0, t) + λ, (22.24)

where the ith component of λ, as a function of x0 and t, is given as

λi (x0, t) =
(
z,∇xg

i (x)F (x0,G (H (x0) ,x0, τ) , t)
)
Rn .
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Provided that all steps in the procedure Item A1)—Item A4) is analytically
tractable, we have w, y, and v as a function of x0 (and t) at this point. In
addition, the gradient ∇J depends on x0 implicitly through

∇JR (x0) = y (0) = H (x0) .

22.5.5.3 Finding the Gauss-Newton Hessian-vector product
∇JR (x0)

∗ ∇JR (x0) x̂0

Let x̂0 be an arbitrary vector in Rn. Recall that the product of the Gauss-
Newton Hessian of JR with x̂0 is part of the product of the Hessian of JR
with x̂0. As a result, we can apply the results in Chapter 20 to derive the
procedure to compute ∇JR (x0)

∗∇JR (x0) x̂0 exactly. To that end, let us
denote the directional (Fréchet) derivative of any quantity (·) at x0 in an

arbitrary direction x̂0 as (̂·). For example, x̂ is the directional derivative of
x at x0 in direction x̂0. Note that the directional derivative of x0 along the
direction x̂0 is exactly x̂0. It is important to point out that at this point
Proposition 22.3 establishes that the reduced gradient ∇JR (x0) has been
computed where x, z and u depend on x0 via the first order forward equations
(22.20) and y,w and v depend on x0 via the first order adjoint equations
(22.23). It follows from Proposition 22.3 that

∇JR (x0)
∗∇JR (x0) x̂0 = ŷ (0) ,

where ŷ (t), together with ŵ (t) and v̂ (t), is obtained from the (simplified)
second order adjoint system

dŷ

dt
= −∇xf (x)

T
ŷ −

p∑
i=1

ui∇xg
i (x)

T
ŷ −

p∑
i=1

v̂i∇xg
i (x)

T
z

+

n∑
j=1

zj

(
∇xF

j
)T

ŵ +

p,n∑
i=1,j=1

uizj

(
∇xG

ij
)T

ŵ, (22.25a)

dŵ

dt
= ∇xf (x) ŵ +

p∑
i=1

ui∇xg
i (x) ŵ + g (x) v̂,

ŵ(0) = 0, ŵ (−∞) = 0, (22.25b)

and
û+ v̂ − g (x)T ŷ − λ̂ = 0, (22.25c)

where λ̂ ∈ L2 (Rn, (−∞, 0)) with the ith component defined as

λ̂i =
(
z,∇xg

i (x) ŵ
)
Rn .
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Note that in order to solve (22.25) we need to first solve for û (t), together
with x̂ and ẑ, from the second order forward system

dx̂

dt
= ∇f(x)x̂+

p∑
i=1

ui∇xg
i (x) x̂+ g(x)û, x̂(0) = x̂0, x̂ (−∞) = 0,

(22.26a)

dẑ

dt
= −∇xf(x)

T ẑ −
n∑

j=1

zj∇xF
jx̂−

p∑
i=1

ui∇xg
i(x)T ẑ

−
p,n∑

i=1,j=1

uizj

(
∇xG

ij
)T

x̂−
p∑

i=1

ûi∇xg
i(x)Tz, (22.26b)

û =

n∑
j=1

zj∇xgj (x) x̂+ g(x)T ẑ. (22.26c)

where gj is the jth row of g (x).
Suppose that it is analytically (in closed form expression) tractable, we

can solve the second order forward system (22.26) for û (t), x̂, and ẑ just
like we did for the first order forward equation (22.20) following the proce-
dure Item F1)—Item F4). Similarly, solving the second order adjoint sys-
tem (22.25) can be carried out by following a similar procedure as we did in
Item A1)—Item A4).

Remark 22.2. We would like to point out that the result of section 22.5 still
holds for any finite time horizon T by simply replacing ∞ with T .

22.5.6 Balanced truncation

Recall from Definition 22.5 and Definition 22.6 that the observability and
reachability gramians matrices in Rn×n defined as

GO = CO, and GR = C−1
R .

We also recall that states align with eigenvectors of observability gramian GO
(reachability gramian GR respectively) associated with larger eigenvalues are
more observable (more reachable respectively). Similar to section 22.4, we
would like to transform the system (22.12) such that a transformed state is
equally observable and reachable. Such a transformation must simultaneously
diagonalizes observability and reachability Gramians so that the transformed
observability and reachability Gramians are not only diagonal but also equal
to each other. It turns out that with our definitions of observability and reach-
ability gramians, the procedure for balancing transformation is the same.
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Lemma 22.2. Let π be a probability density function on Rn and suppose
the system (22.12) is completely reachable and observable. Suppose the sys-
tem (22.12) and the optimal control problem (22.18) have unique solutions.
Consider the following two-step invertible transformation:

1. Let the eigenvalue decomposition of GO be GO = UΛUT . Transform the
system (22.12) via x = Sx̂, where S = UΛ−1/2.

2. Let ĜR be the new reachability gramian associated with the new state x̂
and let the eigenvalue decomposition of ĜR be ĜR = V Σ2V T . Transform
the system once more time with x̂ = T x̃ where T = V Σ1/2.

Then the observability and reachability gramians G̃O and G̃R associated with
x̃ are equal to the diagonal matrix Σ, and thus any component of x̃ is equally
observable and reachable.

Proof. It is sufficient to see how the first transformation x = Sx̂ changes the
gramians where S ∈ Rn×n is an invertiable matrix. Let ĜO be the gramian
associated with x̂. The system (22.12) is transformed to

dx̂

dt
= S−1f (Sx̂) + S−1g (Sx̂)u, x̂ (0) = S−1x0

y = h (Sx̂) ,
(22.27)

For the observability gramian, with u = 0 and the uniqueness of the
solution of (22.12), and hence uniqueness of the solution x̂ of (22.27), we can
write

y = y (x0) = y (Sx̂0) ,

which implies
Dx̂0

y (Sx̂0) = Dx0y (x0)S.

It follows that

(Dx̂0
y (Sx̂0))

∗ Dx̂0
y (Sx̂0) = ST (Dx0

y (x0))
∗ Dx0

y (x0)S.

We conclude that ĜO = STGOS. For the reachability gramian, a similar
argument shows that

Dx̂0
u (Sx̂0) = Dx0

u (x0)S,

and thus
ĜR = S−1GRS−T .

Thus if we apply the proposed transformations, the conclusion of the propo-
sition follows.

Definition 22.7 (Balanced system). The system (22.12) is called bal-
anced its observability and reachability gramians are diagonal and equal.

Now suppose the system (22.12) is balanced with both observability and
reachability gramians are equal to a diagonal matrix Σ. Let σi := Σ (i, i).
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We can order the diagonal terms of Σ such that σi ≥ σj ≥ 0 for all i ≤ j
and i, j ∈ {1, . . . , n}. Let xr be the first r components of x and they are
corresponding to the first r largest eigenvalues of the gramians GR = GO = Σ.
The remaining part of x, corresponding to smaller eigenvalues, is denoted as
xt.

Clearly, at this point, any component of the state x is equally observable
and reachable. Thus, it makes sense to remove the portion xt. This can be
done by truncating the portions of the system, particularly f (x) , g (x) and
h (x), corresponding to xt. Unlike the linear counterpart discussed in sec-
tion 22.4, the remaining parts of these quantities could be still a function of
xt. See below for the discussion of how to remove xt entirely by marginal-
izing out xt (based on the active subspace view point). I STILL DO NOT
KNOW HOW TO CHARACTERIZE THE ERROR AS IN THE ACTIVE
SUBSPACE APPROACHE. PERHAPS, THAT IS IMPOSSIBLE. COME
BACK TO THIS LATER.

The question that we would like to address now is how to derive the
reduced dynamical system for xr and the “reduced” output yr. We define
the reduced output via conditional distribution

yr (xr) := Eπ(xt|xr) [y (x)] ,

where π (xt|xr) is the conditional distribution of xt given xr and is given as

π (xt|xr) =
π (x)

π (xr)
,

where π (xr) is the marginal distribution of xr.

Problems

Problem 22.1. Show that if the system (22.1) is completely observable, then
the observability Gramian O∗O : Rn → Rn is invertible. Similarly, show that
if the system (22.1) is completely reachable, then the reachability Gramian
RR∗ : Rn → Rn is invertible.

Hint: Suppose x is such that RR∗x = θ. Then ∥R∗x∥2L2(Rp,(−∞,0)) = 0,

which implies that x ∈ N (R∗) = R (R)
⊥

= (Rn)
⊥

= {θ}. Thus, x = θ and
hence the matrix RR∗ is invertible.

Problem 22.2. Consider the linear transformation x = Sx̂, where S is an
invertible matrix. The system (22.1) is transformed into the new system

dx̂

dt
= Âx̂+ B̂u,

y = Ĉx̂,
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where Â = S−1AS, B̂ = S−1B, and Ĉ = CS. Show that the observability
Gramian Ô∗Ô and reachability Gramian R̂R̂∗ of the new system are given
by

Ô∗Ô = STO∗OS, and R̂R̂∗ = S−1RR∗S−T ,

and thus
R̂Ô = S−1ROS.

Problem 22.3. Prove Proposition 22.2.

Problem 22.4. Prove Proposition 22.3.



Chapter 23

An adjoint approach for error
correction and a posteriori error
estimation

Abstract

• error correction from Mike Giles
• A posterior error estimation from Ranacher. The prerequisite for this
chapter is

1. Frechét derivative in Chapter 9
2.

23.1 Taylor expansion in function spaces

This section derives Taylor expansion in function spaces with integral remain-
der. This will be useful for error correction in section 23.4 and a posteriori
error estimation in section 23.5. We shall show that Taylor expansions in
function spaces are direct consequences of Taylor expansions in one dimen-
sion. For concreteness, we consider only Taylor expansion with a specific
integral remainder, though the idea can be extended to other remainders in
a straightforward manner.

Let f : R ∋ u 7→ f (u) ∈ R be an (n+ 1) times differentiable function with
derivatives f (i) (u), i = 1, . . . , n+1. By the fundamental theorem of calculus,
we have

f (a+ h) = f (a) +

∫ 1

0

f (1) (a+ th)h dt.

Applying the fundamental theorem of calculus again for f (1) gives

f (a+ h) = f (a) + f (1) (a)h+

∫ 1

0

∫ t

0

f (2) (a+ sh)h2 ds dt,

which, after switching the integrals in the last term, becomes

215
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f (a+ h) = f (a) + f (1) (a)h+

∫ 1

0

∫ 1

s

f (2) (a+ sh)h2 dt ds

= f (a) + f (1) (a)h+

∫ 1

0

f (2) (a+ sh) (1− s)h2 ds.

By induction, we obtain an nth order Taylor expansion in the following form

f (a+ h) =

n∑
i=0

f (i) (a)
hi

i!
+

1

n!

∫ 1

0

f (n+1) (a+ th) [(1− t)h]n h dt (23.1)

Let U be a Hilbert space (the results in this section are also valid for
Banach spaces), and consider the functional

F : U ∋ u 7→ F (u) ∈ R, (23.2)

which is assumed to possess Fréchet derivative up to order (n + 1). For no-
tational convenience, we use

DFn (u;w1, . . . , wn)

to denote the nth Fréchet derivative of F at u along the directions w1, . . . , wn,
respectively. If w1 = . . . = wn = w, we simply write

DFn (u;wn) := DFn (u;w, . . . , w) .

We are interested in expanding F around u ∈ U using the one-dimensional
Taylor expansion in (23.1). To that end, let us parametrize F as

f(s) := F (u+ sv) , where s ∈ R, v ∈ U.

Our goal is to apply (23.1) for f(s) with a = 0 and h = 1. Before doing
so, we need to derive the expression for the derivatives f (i), and these can
be obtained by the chain rule for Fréchet derivatives (see the footnote3 in
section 9.4). In particular, we can show (see Problem 23.1)

f (i)(0) = DFn (u; vn) . (23.3)

Putting the results together gives the desired Taylor expansion for F as

F (u+ v) =

n∑
i=0

DFn (u; vn)

i!
+

1

n!

∫ 1

0

DFn+1
(
u+ tv; vn+1

)
(1− t)n dt

(23.4)
Clearly, (23.4) reduces to (23.1) when U = R.

By invoking the mean value theorem for integral, we can rewrite the Taylor
expansion in (23.4) with the Cauchy remainder term
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F (u+ v) =

n∑
i=0

DFn (u; vn)

i!
+

1

n!
DFn+1

(
u+ t∗v; vn+1

)
(1− t∗)n , (23.5)

where t∗ is some number in [0, 1].

23.2 Trapezoidal rule in function spaces

This section derives the trapezoidal rule that we will use in many places in
this chapter. As always, our starting point is for functions on the real line
R and for this case, our exposition follows [39] closely. Consider f : (a, b) ⊂
R ∋ u 7→ f (u) ∈ R be a two-times differentiable function with derivatives
f (i) (u), i = 1, 2. Suppose that we are interested in approximating the area
“under” f over the interval (a, b)

I :=

∫ b

a

f (x) dx,

with the trapezoidal rule

Itrape :=
b− a
2

[f(b) + f(a)] ,

which incurs the error

E := Itrape − I =
b− a
2

[f(b) + f(a)]︸ ︷︷ ︸−
∫ b

a

f (x) dx.

We are interested in deriving a useful presentation for the error E. The inter-
esting observation1 about the error E is that it looks like an integration by
part result of some integral. Indeed, first, we can write the trapezoidal rule
as

Itrape = (x− c) f(x)|ba,

where c is clearly
b+ a

2
. Second, the factor (x− c) works out perfectly for

the original integral as we can write the error E as

E := (x− c) f(x)|ba −
∫ b

a

(x− c)′ f (x) dx =

∫ b

a

(x− c)f ′(x) dx, (23.6)

where the prime ’ denotes the derivative in x. At this point, if we know that
the first derivative f ′(x) is uniformly bounded on (a, b) then can immediately

1 We guess this is what the authors in [39] saw though they didn’t provide any intuition

on how they came up with the smart idea of “backward” integration by parts.
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upper-bound the error E:

|E| ≤ ∥f∥∞
(b− a)2

2
.

On the other hand, if f is twice differentiable, then we can attempt to inte-
grate by parts one more time to obtain

E = −1

2

∫ b

a

(x− c)2f ′′(x) dx+
1

2
(x− c)2 f ′(x)

∣∣∣∣b
a

.

The problem is that we do not know f ′(b) nor f ′(a). How do we get rid of
the boundary terms? The observation is again simple as we can freely add a
constant d at an appropriate place without affecting the result:

E = −1

2

∫ b

a

[
(x− c)2 + d

]
f ′′(x) dx+

1

2

[
(x− c)2 + d

]
f ′(x)

∣∣∣∣b
a

.

Clearly, by choosing d = − (b− a)2

4
, the boundary term vanishes regardless

of what f ′(b) and f ′(a) are. It follows that

E = −1

2

∫ b

a

[(
x− b+ a

2

)2

− (b− a)2

4

]
f ′′(x) dx

= −1

2

∫ b

a

(x− a) (x− b) f ′′(x) dx. (23.7)

If we assume that the second derivative f ′′ is uniformly bounded, then the
error E is bounded above as

|E| ≤ ∥f ′′∥∞
(b− a)3

12
.

Following the same approach in section 23.1, we now lift the one dimen-
sional trapezoidal rule to infinite dimensions. Let U be a Hilbert space (again,
the results in this section are also valid for Banach spaces), and consider the
functional

G : U ∋ u 7→ G (u) ∈ R,

which is assumed to be twice Fréchet differentiable. Suppose we would like
to compute the following integral∫ 1

0

G (u+ tv; v) dt,
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with trapezoidal rule. Given u and v, the function f (t) := G (u+ tv; v) is
a function on R. Applying the trapezoidal error representation in (23.7) for
f (t) gives∫ 1

0

G (u+ tv; v) dt =
1

2
[G (u) + G (u+ v)] +

1

2

∫ 1

0

t (t− 1) f ′′(t) dt

=
1

2
[G (u) + G (u+ v)] +

1

2

∫ 1

0

t (t− 1)D2G (u+ tv; v, v) dt. (23.8)

If G is only Fréchet differentiable, then we can use the error representation
in (23.6) to arrive at∫ 1

0

G (u+ tv; v) dt =
1

2
[G (u) + G (u+ v)]

−
∫ 1

0

(
t− 1

2

)
DG (u+ tv; v) dt. (23.9)

23.3 Problem statement

Consider an (possibly nonlinear) operator A : U ∋ u 7→ A (u) ∈ V, and the
following problem: given f ∈ V, find a solution u ∈ U such that

A (u) = f. (23.10)

In this chapter, we assume that equation (23.10) has a unique solution u.
When A is a linear operator, the conditions for having a unique solution can
be referred to Chapter 15.

For many practical applications, we are not interested in the solution u
itself but some quantity of interest as a function of u. Without loss of gener-
ality, let us consider the functional

J : U ∋ u 7→ J (u) ∈ R.

Suppose that solving for u, and hence evaluating J (u), is computationally
expensive or impossible. This is typically the case when (23.10) is highly non-
linear (partial differential equations) and/or U and V are infinite dimensional
spaces. In that case, we resort to some numerical approximation of (23.10):

Ah (uh) = fh, (23.11)

where h denotes a discretization fidelity (such as mesh size or time steps size
in numerical methods). Here, Ah, uh, and fh a discretization of A , u, and
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f , respectively, and we assume that uh ∈ U, fh ∈ V, and Ah (·) : U ∋ uh 7→
Ah (uh) ∈ V.

Remark 23.1. Note that the discrete forward equation (23.11) (and the dis-
crete adjoint equation (23.16) in the following) is typically valid only in some
subspaces of the original spaces U and V. In particular, uh ∈ Uh ⊆ U and
Ah (uh) , fh ∈ Vh ⊆ V.

Suppose that (23.11) also has a unique solution. We can then evaluate a
numerical approximation of J (u) as Jh (uh), where Jh is an approximation
of J , i.e.,

Jh (uh) ≈ J (u) .

The problem we are interested in is the following: “Can we find a correction

Ĵh (uh) for Jh (uh) such that∣∣∣Ĵh (uh)− J (u)
∣∣∣ < |Jh (uh)− J (u)| , (23.12)

and the cost for the correction is not more than the cost of solving (23.11)
plus evaluating Jh (uh)?”

Suppose J is Lipschitz continuous with Lipschitz constant cJ , then

|Jh (uh)− J (u)| ≤ |Jh (uh)− J (uh)|+ |J (uh)− J (u)|
≤ |Jh (uh)− J (uh)|+ cJ ∥u− uh∥U ,

which shows that the error in approximating the quantity of interest can be
controlled by the discretization error for Jh (the first term on the right-hand
side) and the solution error between the exact solution u and discretized
solution uh. For the simplicity of the exposition, we assume the error in
discretizing J is the same order of the solution error. Thus, we can write

|Jh (uh)− J (u)| ≤ c ∥u− uh∥U ,

where c is some positive constant. That is,

|Jh (uh)− J (u)| = O (∥u− uh∥U) (23.13)

The estimate in (23.13) suggests two approaches to improve the approx-
imation accuracy for the quantity of interest. In section 23.4, we derive an
additive correction to Jh (uh) so that∣∣∣Ĵh (uh)− J (u)

∣∣∣ = O (∥u− uh∥2U) , (23.14)

and thus yield a significantly smaller error: this is known as superconvergence
[117]. In section 23.5, we present a technique to improve the approximate
Jh (uh) by changing the discretization fidelity. This approach aims to intel-
ligently reduce the error ∥u− uh∥U while aiming to minimize the additional



23.4 Error correction 221

cost in refining the discretization [15]. At the heart of both approaches are
the adjoint equation and its solution. We shall see that the adjoint solution
can be used as either the key player in the correction term or a guideline on
how to improve the discretization fidelity. For both approaches, we deploy a
similar optimization strategy to uncover the role of the adjoint: just like what
did when deriving the Green function in subsection 13.2.2,

23.4 Error correction

The presentation of this section is inspired from the work in [117]. We, in
subsection 23.4.1 however, derive the adjoint equation in a systematic man-
ner and take into account additional errors (and thus remove some implicit
assumptions in [117]). We also develop two different approaches in subsec-
tion 23.4.2 and subsection 23.4.3, the first of which is based on second-order
Taylor expansion (23.4), and the second of which is based on the trapezoidal
rule (23.6). As alluded from subsection 13.2.2, We consider the following ar-
tificial optimization problem

min
u∈U

J (u) , subject to (23.10)

which is trivial as we assume that (23.10) has a unique solution. Now applying
the Lagrangian multiplier Theorem 9.3, the first order optimality condition
(9.6) gives us the following adjoint equation

[DA (u)]
∗
v = −DJ (u) , (23.15)

where v is the adjoint solution (we shall assume that the adjoint equation
(23.15) also has a unique solution).

Remark 23.2. Note that while the original equation (also known as the for-
ward equation or the primal equation) (23.10) could be nonlinear in u, the
adjoint equation (23.15) is always linear in the adjoint variable v.

In general, it may not be feasible to solve the adjoint equation (23.15)
directly, and in that case we have to resort to some approximation. One
approach is to discretize the adjoint equation with the same fidelity h to
obtain

[DAh (uh)]
∗
vh = −DJh (uh) . (23.16)

There are at least two ways to understand the notations in (23.16), each of
which will lead to a (slightly) different approach for improving the estimation
error. The first view is to understand DAh (uh) as first evaluating the Fréchet
derivative DA at uh and then discretizing it with DAh; similarly, we first
evaluate DJ at uh and then discretize it to obtain DJh (uh). In practice, the
order (e.g., evaluating the Fréchet derivative DA at uh and then discretizing
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it with DAh) is not important and in fact they are typically carried out at the
same time. The second view is to evaluate A at uh, then discretize A with
Ah, and then compute the Fréchet derivative of Ah (uh) to obtain DAh (uh);
similarly, we evaluate J at uh, then discretize J with Jh, and then compute
the Fréchet derivative of Jh (uh) to obtain DJh (uh). It is straightforward to
show (see Problem 23.3) that the second view can be obtained from the first
order optimality condition of the following optimization problem

min
uh

Jh (uh) , subject to (23.11).

It is important to point out that solving the discretized adjoint equation
(23.16) is generally easier than solving the discrete forward equation (23.11),
provided that DJh (uh) and [DAh (uh)]

∗
can be evaluated2, as the former is

always linear in the adjoint solution vh.
Till the rest of this section, we focus on the error correction using the first

viewpoint of (23.16). We also assume that the disrete forward solution uh in
(23.11) and the discrete adjoint solution vh in (23.16) are already computed.

23.4.1 First approach: first-order Taylor expansion

We begin by noticing that the adjoint equation, and hence the adjoint solu-
tion, involves the derivative of the quantity of interest J (u) while our goal is
to improve the approximation Jh (uh). The natural approach to bring the two
together is to invoke the Taylor expansion as it involves both function value
and the derivative! Indeed, applying (23.4) with J in place of F , uh in place
of u, u− uh in place of v, and n = 0 gives

J (u) = J (uh) +

∫ 1

0

DJ (uh + t (u− uh) ;u− uh) dt

= J (uh) +

〈∫ 1

0

DJ (uh + t (u− uh)) dt, u− uh
〉
, (23.17)

where we have used the duality pairing form of Fréchet derivative along the
direction u − uh and the linearity of the duality pairing (see section 9.2).
Furthermore, we have assumed that we can switch between integral and the
duality pairing. Let us denote

DJ (uh, u) :=

∫ 1

0

DJ (uh + t (u− uh)) dt.

2 Note that there is no need to form the adjoint [DAh (uh)]
∗ if one uses Krylov subspace

methods. In that case, all we need is the ability to compute the action of the adjoint

[DAh (uh)]
∗ on an arbitrary function/vector.
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A closer look reveals that DJ (uh, u) is the average of the Fréchet derivative
DJ along the convex combination of uh and u. As a result, it is symmetric
in uh and u (see Problem 23.4), i.e.,

DJ (uh, u) = DJ (u, uh).

We thus arrive at

J (u) = J (uh) +
〈
DJ (uh, u), u− uh

〉
. (23.18)

Since the discretized equation (23.16) involves DJh (uh) instead of the aver-
age, we perform the standard adding and subtracting trick to obtain

J (u) = J (uh) + ⟨DJh (uh) , u− uh⟩+
〈
DJ (uh, u)−DJh (uh) , u− uh

〉
,

which, together with the discretized adjoint3 equation (23.16), is equivalent
to

J (u) = J (uh)+⟨vh,DAh (uh) (uh − u)⟩+
〈
DJ (uh, u)−DJh (uh) , u− uh

〉
,

(23.19)
where we have also invoked the adjoint definition in the second term of the
right-hand side. Continuing the adding and subtracting trick gives

J (u) = J (uh)

+ ⟨vh,DA (uh) (uh − u)⟩+ ⟨vh, (DAh (uh)−DA (uh)) (uh − u)⟩︸ ︷︷ ︸
term I

+
〈
DJ (uh, u)−DJ (uh) , u− uh

〉
︸ ︷︷ ︸

term II

+ ⟨DJ (uh)−DJh (uh) , u− uh⟩︸ ︷︷ ︸
term III

.

Suppose the errors in discretizing DA and DJ are the same order of the
forward solution error ∥u− uh∥U, then term I and term III are high-order as

they scale like O
(
∥u− uh∥2U

)
. Term II is also high-order, as we know show.

We have

|term II| =
∣∣∣∣∫ 1

0

⟨[DJ (uh + t (u− uh))−DJ (uh)] , u− uh⟩ dt
∣∣∣∣ .

Either applying the Taylor expansion (23.4) for DJ (uh + t (u− uh)) around
û and assume that the second order Fréchet derivative of J is bounded (see
Problem 23.5), or assuming that DJ is Lipschitz continuous4, i.e.,

3 Recall the discussion in Remark 23.1 that we assume the discrete adjoint equation (23.16)

is an identity in U and the adjoint [DAh (uh)]
∗ is defined as a linear map from V to U.

Otherwise, we could not substitute (23.16), had it been valid only in a subspace Uh ∈ U.
4 The two approaches are essentially equivalent.
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|[DJ (uh + t (u− uh))−DJ (uh)]| = O (t ∥u− uh∥U)

we have
|term II| = O

(
∥u− uh∥2U

)
.

Therefore, we have shown

J (u) = J (uh) + ⟨vh,DA (uh) (uh − u)⟩︸ ︷︷ ︸
term IV

+O
(
∥u− uh∥2U

)
. (23.20)

Next, applying the Taylor expansion (23.4) with n = 1 for ⟨vh,A (u)⟩V
around uh, we have

⟨vh,A (u)⟩V = ⟨vh,A (uh)⟩V − ⟨vh,DA (uh) (uh − u)⟩︸ ︷︷ ︸
term IV

+

∫ 1

0

〈
vh,D

2A (uh + t (u− uh) ;u− uh, u− uh)
〉
(1− t) dt.

Suppose that D2A (uh + t (u− uh)) is bounded, then∫ 1

0

〈
vh,D

2A (uh + t (u− uh) ;u− uh, u− uh)
〉
(1− t) dt = O

(
∥u− uh∥2U

)
,

from which it follows that

term IV = ⟨vh,A (uh)−A (u)⟩V +O
(
∥u− uh∥2U

)
= ⟨vh,Ah (uh)−A (u)⟩V + ⟨vh,A (uh)−Ah (uh)⟩V +O

(
∥u− uh∥2U

)
= ⟨vh, fh − f⟩V + ⟨vh,A (uh)−Ah (uh)⟩V +O

(
∥u− uh∥2U

)
,

where we have used (23.10) and (23.11) in the first term of the second equality
to obtain the last equality.

We conclude that

J (u) = J (uh) + ⟨vh, fh − f⟩V + ⟨vh,A (uh)−Ah (uh)⟩V +O
(
∥u− uh∥2U

)
= Jh (uh) + ⟨vh, fh − f⟩V + J (uh)− Jh (uh)︸ ︷︷ ︸

term A

+ ⟨vh,A (uh)−Ah (uh)⟩V︸ ︷︷ ︸
term B

+O
(
∥u− uh∥2U

)
,

which gives us three scenarios:

i Suppose that there is no discretization error in J and A , that is,
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J (uh) = Jh (uh) and A (uh) = Ah (uh) .

Then define
Ĵh (uh) := Jh (uh) + ⟨vh, fh − f⟩V ,

we trivially obtain the superconvergence result (23.14).
ii) Suppose that we can evaluate J (uh) and A (uh) exactly. We then define

a computable corrected quantity of interest as

Ĵh (uh) := Jh (uh) + ⟨vh, fh − f⟩V + J (uh)− Jh (uh)
+ ⟨vh,A (uh)−Ah (uh)⟩V , (23.21)

and this immediately yields the desirable estimate (23.14).
iii) If we cannot evaluate J (uh) and A (uh) exactly, we can still achieve

(23.14) if the discretization for J and A is an order of magnitude smaller
than the approximation for u. In particular, assume that we design our
numerical discretization for J and A such that

|J (uh)− Jh (uh)| = O
(
∥u− uh∥2U

)
,

∥A (uh)−Ah (uh)∥V = O
(
∥u− uh∥2U

)
.

Then, again, defining Ĵh (uh) as in (23.21) gives the desirable estimate
(23.14).

23.4.2 Second approach: second-order Taylor
expansion

The derivation in subsection 23.4.1 is based on the zero-order Taylor expan-
sion of J (u) (see (23.17)). We then perform the add-add-subtract trick (which
could be unintuitive) to make the derivative of J appear in order to invoke
the discrete adjoint equation (23.16). In this section, we provide a succinct
and elegant approach using the first-order Taylor expansion (23.4) for J (u).
In particular, we have

J (u) = J (uh) + ⟨DJ (uh) , u− uh⟩

+

∫ 1

0

DJ2 (uh + t (u− uh) ;u− uh, u− uh) (1− t) dt. (23.22)

At this point, we could have used the discrete adjoint equation (23.16) if the
second term on the right-hand side were with DJh. But this is simple as we
can add and subtract to have
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J (u) = J (uh) + ⟨DJh (uh) , u− uh⟩+ ⟨DJ (uh)−DJh (uh) , u− uh⟩

+

∫ 1

0

DJ2 (uh + t (u− uh) ;u− uh, u− uh) (1− t) dt.

Now we can invoke the discrete adjoint equation (23.16) to arrive at

J (u) = J (uh) + ⟨vh,DAh (uh) (uh − u)⟩+ ⟨DJ (uh)−DJh (uh) , u− uh⟩︸ ︷︷ ︸
term A

+

∫ 1

0

DJ2 (uh + t (u− uh) ;u− uh, u− uh) (1− t) dt︸ ︷︷ ︸
term B

.

Since term A is the same as term III in subsection 23.4.1, it scales as

O
(
∥u− uh∥2U

)
. For term B, similar to subsection 23.4.1, if we assume

that the second-order Fréchet derivative DJ2 (·), as a linear operator from
U×U→ R is (essentially) bounded5 along the line connecting uh and u, then
we have

J (u) = J (uh) + ⟨vh,DAh (uh) (uh − u)⟩+O
(
∥u− uh∥2U

)
,

which is the same as (23.20). Thus, we can follow the rest of the subsec-
tion 23.4.1, including how to construct an improved quantity of interest

Ĵh (uh).

23.4.3 Third approach: Trapezoidal trick

In the third approach, similar to the first approach in subsection 23.4.1, the
starting point is the zero-order Taylor expansion for J (u):

J (u) = J (uh) +

∫ 1

0

DJ (uh + t (u− uh) ;u− uh) dt. (23.23)

The key is then to invoke the trapezoidal rule (23.6) for the second term to
have

5 Note that it is sufficient to assume that the DJ (·) is Lipschitz continuous along the line

connecting uh and u
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0

DJ (uh + t (u− uh) ;u− uh) dt

=
1

2
⟨DJ (uh) , u− uh⟩+

1

2
⟨DJ (u) , u− uh⟩

−
∫ 1

0

(
t− 1

2

)
D2J (uh + t (u− uh) ;u− uh, u− uh) dt,

which, after applying Taylor expansion for the second term on the right-hand
side, becomes∫ 1

0

DJ (uh + t (u− uh) ;u− uh) dt

= ⟨DJ (uh) , u− uh⟩+
∫ 1

0

DJ2 (uh + t (u− uh) ;u− uh;u− uh) (1− t) dt.

Thus,

J (u) = J (uh) + ⟨DJ (uh) , u− uh⟩

+

∫ 1

0

DJ2 (uh + t (u− uh) ;u− uh, u− uh) (1− t) dt,

which is exactly the starting point of subsection 23.4.2. Thus, we have shown
that starting from the first approach with judicious use of the trapezoidal
rule and Taylor expansion, we recover the second approach. In other words,
the first and second approaches are equivalent.

23.5 A posterior error estimation

23.5.1 A variational formulation and its discretization

The setting in this section, in a sense, is more general than the one in sec-
tion 23.4. This is facilitated by a variational setting. Equipped with Fréchet
derivative definition via duality pairing (see section 9.2 of Chapter 9) and the
adjoint definition with duality pairing (see the third footnote of Chapter 13),
we can consider a more general setting without additional effort or difficulty.
We start by considering

A : U ∋ u 7→ A (u) ∈ V∗ and f ∈ V∗,

and writing (23.10) in an equivalent variational form with duality pairing in
V:

a (u; z) := ⟨A (u) , z⟩V = ⟨f, z⟩V =: ℓ (z) , ∀z ∈ V. (23.24)
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When A is a linear operator, variational settings and their well-posedness
can be referred to Chapter 15.

Remark 23.3. In the finite element literature, U and V are commonly called
the trial and test spaces.

Again, our convention is that a (·; ·) depends linearly on any argument
after the semicolon. Let Uh ⊂ U, Vh ⊂ V, and consider the following abstract
discretization6 of (23.24):

a (uh; zh) := ⟨A (uh) , zh⟩V = ℓ (zh) , ∀zh ∈ Vh. (23.25)

The “Galerkin” orthogonality

⟨A (uh) , zh⟩V − ⟨A (u) , zh⟩V = 0, ∀zh ∈ Vh, (23.26)

is an immediate consequence of (23.24) and (23.25).

Remark 23.4. Compared to (23.11) (see Remark 23.1), the discretized forward
equation (23.25) is the restriction of the forward equation (23.24) in subspaces
Uh × Vh. In particular, we look for a solution uh ∈ Uh ⊂ U for all test
functions zh ∈ Vh ⊂ V. We would like to point out that the discretized
variational equation (23.25) is typically a result of a finite element method
in which we do not discretize the operator A , but analytically evaluate it on
the approximate solution uh (which are typically piecewise polynomials). In
practice, most of the variational settings have U and V as Sobolev spaces with
predefined inner-product products (see subsection 13.1.5). In these cases, the
duality pairings in (23.25) are in fact inner products and can be evaluated in
a piecewise fashion. We assume that both sides of (23.25) can be evaluated
exactly though they are typically approximated with some quadrature rules.
We shall make the same assumption for the discrete adjoint equation (23.28)
in the following. Taking into account the quadrature error is possible, but is
tedious/cumbersome and yet does not add much value to our exposition.

Similarly, let us generalize the adjoint equation (23.15) using duality pair-
ing in U as 〈

[DA (u)]
∗
v, w

〉
U = −⟨DJ (u) , w⟩U , ∀w ∈ U, (23.27)

and its discretization in Vh and Uh as〈
[DA (uh)]

∗
vh, wh

〉
U = −⟨DJ (uh) , wh⟩U , ∀wh ∈ Uh, (23.28)

where, similar to the discretization strategy for the forward equation, we
restrict the adjoint equation (23.27) on the subspaces Uh ×Vh to obtain the
discretized adjoint equation (23.28).

6 Note that in practice, we may have to discretize the duality pairing and/or inner products

as well, but we ignore this for the clarity of the exposition.
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23.5.2 From error correction to a posteriori error
estimation

In this section, we first carry out a similar procedure that we did in sec-
tion 23.4 for the variational approach. The Taylor expansion (23.18) still
holds. Guided by subsection 23.4.2, we start with (23.22):

J (u) = J (uh) + ⟨DJ (uh) , u− uh⟩U +O
(
∥u− uh∥2U

)
.

The problem is that we can not use the left-hand side of the discretized adjoint
equation (23.28) since it is only valid in the subspace Uh, while u /∈ Uh in
general. As a result, we cannot substitute (23.28) into the second term of
⟨DJ (uh) , u− uh⟩ as we have done in (23.19). Thus, the correct path should
be through the (continuous) adjoint (23.27), but we need DJ (u) and this
can be achieve by add-and-subtract trick to have

⟨DJ (uh) , u− uh⟩U = ⟨DJ (u) , u− uh⟩U + ⟨DJ (uh)−DJ (u) , u− uh⟩U
=︸︷︷︸

(23.27)

⟨v,DA (u) (u− uh)⟩V +O
(
∥u− uh∥2U

)
.

Thus,

J (u) = J (uh) + ⟨v,DA (u) (u− uh)⟩V +O
(
∥u− uh∥2U

)
, (23.29)

which is almost the same as (23.19) except we have v instead of vh in the
second term on the right-hand side. Again, with the add-and-subtract trick
we have

⟨v,DA (u) (u− uh)⟩V = ⟨vh,DA (u) (u− uh)⟩V +O
(
∥u− uh∥2U

)
,

where we have assumed that the error in the adjoint discrete solution
∥v − vh∥V is the same order of the error in the forward solution ∥u− uh∥V,
and that DA (u) is bounded.

Now, similar to manipulating (23.20), using Taylor expansion (23.4) with
n = 1 for ⟨vh,A (uh)⟩V around u, yields

⟨vh,DA (u) (u− uh)⟩V = ⟨vh,A (uh)⟩V − ⟨vh,A (u)⟩V︸ ︷︷ ︸
=0 due to the Galerin orthogonality (23.26)

+O
(
∥u− uh∥2U

)
,

where we have assumed that D2A (uh + t (u− uh)) is bounded.7
We conclude that

7 Note that correct term is D2A (u+ t (uh − u)), but Problem 23.4 tells us that they are
the same.
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J (u) = J (uh) +O
(
∥u− uh∥2U

)
,

but this is not a useful estimate as it does suggest a way to improve J (uh)!
To avoid the Galerkin orthogonality we go back to (23.29) and Taylor

expansion (23.4) with n = 1 for ⟨v,A (uh)⟩V around u to arrive at

J (u) = J (uh) + ⟨v,A (uh)−A (u)⟩V +O
(
∥u− uh∥2U

)
,

which, after inserting the Galerkin orthogonality (23.26), becomes

J (u) = J (uh) + ⟨v − vh,A (uh)−A (u)⟩V +O
(
∥u− uh∥2U

)
,

which is equivalent to

J (u) = J (uh) + ⟨v − vh,A (uh)− f⟩V +O
(
∥u− uh∥2U

)
,

where we have used (23.24). Now if we define the residual of the forward
equation (23.24) at uh projected on v − vh as

R (uh; v − vh) := ⟨A (uh) , v − vh⟩V − ⟨f, v − vh⟩V = ⟨A (uh)− f, v − vh⟩V ,

we arrive at the weighted residual form [56, 15, 5]

J (u) = J (uh) +R (uh; v − vh) +O
(
∥u− uh∥2U

)
. (23.30)

The problem is that we do not know the exact adjoint solution v, and thus
the weighted residual, if used as a correction term, is generally not available.

The fact that the weighted residual R (uh; v − vh) is not computable does
not prevent us from approximating it. We can then explore the residual ap-
proximation to refine the discretization to improve the accuracy of J (uh).
To that end, suppose the domain Ω ⊂ Rn of interest (on which we consider
all the quantities including the forward and adjoint solutions, and their dis-
crete approximations) is open and bounded. We also write U (Ω) and V (Ω)
to highlight the fact that both trial and test space depend on the domain
Ω. Let us decompose Ω into N non-overlapping subdomains Dk, k = 1, . . . ,N
such that

Ω = ∪Nk=1Dk,

where the overline denotes the closure of a set (see Definition 5.8). We further
assume that the weighted residual can be decomposed8 as

8 Note that this is not a significant limitation, as V is typically an L2-based Sobolev space

(see Definition 13.15) in most of applications.
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R (uh; v − vh) = ⟨A (uh)− f, v − vh⟩V(Ω) =

N∑
k=1

⟨A (uh)− f, v − vh⟩V(Dk)︸ ︷︷ ︸
=:Rk(uh;v−vh)

where the local weighted residual Rk (uh; v − vh) is evaluated on each sub-
domain Dk. By invoking the Cauchy-Schwarz inequality we arrive at

|R (uh; v − vh)| ≤

√√√√ N∑
k=1

∥A (uh)− f∥2V(Dk)

√√√√ N∑
k=1

∥v − vh∥2V(Dk)
.

Since we assume that the discrete forward and adjoint solutions uh and vh
are already computed, the element residual ∥A (uh)− f∥V(Dk)

is computable.

The adjoint error ∥v − vh∥2V(Dk)
can be estimated if we have a more accurate

approximation of v than vh. Two popular approaches are:

1. Solve the discrete adjoint problem (23.28) with higher fidelity (e.g., re-
fining the mesh or increasing the solution order for finite element meth-
ods) to obtain a more accurate discrete adjoint solution vh

f , and then

replace ∥v − vh∥2V(Dk)
with

∥∥vhf − vh∥∥2V(Dk)
. For nonlinear forward prob-

lem (23.25), solving for uh is significantly more costly than solving for the
discrete adjoint problem (23.28) as the latter is always linear. For such a
case, solving for vh

f does not incur more cost than solving the discrete
forward problem (23.25). If the forward problem is linear forward problem
(23.25) or when we do not want to solve an additional adjoint equation
to estimate the adjoint error, we can resort to the second approach.

2. Post-process the discrete adjoint solution vh (such as high-order interpo-
lation for vh

f in an element Dk based on vh from the neighboring element)
to obtain a more accurate representation vh

f (see, e.g., [35, 4, 144]). This
approach is an efficient approach as it can be carried out for all elements
in a completely parallel fashion. However, the error estimation may not
be the same accuracy/quality as the first approach as the adjoint solu-
tion needs to be sufficiently smooth for the interpolation to be a more
accurate representation.

Problems

Problem 23.1. Provide a derivation/proof for (23.3).

Problem 23.2. Using (23.4) to derive the error for the trapezoidal rule

Problem 23.3. Show that the first-order optimality condition of

min
uh

Jh (uh) , subject to (23.11)
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is the second view of (23.16).

Problem 23.4. Prove the following symmetry

DJ (uh, u) = DJ (u, uh).

Problem 23.5. Use the Taylor expansion (23.4) to show that

⟨[DJ (uh + t (u− uh))−DJ (uh)] , u− uh⟩ = O
(
∥u− uh∥2U

)
,

under some sufficient condition on the second order Fréchet derivative of J .



Chapter 24

Reproducing Kernel Hilbert Spaces

Abstract Due to the ubiquitous nature of Reproducing Kernel Hilbert
Spaces (RKHS) in mathematics and recently in machine learning, this chap-
ter exhibits the important role of the adjoint in the theory of RKHS. We shall
see that the Mercer theorem is a direct consequence of the Hilbert-Schmidt
Theorem 14.1. We present RKHS from two dual perspectives: i) starting from
a RKHS and deriving the associated kernel, and ii) starting from a kernel and
deriving the RKHS. Due to the one-to-one association of a RKHS and its ker-
nel (which we will also prove), the two perspectives are equivalent. Besides
our own findings and derivations, the majority of the materials in this chapter
can be found in [62, 98, 114, 40] and the references therein. The prerequisites
for this chapter are:

• Chapter 5, Chapter 13 and Chapter 14
• ...

24.1 From a Reproducing Kernel Hilbert Space to its
kernel

Definition 24.1 (Reproducing Kernel Hilbert Space). Let X be a set.
A vector space H on X with value in F (either real or complex) is a Repro-
ducing Kernel Hilbert Space (RKHS) if

H1) H is a Hilbert space with an inner product (·, ·)H , and
H2) the pointwise evaluation functional ex : H ∋ f 7→ ex (f) := f (x) ∈ F is

bounded for any x ∈ X.

From H2), a RKHS is special in the sense that, unlike a general Hilbert
space (such as Sobolev spaces in Chapter 13), pointwise value/evaluation for
functions in a RKHS is well-defined. Moreover, ex is a linear and continu-
ous functional on H , and thus resides in H ∗. By the Riesz representation

233
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Theorem 5.1, there exists a unique Kx ∈H such that

∥ex∥H ∗ = ∥Kx∥H ,

and
f (x) = ex (f) = (Kx, f)H , (24.1)

which is known as the reproducing property. We can see that Kx is a gener-
alized Green function (see subsection 13.2.1.1 for a detailed discussion), and
this will also be clear in Example 24.4 for a specific example. Furthermore, ex
is simply the Dirac delta distribution (see Definition 13.11) if the test space
D (X) is dense in H .

Definition 24.2 (The induced kernel from a RKHS H ). The kernel
K (·, ·) : X ×X → F associated with a RKHS H is defined as

K (x, y) := Ky (x) , ∀x, y ∈ X.

The induced kernel K (x, y) makes sense since, from (24.1), for any y ∈ X,
Ky ∈ H and thus the pointwise evaluation Ky (x) is meaningful for any
x ∈ X. Furthermore, also from the reproducing property (24.1), we have

K (x, y) := Ky (x) = (Kx,Ky)H .

Thus, from the natural inner product (5.5) in the dual space H ∗, the two-
point kernel K (x, y) is exactly the inner product of the two pointwise evalu-
ation functionals ex and ey (see (5.5)):

K (x, y) = (Kx,Ky)H = (ey, ex)H ∗ .

Two important observations from the induced kernel in Definition 24.2 are
in order.

K1) K (·, ·) is symmetric as

K (x, y) = (Kx,Ky)H = (Ky,Kx)H = K (y, x),

where we have used the symmetry of the inner product in H (see Chap-
ter 4). As a result, we have

∥ex∥2H ∗ = ∥Kx∥2H = (Kx,Kx)H = K (x, x) . (24.2)

K2) K (·, ·) is symmetric positive definite,1 as for any n number of points{
xi
}n
i=1

, the corresponding matrix K ∈ Fn×n with Kij = K
(
xi, xj

)
is

symmetric semi-positive definite:

1 It is in fact semi-positive definite, but for historical reason (see, e.g., [114]) we shall use

positive definite.
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αTKα =

n∑
i,j=1

αiK
(
xi, xj

)
αj =

 n∑
i=1

αiKxi ,

n∑
j=1

αjKxj


H

≥ 0,∀α ∈ Fn.

Example 24.1 (ℓ2 (N) is a RKHS). First, let us consider the special finite
dimensional Hilbert space Cn with the standard inner product (f , g)Cn :=
n∑

i=1

f igi. If we set X = {1, . . . , n}, then any x = i ∈ X each vector f ∈ Cn

is a function on X with values in C, i.e., |f (x)| = |f i| ≤ ∥f∥Cn . Thus, each
pointwise linear evaluation functional ei is continuous, and returns the ith
component of a vector in Cn. Its unique Riesz representation Ki is simply the
ith canonical basis vector of Cn. The two-point kernel in this case reads

K (i, j) = (Ki,Kj)Cn = δij =

{
1 if i = j,

0 otherwise.

As a result, ∥ei∥[Cn]∗ = ∥Ki∥Cn =
√

K (i, i) = 1. Moreover, the associated
matrix K is simply the identity matrix.

Now recall that ℓ2 (N) :=

{
f ∈ R∞ :

∞∑
n=1

|fn|
2
<∞

}
with the standard

inner product

(f , g)ℓ2(N) :=

∞∑
n=1

fngn, ∀f , g ∈ ℓ2 (N) ,

and the induced norm ∥f∥ℓ2(N) =
√
(f ,f)ℓ2(N). If we set X = N, then clearly

f (x) returns themth coordinate of f for any x = m ∈ N and f ∈ ℓ2 (N), that
is, |em (f)| = |fm| ≤ ∥f∥ℓ2(N). It follows that em is linear and continuous,
and its unique Riesz representation Km is exactly the mth canonical basis
vector2 of ℓ2 (N). The two-point kernel is again K (n,m) = δnm, and the
associated matrix K for any finite number of points is the identity matrix.

Example 24.2 (L2 (X), X ⊆ R is not a RKHS on X). The L2 (Ω) is defined
in Definition 13.7. It would be natural to think that L2 (X) is the continuous
version of ℓ2 (N), and thus L2 (Ω) could be a RKHS. This is however not true
and we now provide a counterexample. Consider X = [0, 1] and a sequence
of functions

fn (x) :=

{√
n if 0 ≤ x ≤ 1/n

0 otherwise.

It is clear that ∥fn∥L2(X) = 1 for all n ∈ N. By definition, the operator norm
of the evaluation functional at x = 0, suppose it exists, is given by

2 Km = (0, . . . , 0, 1, 0, . . .), where 1 is at the mth location.
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∥e0∥[L2(X)]∗ := sup
f∈L2(X)

|f(0)|
∥f∥L2(X)

≥ |fn(0)| =
√
n

n→∞−−−−→∞,

which is a contradiction. Thus L2 (X) for X ⊆ Rn is not a RKHS, as H2)
does not hold.

Remark 24.1. The counterexample in Example 24.2 exposes the intrinsic dif-
ference between ℓ2 (N) and L2 (X) in that X ⊆ R is a continuum with
Lebesgue measure while N is discrete with counting measure. In particu-
lar, we can allow the function fn(x) to grow unboundedly in vanishing small
interval [0, 1/n] and yet fn ∈ L2 (X). As a result, we can squeeze in an un-
bounded amount of value/mass

√
n at the point 0 for a function in Ls2 (X).

This is not possible for ℓ2 (N).

Example 24.3 (
[
L2 (Ω)

]∗
, Ω ⊆ Rn is a RKHS on L2 (Ω)). As we have seen

from Example 24.2 is not a RKHS. However, its topological dual
[
L2 (Ω)

]∗
with the canonical inner product (see (5.5))

(φ, η)[L2(Ω)]∗ = (R∗φ,R∗η)L2(Ω),

is a RKHS on L2 (Ω). Indeed, let us denote X = L2 (Ω) and H =
[
L2 (Ω)

]∗
.

From Problem 5.13 we know that H is Hilbert space. Furthermore, each
pointwise evaluation is given as

|ex (φ)| = |φ (x)| ≤ ∥φ∥H ∥x∥X , ∀x ∈ X,

which is linear and bounded. Since

(Kx, φ)H = ex (φ) = φ (x) = (R∗φ, x)X = (φ,Rx)H ,

the induced kernel is given by

K (x, y) = (Ky,Kx)H = (Kx,Ry)H = (Ry,Rx)H = (y, x)X = (x, y)X .

That is, the two-point kernel is nothing more than the inner product of the
corresponding two points in X.

Remark 24.2. As discussed in Remark 5.4, we may not need to distinguish
L2 (Ω) and its topological dual

[
L2 (Ω)

]∗
as they are isometric to each other

and the action of a functional in
[
L2 (Ω)

]∗
with an arbitrary function (in

L2 (Ω)) is the same as the inner product of its Riesz representation with
that arbitrary function. From the RKHS point of view, we have seen from
Example 24.1 and Example 24.3, they are different. In particular, the dual
space

[
L2 (Ω)

]∗
is an RKHS on L2 (Ω), but L2 (Ω) is not an RKHS on Ω. Of

course, if we consider L2 (Ω) as the set of linear and continuous functionals on[
L2 (Ω)

]∗
, then by a similar reasoning clearly L2 (Ω) is a RKHS on

[
L2 (Ω)

]∗
(see Problem 24.2).
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Example 24.4 (H1 [0, 1] is a RKHS). As we have seen from Example 24.1,
that L2 [0, 1] is not a RKHS. It is natural to ask if some of its subspace is a
RKHS. A natural candidate is H1 [0, 1] since Definition 13.15 and Lemma 13.3
show that H1 [0, 1] is a Hilbert subspace of L2 [0, 1]. For convenience, clarity,
and connection with ReLU (to be defined) neuron networks, let us consider
the following closed and dense subspace of H1 [0, 1], and thus still Hilbert,

H := H1
0 [0, 1] :=

{
f ∈ H1 [0, 1] : f(0) = 0

}
,

with the standard inner product (see (13.14))

(f, g)H := (f, g)L2 + (Df,Dg)L2 :=

∫ 1

0

f (x)g (x) dx+

∫ 1

0

Df (x)Dg (x) dx

where D is the weak derivative (see Definition 13.14), and the induced norm
(see (13.15))

∥f∥H =
√

(f, f)H .

From Example 13.12, we know that any function f in H : i) has square
integrable first-order weak derivative, and ii) is continuous and obeys the
fundamental theorem of calculus:

f (x) =

∫ x

0

Df (t) dt. (24.3)

Again, since f is equal to its unique continuous representation almost ev-
erywhere, we do not distinguish f with the continuous representation. The
pointwise evaluation f (x) thus makes sense and we have

|ex (f)| = |f (x)| ≤ ∥Df∥L2

√
x ≤
√
x ∥f∥H , (24.4)

where we have used the Cauchy-Schwarz (13.4) in the first inequality and the
definition of the H -norm in the second inequality. Thus the operator norm
of ex is bounded above by

√
x, that is, ex is thus bounded. By definition, H

is RKHS. The fact that the pointwise evaluation functional ex is consistent
with section 13.2, and we know that ex is in fact the Dirac delta distribution
in this case.

What remains is to determine the two-point kernel function. From the
reproducing property (24.1), we have

f (x) = (Kx, f)H =
〈
Kx −D2Kx, f

〉
, ∀f ∈H ,

where D is again the distributional derivative in Definition 13.12. Since
D (0, 1) is dense in H , we have

ϕ (x) =
〈
Kx −D2Kx, ϕ

〉
, ∀ϕ ∈ D (0, 1) ,
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and by Definition 13.11, we have

Kx (y)−D2Kx (y) = δ (x− y) , and Kx (0) = 0,

which shows that the two-point kernel is the Green function for the following
differential equation with some forcing term g (y)

u (y)−D2u (y) = g (y) , and u (0) = 0,

and this is the direct consequence of the reproducing property (24.1). As
can be seen, the two-point kernel K (x, y)—the Green function—depends on
the inner product in H . Since we are interested in a special kernel, we now
look at a different inner product in H . To that end, we note that a direct
consequence (24.4) is the following Friedrichs-Poincaré inequality

√
2 ∥f∥L2 ≤ ∥Df∥L2 ,

which implies √
2

3
∥f∥H ≤ ∥Df∥L2 ≤ ∥f∥H ,

that is the L2-norm of Df is equivalent to the H -norm. As a result, we can
define a new inner product3 in H as

(f, g)H := (Df,Dg)L2 , ∀f, g ∈H . (24.5)

From (24.4), it is also clear that the pointwise evaluation function ex is con-
tinuous and bounded by

√
x. Thus, H with this new inner product is indeed

a RKHS by Definition 24.1. The two-point kernel K (x, y) is now the Green
function of the following Laplace equation with g (y) as some forcing term:

−D2u (y) = g (y) , and u (0) = 0.

From Example 13.6, we know that DKx is the Heaviside function

DKx (y) =

{
1 if y < x

0 otherwise
.

It follows that

K (y, x) =

∫ y

0

DKx (z) dz =

{
y if y < x

x if y ≥ x
= min {x, y} ,

and from (24.2) we have

3 It is a straightforward exercise to verify the conditions of the inner product in Chapter 4.
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∥ex∥H ∗ =
√

K (x, x) =
√
x,

which is consistent with (24.4). Of course, we can also explicitly verify the
reproducing property (24.1) (see Problem 24.4). The connection with ReLU
neural network will be discussed in Example 24.5.

We next discuss several important results for an RKHS and its reproducing
kernel. We start with an important result in Hilbert space.

Lemma 24.1. Let S be a linear subspace of a Hilbert space H . Then, S⊥ =
{θ} iff S is dense in H .

Proof. Suppose S is dense in H and let x ∈ S⊥. We need to show that ∥x∥H
is arbitrarily small. Indeed, by the Pythagorean identity (7.3), we have

∥x− y∥2H = ∥x∥2H + ∥y∥2H ≥ ∥x∥
2
H , ∀y ∈ S.

Since S is dense in H , for every ε > 0, we can choose y ∈ S such that

∥x− y∥H < ε =⇒ ∥x∥H ≤ ε.

Since ε is arbitrarily small, we conclude that ∥x∥ = 0, and thus x = θ.
Conversely, suppose S⊥ = {θ}. From Corollary 5.1, we have

S =
(
S⊥
)⊥

= {θ}⊥ = H ,

which, together with Definition 12.1, concludes that S is a dense subspace of
H .

Lemma 24.2 (Density). Let H be a RKHS over a set X with values in F
and define

V := span {Kx : x ∈ X} .

Then V is dense in H with respect to the H -norm topology.

Proof. From Lemma 24.1, we only need to show that V⊥ = {θ}. Let f ∈ V⊥,
we have, by the definition of orthogonality and the reproducing property
(24.1),

f (x) = (Kx, f)H = 0, ∀x ∈ X,

and thus f = θ.

Remark 24.3. While functions in a RKHS space H could be abstract, func-
tions in the dense subspace V are simply a linear combination of a finite
number of functions of the form Kxi with i = 1, . . . , n and n ∈ N. Once the
two-point kernel K (x, y) is determined, V is explicitly defined. For practical
and computational purposes, working with the dense subspace V is sufficient.

Example 24.5. We continue Example 24.4. The dense subspace in this case
reads
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V := span {Kx (y) = min {x, y} : x ∈ [0, 1]} .

We now use the density of V in H to justify why the set of ReLU neural
networks can approximate any functions in H to any desired accuracy. To
that end, let us recall the definition of Rectified Linear Unit (ReLU) [107]:

ReLU (x) = min {x, 0} , ∀x ∈ R.

Now notice that we can write

Kx (y) = min {x, y} = x+ y

2
− |x− y|

2
=

1

2
ReLU (x+ y)− 1

2
ReLU (−x− y)− 1

2
ReLU (x− y)− 1

2
ReLU (y − x) ,

that is, Kx (y) is a linear combination of four ReLUs. We also know that
single hidden layer ReLU neural networks are linear combinations of a finite
number of ReLUs. Thus, V is a subset of the set of all single hidden layer
ReLU networks. Since the former is dense in H , so is the latter.

The next result shows that a closed linear subspace of an RKHS is also an
RKHS with a well-defined kernel.

Lemma 24.3. Let H be an RKHS over a set X with values in F and the
reproducing kernel K, and S be a closed linear subspace of H . Then, S is
also an RKHS with the kernel K̃ such that

• K̃x = PKx

• K̃ (x, y) = (PKx,PKy)H = (PKx,Ky)H = (Kx,PKy)H ,

where P is the orthogonal projection from H onto S.

Proof. Recall that a closed subspace of a Hilbert space is also Hilbert with
the same inner product. Thus, S is Hilbert. We have

∥ex∥S∗ = sup
f∈S

|ex (f)|
∥f∥H

≤ sup
f∈H

|ex (f)|
∥f∥H

= ∥ex∥H ∗ <∞,

and thus the pointwise evaluation ex is also bounded on the subset S. Thus
S is an RKHS. The existence and uniqueness of P is from Theorem 7.2. By
the Riesz representation Theorem 5.1 applying to S and H we have

ex (g) =
(
g, K̃x

)
H

= (g,Kx)H

= (Pg,Kx)H = (g,P∗Kx)H = (g,PKx)H , ∀g ∈ S,

which implies K̃x = PKx. Thus,

K̃ (x, y) =
(
K̃x, K̃y

)
H

= (PKx,PKy)H = (PKx,Ky)H = (Kx,PKy)H ,
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where we have used the fact that P∗ = P and PP = P.

Example 24.6 (Subspace kernel). Recall from Example 24.4 that

H = H1
0 [0, 1] :=

{
f ∈ H1 [0, 1] : f(0) = 0

}
is an RKHS with the reproducing kernel K (x, y) = min {x, y}. Now consider
a closed linear subspace

S := {f ∈H : f(1) = 0} =: H 1
00 [0, 1] .

Clearly, one can follow similar steps as in Example 24.4 to directly show that
H 1

00 [0, 1] is indeed an RKHS and its reproducing kernel is given by

K̃ (x, y) =

{
(1− y)x if x ≤ y
(1− x) y if x ≥ y

. (24.6)

Here we can also follow an indirect approach by exploiting Lemma 24.3.
In particular, we immediately know that H 1

00 [0, 1] is an RKHS with the
H inner product. In order to determine the kernel K̃ of H 1

00 [0, 1] we
need to find the orthogonal projection onto H 1

00 [0, 1]. From the proof of
Corollary 16.1, we simply find an orthogonal basis for H 1

00 [0, 1], which we
essentially already computed in Example 16.4. Indeed, since v ∈ {1} ∪{√

2 cos (2nπx) ,
√
2 sin (2nπx) : n ∈ N

}
is an orthonormal basis vector for

L2 (0, 1) and the inner product of H is defined as in (24.5), orthonormal
basis vectors for H 1

00 [0, 1] can be found by integrating v with zero boundary
conditions at 0 and 1. In particular, we have

V :=

{ √
2

2nπ
sin (2nπx) ,

√
2

2nπ
(cos (2nπx)− 1) : n ∈ N

}

is an orthonormal basis for H 1
00 [0, 1] (see Problem 24.5). From Corollary 16.1

we have that4

P :=
∑
vn∈V

(vn, ·)H vn

is the orthogonal projection onto H 1
00 [0, 1]. From Lemma 24.3, the kernel

function for H 1
00 [0, 1] is then given by

K̃ (x, y) = K̃y (x) = PKy (x) =
∑
vn∈V

(vn,Ky)H vn (x) =
∑
vn∈V

vn (y)vn (x) ,

which does not give us the explicit form of K̃y (x). However, from the deriva-

tion and Definition 24.2, we know that the two-point kernel K̃y (x) is unique

4 Again, from Corollary 16.1, the convergence of the series is in the strong sense.
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(thanks to the Riesz representation Theorem 5.1), and thus K̃y (x) must be
the same as the one in (24.6). In other words, the second approach gives us
a Fourier series expansion of the reproducing kernel in (24.6). More impor-
tantly, the beauty of this approach is that we immediately yield the Mercer-type
theorem for H 1

00 [0, 1]. From the derivation, we also see that

K̃ (x, y) =
∑
vn∈V

vn (y)vn (x) ,

holds even without knowing the explicit expression of vn and without K (x, y),
as long as {vn}∞n=1 is an orthonormal basis for H 1

00 [0, 1].

Lemma 24.4 (Kernel expansion in terms of orthonormal basis). Sup-
pose {vn}∞n=1 is a countable5 orthonormal basis of a RKHS H . Then

K (x, y) =

∞∑
n=1

vn (x) vn (y),

where, for a given y (and similarly a given x), the series converges in the
H -norm and pointwise.

Proof. The proof for the expression of K and the H -norm convergence are
given in Example 24.6. The pointwise convergence is a direct consequence of
Lemma 24.5.

From Example 24.6 we already pointed out that, owing to the Riesz repre-
sentation Theorem 5.1, each RKHS has a unique reproducing kernel. It turns
out that the converse is also true. In particular, if we consider the correspon-
dence between an RKHS and its reproducing kernel as a map, then that map
is injective.

Theorem 24.1 (One-to-one correspondence between an RKHS and
its reproducing kernel). Let H 1 and H 2 are two RKHS on a set X with
values in F, and their corresponding reproducing kernels be K1 and K2. If
K1 (x, y) = K2 (x, y) for all x, y ∈ X, then H 1 = H 2.

Proof. Since K1 (x, y) = K2 (x, y) for all x, y ∈ X, the corresponding dense
subsets V1 and V2 in Lemma 24.2 are identical and let us denote them as V.
Let f ∈ V, then there exists n ∈ N,

{
yi
}n
i=1
⊂ X, and α ∈ Fn such that

f (x) =

n∑
i=1

αiK
1
yi (x) =

n∑
i=1

αiK
2
yi (x) .

Thus

5 The extension to uncountable cases is possible but it is of no interest in this book.
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∥f∥2H 1 =

(
n∑

i=1

αiK
1
yi (x) ,

n∑
i=1

αiK
1
yi (x)

)
H 1

=

n∑
i,j=1

αiK
1
(
yj , yi

)
αj

=

n∑
i,j=1

αiK
2
(
yj , yi

)
αj = ∥f∥2H 2 ,

which shows that both H 1-norm and H 2-norm are the same and let us
denote them as ∥·∥. In addition, owing to Lemma 24.2, both H 1 and H 2

are the completions of V under the same norm ∥·∥, and since the completion is
unique (see Remark 5.6), H 1 and H 2 must be identical, and this concludes
the proof (see Problem 24.6 for a direct proof that exploits Lemma 24.5).

We next show that in an RKHS H norm convergence implies pointwise
convergence. This is not surprising as the reproducing property (24.1) (which
is the direct consequence of the boundedness of the pointwise evaluation
functional).

Lemma 24.5 (norm convergence implies pointwise convergence). Let
H be an RKHS over a set X with values in F, and sequence {fn}∞n=1. Then,

∥fn − f∥H
n→∞−−−−→ 0 =⇒ fn (x)

n→∞−−−−→ f (x) ,∀x ∈ X.

Proof. Owing to the linearity of ex and the reproducing property (24.1) we
have

|fn (x)− f (x)| = |ex (fn − f)| = |(fn − f,Kx)H |

≤ ∥fn − f∥H ∥Kx∥H = ∥fn − f∥H
√
K (x, x)

n→∞−−−−→ 0,

where we have used the Cauchy-Schwarz inequality in H .

Example 24.7. We continue Example 24.5, but now focus on a subspace
C0 [0, 1] ⊂

dense
H1

0 (0, 1), where the density is a consequence of (13.3). Thus,

V, and hence the set of all single hidden layer ReLU neural networks, is also
dense in C0 [0, 1] with respect to the H -norm. The result in Lemma 24.5,
when taking f ∈ C0 [0, 1], implies

∥fn − f∥∞ ≤ ∥fn − f∥H
√

K (x, x)
n→∞−−−−→ 0,

where the uniform norm is defined in Definition 13.5. We conclude that V,
and hence the set of all single hidden layer ReLU neural networks, is also
dense in C0 [0, 1] with respect to the uniform norm.
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24.2 From a kernel to its Reproducing Kernel Hilbert
Space

We have seen in Theorem 24.1 that every RKHS induces a unique reproducing
kernel. We now walk in the opposite direction. Namely, given a kernel, does
it induce an RKHS? If it does, is the RKHS unique? But before addressing
these questions, we have to answer the more basic question: what is a kernel?
It turns out that the two properties K1) and K2) are sufficient.

Definition 24.3 (Kernel). Let X be a set and F be a field. A function
K (·, ·) : X × X → F is called a kernel if it is symmetric as in K1) and
symmetric positive definite as in K2). We also define Ky (x) := K (x, y).

Theorem 24.2 (One-to-one correspondence between a kernel and
its RKHS). Let K be a kernel as defined in Definition 24.3. Then, three is
a unique Hilbert space H with the properties

1. V := span {Kx : x ∈ X} is dense in H , and
2. for any x ∈ X and f ∈ H , the reproducing property f (x) = (Kx, f)H

holds.

Proof. We shall construct H and show that it is unique. To that end let
us define an inner product in V. For any f, g ∈ V, there are two indices
nf , ng ∈ N,

{
yi
}nf

i=1
⊂ X, and

{
zj
}ng

j=1
⊂ X such that

f (x) =

nf∑
i=1

αiKyi (x) , and g (x) =

ng∑
j=1

βiKzj (x) .

An inner product for V for the two arbitrary f and g can be defined as follows

(f, g)V :=

nf∑
i=1

ng∑
j=1

αiK
(
yi, zj

)
βj ,

which implies (Kx,Ky)V = K (x, y) = Ky (x). We can check that (f, g)V satis-
fies all the conditions of inner product in Chapter 4 (see Problem 24.7). Let
us denote H as the completion of V in the induced norm ∥·∥V. We need to
verify that H satisfies the two asserted properties. The first one is obvious
by the definition of the closure. For the second property, we first note that
from the definition of the inner product in V, the reproducing property holds
for all f ∈ V. Next, for any f ∈ H , there exists {fn}∞n=1 ⊂ V converging
to f in the V-norm. The key to notice that is that f can be written in the
following form6

6 This can be seen by considering fn (x) as the nth partial of a series in V. Clearly, such

an nth partial sum can be formed as
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f (x) =

∞∑
n=1

αnKxn (x) ,

where the series converges in the V-norm. Owing to the continuity of the
inner product, we have

(Kx, f)V =

∞∑
n=1

αn (Kx,Kxn)V =

∞∑
n=1

αnKxn (x) = f (x) ,

and thus any f ∈H has the desired reproducing property. To see the unique-
ness of H , suppose H̃ is another Hilbert space satisfying the two asserted
properties. Then, both H and H̃ are RKHSs by Definition 24.1 and they
share the same kernel K (x, y). By Theorem 24.1, H = H̃ , and this concludes
the proof.

Corollary 24.1. The correspondence between kernels and their correspond-
ing RKHSs is bijective.

Proof. This is a direct consequence of Theorem 24.1 and Theorem 24.2.

Example 24.8. Let us now consider all above examples where we have found
the kernels explicitly, we know that if we start from these kernels, then the
corresponding RKHSs (constructed as in the proof of Theorem 24.2) with
the two properties in Theorem 24.2 are exactly the RKHSs that we started
in these examples.

We now discuss a few properties of the induced RKHS of a given kernel.

Proposition 24.1. Let K (·, ·) be a kernel defined on a set X with values in
F and its corresponding RKHS H . Then

K̃ (x, y) := K (x, y) = K (y, x)

is also a valid kernel and its corresponding RKHS is

H :=
{
f : f ∈H

}
.

Proof. The proof is straightforward and is provided in Problem 24.8.

fn (x) =

n∑
i=2

(fi (x)− fi−1 (x))︸ ︷︷ ︸
gi(x)

,

where gi ∈ V. Thus, the convergence of fn to f in the V-norm is the same as the convergence

of the series

∞∑
n=2

gn (x) to f in the V-norm. In general, f is a countable infinite sum of

functions of the form Kxn (x), and thus resides outside V.
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The next result is important for Mercer kernel and Mercer theorem in
section 24.3.

Lemma 24.6. Let K (·, ·) be a kernel defined on a set X with values in F. Fur-
thermore, assume that K is continuous in both of its arguments with respect
to the X-topology, and K (x, x) is uniformly bounded7 for all x ∈ X. Then,
H is continuously embedded in the space of continuous function C (X), that
is, H ↪−−−−−−−→

continuous
C (X).

Proof. Clearly, all functions in V defined in Lemma 24.2 are continuous by
the assumption. Now let f ∈ H , then there exists a sequence {fn}∞n=1 ∈ V
such that ∥fn − f∥H

n→∞−−−−→ 0. Since the uniform limit of a sequence of
continuous functions is continuous, the proof is concluded if we can show
∥fn − f∥∞

n→∞−−−−→ 0. But this is readily available from the reproducing prop-
erty (24.1) and the proof is similar to that of Lemma 24.5. Indeed, we have

|fn (x)− f (x)| = (Kx, fn − f)H ≤ ∥Kx∥H ∥fn − f∥H
=
√
K (x, x) ∥fn − f∥H .

It follows that

∥fn − f∥∞ = sup
x∈X

√
K (x, x) ∥fn − f∥H

n→∞−−−−→ 0.

The continuity of the injection ι : H → C (X) is again due to the reproducing
property as

∥f∥∞ ≤ sup
x∈X

√
K (x, x) ∥f∥H ,

and thus
∥ι∥ ≤ sup

x∈X

√
K (x, x) <∞.

24.3 Kernel-based integral operators and the Mercer
theorem

Definition 24.4 (Mercer Kernel). If K : X × X → F is continuous and
satisfies Definition 24.3 is called a Mercel kernel.

For this section, we assume that the kernel K : X×X → F is Mercer. As a
consequence of Lemma 24.6, the first interesting property of a Mercer kernel
is that its unique induced RKHS is a subspace of the space of continuous
functions on X. In this section, we further explore other properties RKHS
induced from Mercer kernels.

7 A sufficient condition is that X is compact, as then by the Weierstrass theorem [12, 87,
142] we have that sup

x∈X
K (x, x) < ∞.
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24.3.1 “Weak” compactness of a closed and bounded
set in an RKHS

We begin by looking at the result of Lemma 24.6 from a topology point of
view. Since the injection (the identity map) is continuous, that is, the H
topology must be stronger (have more open sets) than the C topology. As we
shall show, C topology has so many less open balls that a closed and bounded
H ball is covered by a finite number of C balls, and thus it is compact in
the C topology. We shall discuss the theoretical and practical implications of
this important fact. Let us first recall a well-known result in Hilbert space.

Lemma 24.7 (Weak compactness of closed balls in Hilbert space).
If B is a closed ball in a Hilbert space H , it is weakly compact. In other
words, every sequence {fn}n∈N ⊂ B has a weakly convergence subsequence
{fnk
}k∈N. That is, there exists some f ∈ B such that

lim
k→∞

(fnk
, g)H = (f, g)H , ∀g ∈H .

We next show that a closed and bounded H ball is closed in the C topology.

Proposition 24.2 (A closed and bounded H ball is closed in the
C topology). Suppose K be a Mercer kernel on a compact metric space X
with values in F, and H is the associated RKHS. For any r > 0, the ball
B (r) := {f ∈H : ∥f∥H ≤ r} is a closed subset of C (X).

Proof. From Theorem Lemma 24.6, it is sufficient to show thatB (r) is closed
in C (X). To that end, suppose {fn}n∈N ⊂ B (r) converges (in the uniform
norm) to f ∈ C (X), i.e.,

lim
n
fn (x) = f (x) ,∀x ∈ X.

We need to show that f ∈ B (r). Since, by Lemma 24.7, B (r) is weakly

compact, there exists a subsequence {fnk
}k∈N converging to f̂ ∈ B (r), i.e.,

lim
k

(fnk
, g)H =

(
f̂ , g
)

H
, ∀g ∈H .

Now taking g = Kx and using the reproducing property (24.1) we have

f (x) = lim
k
fnk

(x) = lim
k

(fnk
,Kx)H =

(
f̂ ,Kx

)
H

= f̂ (x) , ∀x ∈ X.

Since both f and f̂ are continuous, they must be identical and this ends the
proof. ⊓⊔
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In order to show that B (r) := {f ∈H : ∥f∥H ≤ r} is compact subset of
C (X), we need to recall the Arzelá-Ascoli theorem.

Definition 24.5 (Equicontinuity). A subsetM of C (X) is equicontinuous
at x ∈ X if for any ε > 0 there exists a neighborhood B of x such that
∀t ∈ X and ∀f ∈M we have ∥f (x)− f (t)∥∞ < ε.M is equicontinuous if it
is equicontinuous at every x ∈ X.

Theorem 24.3 (Arzelá-Ascoli theorem). Let X be a compact metric
space. M ⊂ C (X) is compact if and only if M is closed, bounded, and
equicontinuous.

We are in the position to prove the compactness of B (r) in the C topology.
Theorem 24.4. Suppose K be a Mercer kernel on a compact metric space X,
and H is the associated RKHS. The inclusion ι : H ↪→ C (X) is compact.
In other words, the set ι (B (r)) is compact in C (X) for any r > 0.

Proof. Lemma 24.6 and Proposition 24.2 show that ι (B (r)) is closed and
bounded. From the Arzelá-Ascoli Theorem 24.3, the assertion of the theorem
holds if we can show the equicontinuity. We have

|f (x)− f (t)| = |(f,Kx − Kt)H | ≤ ∥f∥H ∥Kx − Kt∥H

= r
√

(Kx − Kt,Kx − Kt)H = r
√
Kx (x)− Kx (t) + Kt (t)− Kt (x)

Now since K is continuous on the compact set X × X, it is uniformly con-
tinuous on X × X, i.e., for any ε > 0, there exists δ > 0 such that for all
x, t, t′ ∈ X, ∥t− t′∥X < δ (δ does not depend on x, t, t′) implies

|Kx (t)− Kx (t
′)| < ε.

We thus have

|f (x)− f (t)| ≤ r
√
2ε, ∀t, x : ∥x− t∥ ≤ δ, ∀f ∈ ι (B (r)) ,

and this concludes the proof.

Theoretically, this result is interesting as in infinite dimensional Hilbert
space, a closed and bounded ball is typically not compact (in the norm topol-
ogy). Recall Banach-Alaoglu theorem [112, 109, 28, 12, 87, 142] applied to
Hilbert spaces that any closed and bounded ball (in the norm topology) is
weakly compact. In the same spirit, Theorem 24.4 says that we can view C
topology as a weak topology, in the RKHS generated by a Mercer kernel,
in which any bounded sequence in the RKHS contains a convergent subse-
quence. Such a sequential weakly compactness is important to the existence
of optimization8 on a closed and bounded set of an RKHS. In fact, it is what
we shall explore in the representer Theorem 24.5.

8 Instead of the requirement on continuity of a function on a compact set for the existence

of a minimizer, a much weaker condition can be deployed: A weakly lower semi-continuous
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24.3.2 A representer theorem

Theorem 24.5 (Representer theorem). Let H be a RKHS generated by
Mercer kernel K on a set X and let J : Rn → R be any continuous function.
Then the following minimization problems are equivalent.

i)
min

f∈H , ∥f∥H ≤λ
J
(
f
(
x1
)
, ..., f (xn)

)
,

where 0 < λ <∞.
ii)

min
f∈Vn, ∥f∥H ≤λ

J
(
f
(
x1
)
, ..., f (xn)

)
where Vn = span

{
f ∈H : f (x) = gα (x) =

n∑
i=1

αiKxi (x)

}
iii)

min
α∈Rn, α⊤Kα≤λ2

J
(
gα
(
x1
)
, ..., gα (xn)

)
where Kij = K

(
xi, xj

)
.

Note that J , as a function of f , is continuous since the pointwise evaluation
functional is continuous in f by Definition 24.1. Thanks to Theorem 24.4 the
first optimization is thus a minimization of a continuous function over a
compact subset of C (X) and thus has at least one minimizer by Weierstrass
theorem [112, 109, 28, 12, 87, 142].

Proof. In this proof, all inner products will be assumed to be the inner prod-
uct on the RKHS and all norms are the norms induced by this inner product
unless otherwise specified. That is, ∥·∥ = ∥·∥H .

For any f ∈H , from Theorem 7.2 and Lemma 7.2, there exists a unique
decomposition

f = f̄ + f⊥

where f̄ ∈ Vn is the orthogonal projection of f in Vn and f⊥ ∈ V⊥
n . By the

Pythagorean (7.3), we have

∥f∥2 =
∥∥f̄∥∥2 + ∥∥f⊥∥∥2 .

Now since f⊥ ∈H , the reproducing property gives

f⊥
(
xi
)
=
(
Kxi , f⊥

)
= 0,

where the second equality is from the fact that Kxi ∈ Vn and f⊥ ∈ V⊥
n . We

conclude that

on a weakly compact set possesses an infimizer [87, 142]. However, we do not dwell on this

subject as it is not within the scope of this adjoint book.
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f
(
xi
)
= f̄

(
xi
)
.

Therefore, we can remove the dependence on f⊥ from the constraint, proving
the equivalency of the first and second optimization problems.

For the second equivalency (ii⇔ iii), it is trivial to replace the optimization
constraint of f ∈ Vn with α ∈ Rn using the definition of Vn. What remains
is to show

∥gα∥2 = α⊤Kα,

but this is obvious as

∥gα∥2 = (gα, gα)

=

n∑
i,j=1

αiαjK
(
xi, xj

)
= α⊤Kα.

Lemma 24.8 (Minimum norm interpolant). Let H be a RKHS gener-
ated by positive definite Mercer kernel K on a set X. Given a set of data
points

{
xj , yj

}n
j=1

. Then, the following optimization problem has a unique

minimizer f∗ given as

min
f∈H

∥f∥2H

subject to f
(
xj
)
= yj , j = 1, . . . , n

f∗ (x) =

n∑
j=1

αjKxj (x) ,

where α = K−1y, with Kij = K
(
xi, xj

)
, y =

[
y1, . . . , yn

]⊤
, and α =

[α1, . . . , α
n]

⊤
.

Proof. The proof is a variant of the proof of Theorem 24.5. In particular, the
optimization can be written equivalently as

min
α∈Rn

α⊤Kα⊤ +
∥∥f⊥∥∥2

H
subject to Kα = y,

where f = gα + f⊥. Clearly, f that has minimum norm when f⊥ = θ, and
this ends the proof as there is only one α = K−1y, and thus the unique

minimizer is f∗ (x) =

n∑
j=1

αjKxj (x).
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24.3.3 Kernel-based integral operators and the Mercer
theorem

Let us define the following integral operator

(LKf) (x) :=

∫
X

Kx (t) f (t) dπ (t) =

∫
X

K (t, x) f (t) dπ (t) , (24.7)

where we assume π is a probability measure on X though all the results, up to
a constant, also hold for a general Borel measure. For simplicity, we assume
that X is compact and K : X ×X → R is continuous and non-trivial.9 Thus,
K is uniformly continuous as X is compact and this immediately implies that
LKf ∈ C (X) (see Problem 24.9). Let us define (owing to the Weierstrass
theorem [112, 109, 28, 12, 87, 142])

cK := sup
x,t∈X

|K (x, t)| <∞, (24.8)

which immediately implies ∥Kx∥L2(X,π) ≤ cK, that is, Kx ∈ L2 (X,π) for all

x ∈ X. By Cauchy-Schwarz inequality (13.4), we have

|(LKf) (x)| ≤ ∥Kx∥L2(X,π) ∥f∥L2(X,π) ≤ cK ∥f∥L2(X,π) , (24.9)

which implies LK as a map from L2 (X,π) to C (X) is (Lipschitz) continuous.
Since the inclusion C (X) ↪→ L2 (X,π) is continuous, LK, as a linear map from
L2 (X,π) into L2 (X,π), is continuous and its operator norm is bounded as
∥LK∥ ≤ cK.

Proposition 24.3. The operator LK : L2 (X,π) → L2 (X,π) defined in
(24.7) with condition (24.8) is a compact operator and it is self-adjoint. If,
in addition, X is compact, then LK is positive semidefinite.

Proof. Consider the ballB (r) :=
{
f ∈ L2 (X,π) : ∥f∥L2(X,π) ≤ r

}
in L2 (X,π).

We are going to show that the image LK (B), which is a subset of C (X) by
(24.9), is relatively compact in C (X). From (24.9) we see that LK (B (r)) is
uniformly bounded. A similar argument as in (24.9) shows that

|(LKf) (x)− (LKf) (x
′)| ≤ 2cK ∥f∥L2(X,π) ≤ 2cKr, ∀f ∈ B (r) ,

which implies that LK (B (r)) is equicontinuous. By the Arzelá-Ascoli the-
orem Theorem 24.3, the closure of LK (B) is compact in C (X). In other
words, LK (B (r)) is relatively compact and by definition Definition 14.1,
LK : L2 (X,π) → C (X) is a compact operator. Since the inclusion C (X) ↪→

9 Considering complex-valued kernel is a straightforward modification and we leave it for
the interested readers.
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L2 (X,π) is continuous, we conclude that LK : L2 (X,π) → L2 (X,π) is a
compact operator.

The self-adjointness is clear by the Fubini theorem (thanks to (24.8)).
The positive semi-definiteness of LK is a direct consequence of the positive
semidefiniteness of K. Indeed, sinceX is compact, there exists n ∈ N such that
we can subdivide X into n subsets with equal volumes and with “centroids”
x1, . . . , xn. We have

(f,LKf)L2(X,π) =

∫
X×X

K (t, x) f (t) f (x) dπ (t) dπ (x)

= lim
n→∞

V (X)
2

n2

n∑
i,j=1

K (tj , xi) f (tj) f (xi) ≥ 0, (24.10)

where we have used the positive semi-definiteness of K.

By the Hilbert-Schmidt Theorem 14.1, any f ∈ L2 (X,π) can be repre-
sented as

f (x) =

∞∑
i=1

(φi, f)φi (x) + (Pf) (x) , (24.11)

where P is the projection of L2 (X,π) onto the nullspace N (LK), and the
action of LK on f can be written as (by linearity and continuity of LK)

LKf = (Kx, f)L2(X,π) =

∞∑
i=1

aiλiφi,

with eigenpairs {λi, φi}∞i=1 such that λ1 ≥ λ2 ≥ . . . > 0 and LKφi =
(φi,Kx)L2(X,π) = λiφi(x), and the convergence is in L2 (X,π). Thus, from

section 5.4, we see that the (possibly) “infinite diagonal matrix”, with {λi}∞i=1

as the diagonal elements, is the representation of K in the orthonormal set
{φi}∞i=1. In other words, we can express K as

K (x, y) =

∞∑
i=1

λiφi (x)φi (y), (24.12)

where the convergence of the series on the right hand side is in the operator
norm (see [109, Theorem 6.11.1]) as K, identified as LK, is a compact self-
adjoint linear operator from L2 (X,π) into L2 (X,π).

Another way to derive the expansion of the kernel in (24.12) is to use the
Fourier expansion (24.11). To that end, we note that

(LKKx) (x) =

∫
X

|Kx (t)|2 dπ (t) > 0,
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Since K is non-trivial. This shows Kx /∈ N (LK). Now applying (24.11) for Kx

we have

K (x, y) = Ky (x) =

∞∑
i=1

(φi,Ky)φi (x) =

∞∑
i=1

λiφi (x)φi (y) ,

where we have used the fact that φi (y) are eigenfunctions of K. By the
Parseval identity (14.3) we have

∥Ky (x)∥2L2(X,π) =

∞∑
i=1

|(φi,Ky)|2 =

∞∑
i=1

|λi|2 |φi (y)|2 ,

from which it follows that

∞ > c2K >

∫
X×X

|K (x, y)|2 dπ (x) dπ (y) =
∞∑
i=1

|λi|2 ∥φi∥2L2(X,π) =

∞∑
i=1

λi
2,

where we have interchanged the integral and infinite series in the first equality
(thanks to the monotone convergence theorem [112, 109, 28, 12, 87, 142]),
and the fact that each eigenvalue λi is non-negative (thanks to the positive
semidefiniteness of the kernel in (24.10)) in the last equality. That is, the
sequence of eigenvalues of K is square summable.

Theorem 24.6 (Mercer theorem). Let X be compact and consider LK :
L2 (X,π) → L2 (X,π) defined in (24.7) where K satisfies condition (24.8)
and is continuous on X ×X. Then

K (x, y) =

∞∑
i=1

λiφi (x)φi (y),

converges in L2 (X,π)

Problems

Problem 24.1. This is another example showing that L2 (Ω) with Ω ⊆ Rn

is not a RKHS on Ω. Let x ∈ (0, 1), and consider the following function

fn (y) =


(y
x

)n
if 0 ≤ y ≤ x(

1− y
1− x

)2n

if x < y ≤ 1

Show that fn ∈ L2 (0, 1) and that ex (fn) = 1 for x ∈ (0, 1). Then show that
ex is an unbounded linear operator on L2 (0, 1).
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Hint Using the same strategy as in Example 24.1.

Problem 24.2. Consider L2 (Ω) as the set of linear and continuous function-
als on

[
L2 (Ω)

]∗
. Show that L2 (Ω) is a RKHS on

[
L2 (Ω)

]∗
and determine

the kernel function.
Hint. Follow the same steps as Example 24.3

Problem 24.3. The following problems are similar to Example 24.4 but with
different boundary conditions. Show that the following spaces are RKSH and
find their two-point kernel functions

• Homogeneous Dirichlet boundary conditions

H := H1
0 [0, 1] :=

{
f ∈ H1 [0, 1] : f(0) = 0 and f(1) = 0

}
.

• Periodic boundary conditions

H := H1
0 [0, 1] :=

{
f ∈ H1 [0, 1] : f(0) = f(1)

}
.

Problem 24.4. Verify the reproducing property for the two-point kernel
K (x, y) = min {x, y} in Example 24.4.

Problem 24.5. Show that

V :=

{ √
2

2nπ
sin (2nπx) ,

√
2

2nπ
(cos (2nπx)− 1) : n ∈ N

}
,

is an orthonormal basis for S in Example 24.6.
Hint. The orthonormality of V in the H -inner product is clear. Suppose

f ∈ S and (f, u) = 0 for all u ∈ V. Then using the H -inner product to
conclude that f ′ must be a constant since it is orthogonal to all non-constant
Fourier modes. Thus, f is a linear polynomial, but since f(1) = f(0) = 0, we
can conclude that f = θ.

Problem 24.6. In Theorem 24.1, we show that H 1 = H 2 using the unique-
ness of the closure. We now achieve the same goal using a direct approach.
Let f ∈H 1, show that f ∈H 2, and vice versa. Thus, H 1 = H 2.

Hint. Since V is dense in H 1, there exists {fn}∞n=1 ⊂ V and lim
n→∞

∥fn − f∥ =
0. In particular, {fn}∞n=1 is Cauchy in H 2 and let g be the limit in H 2. Now
invoking Lemma 24.5 we have

g (x) = lim
n→∞

fn (x) = f (x) ,

and thus f ∈H 2.

Problem 24.7. Show that the inner product defined for V in the proof of
Theorem 24.2 is indeed a valid inner product.
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Hint the linearity with respect to the second argument g and the sym-
metry (a direct consequence of the symmetry of the kernel condition K1))
are clear. By the symmetric positive definite condition K2) of the kernel, it
is also clear that (f, f)V ≥ 0. Finally, from (f, f) = 0 we need to show that
f = θ. But this is clear from the Cauchy-Schwarz inequality

|f (x)| = |(Kx, f)V| ≤
√
(Kx,Kx)V

√
(f, f)V.

Problem 24.8. Prove Proposition 24.1.

Problem 24.9. Consider the kernel integral operator defined in (24.7) and
suppose that X is compact and K : X × X → F is continuous. Show that
LKf ∈ C (X).

Hint. The uniform continuity of K allows us to switch the integral and
limit.





Chapter 25

The role of adjoint in ADMM

Abstract

257





Glossary

Use the template glossary.tex together with the Springer document class
SVMono (monograph-type books) or SVMult (edited books) to style your
glossary in the Springer layout.

glossary term Write here the description of the glossary term. Write here
the description of the glossary term. Write here the description of the glossary
term.

glossary term Write here the description of the glossary term. Write here
the description of the glossary term. Write here the description of the glossary
term.

glossary term Write here the description of the glossary term. Write here
the description of the glossary term. Write here the description of the glossary
term.

glossary term Write here the description of the glossary term. Write here
the description of the glossary term. Write here the description of the glossary
term.

glossary term Write here the description of the glossary term. Write here
the description of the glossary term. Write here the description of the glossary
term.

259





Solutions

Problems of Chapter ??

?? The solution is revealed here.

?? Problem Heading
(a) The solution of first part is revealed here.
(b) The solution of second part is revealed here.

261



262 Solutions

References

1. Mart́ın Abadi, Ashish Agarwal, Paul Barham, Eugene Brevdo, Zhifeng Chen, Craig

Citro, Greg S. Corrado, Andy Davis, Jeffrey Dean, Matthieu Devin, Sanjay Ghe-
mawat, Ian Goodfellow, Andrew Harp, Geoffrey Irving, Michael Isard, Yangqing Jia,

Rafal Jozefowicz, Lukasz Kaiser, Manjunath Kudlur, Josh Levenberg, Dan Mané, Ra-
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