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AN ANALYSIS OF A NON-CONFORMING HP-DISCONTINUOUS
GALERKIN SPECTRAL ELEMENT METHOD FOR WAVE
PROPAGATIONS

TAN BUI-THANH T AND OMAR GHATTAS 118§

Abstract. We analyze the consistency, stability, and convergence of a hp-discontinuous Galerkin
spectral element method. The analysis is simultaneously done for acoustic wave, elastic wave, elastic-
acoustic coupling wave and electromagnetic waves. Our analytical results are developed for both
conforming and non-conforming approximations on hexahedral meshes using either exact integration
using Legendre-Gauss quadratures or inexact integration using Legendre-Gauss-Lobatto quadratures.
A mortar-based non-conforming approximation is developed to treat both h and p non-conforming
simultaneously. The mortar approach is constructed in such a way that consistency, stability and
convergence analyses for conforming approximations go through with minimal modifications, without
sacrificing the convergence rates of conforming approximations. In particular, hp-convergence results
are proved for non-conforming approximations in the time domain using inexact quadratures.

Key words. Consistency , Stability, Convergence, Discontinuous Galerkin, Non-conforming
meshes, Riemann flux, Spectral Element Method, Linear Hyperbolic Equations, Elastic, Acoustic,
Electromagnetic, Legendre-Gauss, Legendre-Gauss-Lobatto.

AMS subject classifications. 15A15, 15A09, 15A23

1. Introduction. The Discontinuous Galerkin (DG) method which was origi-
nally developed by Reed and Hill [26] for the neutron transport equation has been
extended to other types of partial differential equations (PDEs) [9]. In particular, it
emerges as one of the best methods for hyperbolic PDEs [8, 10]. Among its many
advantages over the classical finite volume and finite element methods, it has the abil-
ity to treat solution with high gradient such as shock waves, provides the flexibility
to deal with complex geometries, and it is highly parallelizable due to its compact
stencil. The best advantage is probably its ability for hp adaptation in a natural man-
ner [5]. This makes the DG method as the most promising approach for large-scale
computation with high accuracy [33]. The question on how to treat non-conforming
interfaces between elements due to both local p-refinement and local h-refinement can
be resolved in many ways. A highly parallelizable non-conforming treatment can be
found in Kopriva [18, 22]. This method replaces a non-conforming face by mortars
that connect pairs of contributing elements. The actual computations are performed
on the mortars instead on the non-conforming face, and the results are then projected
on the contributing element faces. Since the mortar approach of Kopriva has the same
compact stencil of the DG method, it makes the adaptivity highly parallelizable [33],
while numerically preserving the stability and the optimal order convergence [22, 33].
Since then, there has been no attempts to theoretically study the stability and the
convergence of the mortar-based non-conforming approximation of Kopriva.

The famous classical Lax-Richtmyer equivalence theorem [24] has far reaching
consequences in numerical analysis. The theorem is so important that it is some-
times called the fundamental theorem of numerical analysis. One side of the theorem,
which is widely used in practice, says that for well-posed linear differential problems,
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2 T. Bui-Thanh AND O. Ghattas

consistency and stability of a difference method imply its convergence. Consistency
is typically easy to verify while a direct proof of convergence is difficult due to the
fact that knowledge about the exact solution is required. The stability, on the other
hand, is purely a property of the difference approximation and hence in principle
can be controlled by devising a numerical approximation fulfilling the stability. The
Lax-Richtmyer equivalence theorem, as an alternative in proving convergence of a
numerical method, says that consistency and stability are all we need for the conver-
gence. Nevertheless, there are areas in which the equivalence theorem may not be
needed since one can prove convergence directly and easily, e.g. numerical differenti-
ation [17]. Moreover, typical applications of the Lax-Richtmyer theorem provide an
error upper bound that grows exponentially in time. In practice, it is observed that
the error grows with much lower rate. In particular, it has been shown that a direct
proof of convergence is possible and the error grows at most linearly in time for a
class of discontinuous Galerkin methods [13, 14].

In this paper, we theoretically study the consistency, stability, and convergence
of a discontinuous Galerkin Spectral element method (DGSEM). In particular, we
present the stability proof using the energy method for the DGSEM with the mortar-
based non-conforming approximation of Kopriva [18, 22]. We anticipate that the re-
sults of our study can be applied to a large class of linear conservation laws. However,
to be concrete, the proof is simultaneously done for elastic, acoustic, elastic-acoustic
coupling wave equations and electromagnetic wave equations as examples for conser-
vation laws governed by linear hyperbolic partial differential equations. Instead of
discretizing the mortars with exact numerical quadratures as in [22, 33], which we are
not able to prove stability for the interesting case of Legendre-Gauss-Lobatto quadra-
ture, we propose to discretize them using a special quadrature rule which facilitates
the stability proof. We manage to prove the stability and convergence for both exact
numerical quadrature using the Legendre-Gauss rule and inexact numerical quadra-
ture using the Legendre-Gauss-Lobatto rule. For the inexact numerical integration,
we use the tensor product quadrature rule as it allows us to perform discrete integra-
tion by parts [29, 21], which in turns paves the way for the stability and convergence
proofs.

The Riemann numerical flux is our main ingredient in proving the stability and
convergence. As the PDEs in this paper are linear, the exact Riemann flux is possible
[30], hence it is used in our proofs. As will be shown, it is the dissipative nature of the
Riemann flux that makes the DGSEM stable. Therefore we anticipate that our results
also hold for other dissipative fluxes such as the stabilized Lax-Friedrichs numerical
flux [27].

We mostly restrict ourselves to the cases of affine hexahedral meshes in which we
detail the derivations and the proofs. In order to make the proofs concrete, three-
dimensional elastic-acoustic and electromagnetic waves are used as examples. Of
course, all the results hold for two-dimensional problems as well.

The paper is organized as follows. Section 2 briefly describes a weak setting for
general linear conservation laws. Section 3 presents a hp DGSEM for both elastic-
acoustic and electromagnetic waves. We then prove the stability for conforming
meshes in Section 4. The detailed description of our mortar-based non-conforming
approximation is given in Section 5 which is followed by the non-conforming stabil-
ity proof in Section 6. The direct proof of convergence is carried out in Section 7,
and extensive numerical results supporting our analytical findings are presented in
Section 8. Finally, Section 9 concludes our paper.



74

75

76

7

78

79

80

81

82

83

84

85

86

87

88

89

An Analysis of a hp-Discontinuous Galerkin Spectral Element Method ... 3

2. General setting for linear hyperbolic conservation laws. We are in-
terested in linear wave equations governed by linear hyperbolic conservation laws. In
the strong form, a general equation is given as

0

with V' as the solution space, to be specified later, over the domain of interest D,
and with appropriate initial and boundary conditions. The subscript & denotes the
x-coordinate system in which the divergence operator acts. Next, multiplying by the
test function p, the corresponding weak formulation is obtained as

0
/Q—"'-pdw+/vm~<&q>-pdw=/g-pdw,

where “” denotes the Euclidean inner product.
We next partition the domain D into N, non-overlapping hexahedral elements
such that D = Uiv_dl D¢, and integrate the weak formulation by parts twice to obtain

S [ oG tint Y [ Voo da
2.

where a consistent numerical flux (Fq¢)" has been introduced to couple solutions
of neighboring elements, and (-)° denotes the restriction on the e-th element of the
corresponding quantity.

Equation (2.1) is known as the strong form in the context of nodal discontinuous
Galerkin methods [14]. For the DGSEM described in this paper, the strong form
(integrating the flux terms by parts twice) and the weak form (integrating the flux
terms by parts once) are equivalent [29, 21], and hence all the results in the paper
hold for the weak form as well.

n- [(39°)" — 9] - p da = Z/ g° - p¢de, (2.1)

oDe

3. A discontinuous Galerkin spectral element method. In this section, we
briefly describe an hp-discontinuous Galerkin spectral element method. We approxi-
mate each element D¢ by polynomials, again denoted by D¢, such that each element
D¢ is mapped to the reference hexahedron D = [—1,1]® by a C'-diffeomorphism X¢,
and D ~ DNet = Uiv;’ll D¢. Equation (2.1) can be written in terms of D as

Z/DJEQea;:,peerrZ/Dvr.(@qe).pedr
+;\/a|jﬁ. [(§q6>*7{§,qe] 'ped"'_;/ljjege'ped’l“, (3.1)

where r = (r1,7r9,73) € D represents the reference coordinates and J¢ is the Jacobian
of the transformation. The outward normal on the boundary of the master element
D is denoted by n, and the contravariant flux [19] is defined as

l%i:‘]eai'ga i:17273a

with a’ as the contravariant basis vectors.
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4 T. Bui-Thanh AND O. Ghattas

We now describe the approximation spaces for wave propagation in elastic, acous-
tic, and coupled elastic—acoustic media using the strain—velocity formulation, and for
Maxwell’s equations for electromagnetic wave propagation. Equation (3.1) can be
specialized to the elastic—acoustic wave propagation case by the following definitions,

RSl B N O

with | denoting the fourth-order identity tensor, O the zero tensors of appropriate
sizes, I the second-order identity tensor, E the strain tensor, v the velocity vector, f
the external volumetric forces, and p the density.

The action of the flux operator § on the strain—velocity unknowns q can be shown
to be [33]

1 . )
(Sa)i = ( 2 (v_@)((e:lE—i)—? ®U)) eV fori=1,2,3.

For isotropic linear elasticity, the strain tensor E and the Cauchy stress tensor S are
related by the fourth-order constitutive tensor C,

S =CE,

with § = AMr(E)I 4 2uE, where A and p are the two Lamé constants characterizing
the isotropic constitutive relationship. The longitudinal wave speed ¢, and shear wave
speed cg are defined in terms of the Lamé constants and density by

A+ 2p [
cp = and Cs =4/ —,
P P

with ¢; = 0 in acoustic regions by virtue of p = 0.

As in [33], we choose the solution space to be V = nyxn?; @® V?, where V denotes
a space of sufficiently smooth functions defined on D so that (2.1) makes sense. The
discontinuous approximation to V' is given by

Va:={ga € L* (D) : q4|p. o X° € Qu, (D)},

where Qp, is the tensor product of one-dimensional polynomials of degree at most
N, on the reference element. It should be pointed out that the polynomial orders
need not be the same for all directions, but for clarity, we use the same order in all
directions. The numerical solution q4 € Vflf;}?,’m > VZ of the elastic-acoustic coupling
restricted on each element D€ is specified as

Qalpe 0 X € V5 =0Q¥3  @Q},, X°:D— D"

Ne,sym

Before introducing the Riemann flux, let us recall the following standard DG notation
for quantities associated with element interfaces:

=" n*+qn, =a—at {z) =2t

where the positive and negative signs indicate element interior and exterior, respec-
tively.
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For linear conservation laws one can solve the Riemann problem exactly by various
methods [30]. Using the Rankine-Hugoniot approach, Wilcox et al. [33] show that
the exact Riemann flux for the strain equation is given by

n- [§0)g — (§a)g] = (kon - [CE] + kop™ ¢, [v]) n@n
—kisym(n® (n x (n x [CE]))

—kipTet sym(n® (n x (nx [v])),

and for the velocity equation by

n - [(39), — (39),] = (kon - [CE] + kop™ e [v]) p~c,m
—kip~c;n x (n x [CE])

—kiptetpen x (nx o)),
where

1
ko= ——— .
" e tote

For elastic—elastic and elastic—acoustic interfaces, with an elastic medium on the in-
ward side (i.e., p~ # 0),

1
ki =—+——+.
p—cs +ptes
With an acoustic medium on the inward side, 4~ = 0, we simply take
k1 =0.

Here, we will consider only traction boundary conditions Sn = t,., where t;. is
the prescribed traction. The traction condition is enforced by the following mirror
principle,

[[S]] = -2 (tbc — an) s

which applies to both elastic or acoustic media.
We next specialize (3.1) to the case of Maxwell’s equations. In this case,

E el O 0
(e e ($h) e (g)ey

where E denotes the electric field, H the magnetic field, i the permeability, and e
the permittivity.
The action of the flux operator § on the electromagnetic field q is defined by

(Fa)i = <_:"XX5> eV fori=1,2,3,
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6 T. Bui-Thanh AND O. Ghattas

where V = V3 and
dalpe © X € Vg = Q?\Ie-
The exact Riemann numerical flux for electric equation can be shown to be [14]

1
2{z}

n-[(§a)g — Ba)g) = nx (2" [H]—n x[E]),

and for the magnetic equation,

n- [(§0)e — EDy) =— mn x (Y*Y[E]+n x [H]),

1 uE
+ _ —
Zm=vr=\=

Similar to the elastic—acoustic coupling case, we use the mirror principle to enforce
a perfect electric conductor (PEC) boundary condition by

where

Z-=7%, Y =YT,
nx [H] =0,
nx[El=2nx E~
and a perfect magnetic conductor (PMC) boundary condition by
Z-=Z%, Y =YT,
n x [E] =0,
nx[H]|=2nx H".
For dielectric boundary conditions we use
nxE =nxE", nxH =nxH".

In order to unify the treatment for elastic, acoustic, coupled elastic—acoustic, and
electromagnetic waves, we define a generic polynomial space Py whose meaning will
be clear in each context. For example, if we write q° € Py, this identifies Py = V5.

The tensor product basis for Qu is built upon the following one-dimensional
Lagrange basis

a(6) = H il L

b
k=0,1,...N & — &k

where the Nth-degree Legendre-Gauss-Lobatto (LGL) points, or Nth-degree Legendre-
Gauss points (LG), {&} on [-1,1] for [ = 0,..., N, are chosen as both the interpo-
lation and quadrature points. This is also known as the collocation approach. The
Lagrange interpolant of a function f(r) on the reference element D is defined through
the interpolation operator Zy as

N

In(f)= Z Jimn (1)l (12) 5, (73),

l,m,n=0
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10 where

flmn = f (glmn)’ Slmn = (&75’"75") eb

A typical collocation approach [20] in semi-discretizing (3.1) is as follows. Find
q € V4 such that

Z/IN (IN (J°) I, (Q°) ;) ~p€dr+Z/DVr-INe (Fac) vt ar
+Z/ 3q) ) In, (@qe)] pedr

= Z/ IN, (In, (J9)In, (8°)) - pdr, YpeEVy,
e D

1m where
In, (§) = Tn. (Zn. (70') - Tn. (3))

The direct consequence of the above collocation is that the integrand in each integral
is at most of order 2N, in each direction r;,7 = 1,2,3. Numerical quadrature yields
the following semi-discrete form,

Z/DN IN. (INe (J9) In, (Q° )8q > p° dr+z VT -In, (§qe) pedr
TS, () o))

= Z/DN In, (In, (J°)In, (g°)) p°dr, Vp€EVy, (3.2)

122 where the subscript N, in the integrals means that the integrals are numerically
133 evaluated using the corresponding N.th-degree LGL (or LG) quadrature rule.

134 4. Semi-discrete stability for conforming meshes. In this section, we pro-
135 vide a stability proof for the both elastic-acoustic and electromagnetic cases on con-
13s  forming meshes. By conforming meshes we mean that the intersection of two elements
137 is either an entire face, and entire edge, or a corner, and that the solution order is the
138 same for all elements. It is sufficient to prove semi-discrete stability since, by a result
1o in [23] (and the references therein), if the semi-discrete equation is stable, the fully
1o discrete system with the time derivative discretized by a locally stable Runge-Kutta
w (for example the classical 4th-order Runge-Kutta method) is stable as well, as long
12 as the time step is sufficiently small.

Here, we employ the energy approach to prove stability. For the elastic—acoustic

case, the semi-discrete energy functional £4(t) is defined as

el 1
t)i=> Exe(t) where Ef.(t):= 5/ (E : (CE) + pv - v) de,
De,N,
and for the electromagnetic case as

el 1
t):= ERe(t) where ER.(t) ;:i/Dw (¢E-E+puH - H) dx.
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8 T. Bui-Thanh AND O. Ghattas

For convenience, we define the element-wise discrete L? inner product and the
induced norm on a generic domain D, which could be an element or its boundary, as

2
»P)DN = : ) D,N — ) )
o= [ avpde. falpy= [ a-ade
D,N D,N

)

and their continuous counterparts as

mez/qmwanwézqum.
D D

The discrete global L? norm is computed as the summation of the element-wise con-
tributions

2
De,Ne -

lallpre =Y llal

THEOREM 1. Assume the mesh is affine and conforming with solution order N,
then the DGSEM discretization is stable in the following sense:

d 1 2
agd < 3 (Sd + ||INg||'DNﬂl7d) :

Moreover, if g =0, then %&1 <0.
S\ (CE
v) T\ w
and p = q for the electromagnetic case, into (3.2), and using a discrete integration by
parts formula [29, 21], we obtain

Z%&?:%Z/DN[IN<§qe).VT,pe_vr,IN<§qe).pe} dr
+Z_/8I5Nﬁ. |:(§qe>*_;§qe:| 'pcd’l"-i-Z/DNJeg@.pedr, (4.1)

where we have dropped the interpolation operator Zy, in the last two terms on the
right side of (4.1) since the interpolation is an orthogonal projection with the discrete
L? inner product [7], e.g.,

Proof. Substituting p := for the elastic—acoustic coupling case,

/ quw:/ In (q) pdz.
D,N D,N

For affine meshes, the metric terms Ja’,i = 1,2, 3 are constant, and thus
Iy (§) = 70" In (3).

After some simple manipulations, for either the elastic-acoustic case or the electro-
magnetic case, one has

/D,N (IN (éqe) “Vep® =V, In (@qe) ~pe) dr = 0.
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As a result, the volume terms vanish and the preceding equation can be expressed in
the integrals over physical space as

d e _ X e*_l e . € € e
26:@5(1— ;/@Dwn [(Sq) 2%(1} pdw+z@:/wg pedx. (4.2)

Next, if 9D¢NID is a non-empty two-dimensional intersection (oD N oD has non-
zero two-dimensional Lebesgue measure) we combine the integrands of the surface
integrals on both “—” and “+” LGL (or LG) points. This is possible due to the
mesh conformity, i.e., the number of LGL (or LG) points on “—" and “+” sides are
the same and they can be reordered to be exactly coincident. After some algebraic
manipulations for the surface integrals on the right side of (4.2), the following holds
for the elastic—acoustic case:

S =5 [ k{180t g0t ')
k1 {lln x (nx ISDIP + +p~cs pted I x (n x W)} d

+Z/ g¢ - pSdx, (4.3)
e D

e N

where terms involving kq are zero for a face either on or adjacent to the acoustic side.
Similarly, for the electromagnetic case

d
—ge = €. ped
Z;dtd z;/D g -paxr

e,N
1 1 N 1 )
2 ZE:/aDe,N szy Im < B + gy Inoxon < [HI da, - (4.4)

where terms involving FE and H vanish for PMC and PEC boundaries, respectively,
and both vanish for dielectric boundaries.

Now, for g = 0 we obtain from either (4.3) or (4.4) that the overall energy is
non-increasing, i.e.,

d
A

For g # 0, we obtain the following estimate, by Cauchy-Schwarz and Young inequali-
ties,

(&0 +1Zngllpraa) -

N | =

d
— < . <
dtgd - /DNel g-p=

5. Mortar-based non-conforming approximations.

In this section, we employ the mortar-based approximation idea proposed by
Kopriva et al. [18, 22]. However, we propose to use a discretized mortar-based ap-
proximation to show stability in addition to the outflow condition and global con-
servation as required by the original mortar method [18, 22]. As will be shown, our
discrete version requires a special quadrature rule in order to simultaneously satisfy
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10 T. Bui-Thanh AND O. Ghattas

all the requirements. We provide a setting that allows unified proofs that are valid
for both functional (due to order refinement) and geometric (due to local subdivision)
non-conforming approximations.

The following conventions are adopted. We use bold face type to denote vectors
of nodal values of the corresponding quantities under consideration. For example, q
is the vector of nodal values of q. In addition, we use upper case script type to denote
matrices, e.g. Z.

We consider non-conforming approximations due to domain subdivision in which
elements may be subdivided locally while their neighbors may not. For simplicity
of exposition, we further restrict ourselves to the case where a subdomain interface
between two adjacent elements (two elements are said to be adjacent to each other if
their boundary intersection has non-zero two-dimensional Lebesgue measure) must be
an entire face of either of them. Nevertheless, adjacent elements are allowed to have
different solution orders, and hence order refinement (i.e., p-refinement) in addition
to domain subdivision (i.e., h-refinement) is permissible. From here on, by “non-
conforming interface” we mean that an entire face of one element is also a union of
faces of other adjacent elements (h-non-conforming), or, the solution orders of two
elements sharing a face are different (p-non-conforming). A non-conforming interface
with one element on one side and seven elements on the other side is shown in Figure
5.1.

a non-conforming interface

Fic. 5.1. A non-conforming interface with one hexahedron on one side and seven hexahedra
on the other side.

w_»

Consider a non-conforming interface where on the side is face f., of ele-

ment ey and on the “4” side are faces f,, of elements e;,7 = 1,...,N,. Clearly,
this setting includes both kinds of non-conforming interfaces. We create N, mortars
M;,i=1,...,N, whose “—” sides are seen by element ey and “+” sides by elements

e;, respectively. As in [22], the geometric order on the mortars must be the lowest geo-
metric order of the contributing elements, and the polynomial should be defined along
face fe,. This will ensure that the mortars match sub-interfaces between elements ex-
actly, and hence the metrics J*a® on a mortar and the corresponding contributing
element faces are represented by identical polynomials. The solution orders of the
mortars are chosen as N,,,, > max {N,,, N, } which is sufficient to satisfy the outflow
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condition, as we shall show. An example with seven mortars corresponding to the
non-conforming interface in Figure 5.1 is shown in Figure 5.2.

Pm i—>eqQ

m;—re;
Peg —my P o

| Pe i—rmg
seven mortars .

Fic. 5.2. Seven mortars corresponding to the non-conforming interface in Figure 5.1.

The goal of the mortar approximation is to compute the contravariant fluxes on
faces fe,,i =0,..., N,. This is a three-step process. First, the states on ey and e; are
projected on the mortars through L? projectors 7€ =™ and 2% ~7™i §=1,..., N,.
The projected states are then used to compute the mortar contravariant fluxes as if
each mortar is a conforming face. The final step is to project the contravariant fluxes
back on the element faces using projectors P™i7¢ and ™% The illustration
of steps 1 and 3 can be seen in Figure 5.2. The components of each step are now
detailed.

State g™ on the “—” side of mortar M; is the least squares projection of state
q° from element ey onto space Py, , Le.,

[t g ) dr-

M;

/ a0 ((X) o X (1) 6 (r) dr, VE () Py, (51)
M,

Since our main goal is to prove semi-stability, least squares projection of the type
(5.1) is approximated using quadratures. Nevertheless, we do not wish to violate the
outflow condition and global conservation. In fact, the outflow condition is necessary
to ensure stability, as shown in Section 6. In this paper, the following quadrature
rule is used. For any surface integral in the least squares projection of the type (5.1),
the quadrature rule is chosen to correspond to the integrand with the highest order.
For example, the N, th-order quadrature rule is used for both integrals in (5.1).
Explicitly, we approximate (5.1) as

[ dr-
M\ Ny,

/ 4 (X o X5 (1)) 60 (r) dr, VE (1) € Py, (5.2
Mi,Non,
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which yields

qmi’ _ (%mi)*l Feormi qeo

Gpeo—mg

where the matrices .#Z™¢ and £ 7™ are defined as

ma= [ g mes e
i IV,

s8Vm;

%;?jﬁmi :/ EZ% (T‘) E;O ((Xeo)—l o X (T‘)) dr, ve;o c PNeO'
M, N,

Similarly, the least squares projection of state q° from element e; onto Py, is state

qmi+ on the “+” side of mortar M;. Using the above quadrature rule we have

+ mi
[t -
M\ Non,

/ qei (T) E;qnl (’l") d’l", W}cm (r) € PN?M" (53)
szle
or, equivalently,
mT mi\—1 e;—mM4 €
Q™ = () g g (5-4)
P

with Z£¢ 7™ defined as

wgm= [ e e e e Py,
M, N,

Since the fluxes depend on A, p, £, and p, we perform the above least squares projection

m

procedure on them as well. Based on the projected states g™ , g™

i , and projected
~ ~ *
coefficients, we compute the contravariant Riemann fluxes §;,. = (ﬁ -5 (qm'i)) on

the mortars as if the mortars are conforming faces. This is done using a simple relation
between the contravariant and covariant Riemann fluxes as in [20]. The projected

states are also used to compute the contravariant fluxes @fni = ﬁ@ (q’”; ), and @;’,’L =

n-g (qmj). The final step is to project the mortar contravariant fluxes §7*n , 3’;1 and
§+1: onto Py, ,4=0,..., N,. Since the procedure is the same for @;‘n ,@7. and §;

we describe only the process of projecting S* to obtain the contravariant fluxes {S’*
on faces f., of the contributing elements. The discretized least squares prOJeCthH
using the quadrature rule discussed above for face fe, is as follows:

/f 3o, (r) €0 (1) dr =

eg ”0

Z /M L E e (x0T oxe () dr, Ve Py, (55)
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for which, in matrix notation, the vector of nodal values of §ZO, F*

ep’
NG/
eo M —>eo T*
MOF = g RO,
i=1
or in terms of projection matrices,
Na
] _ €eo -1 m; —>€Q %
Feo = E (% ) % Fmiv
i=1 gpm;—req

where

A= [ ey g = @
MivNeo

Similarly, the vector of nodal values of @e’o, f‘;o is given by
N,
F, =Y Pm7oF, .
i=1

The projection to compute contravariant fluxes @; on surface fo, 1 =1,...

other contributing elements is simpler,

/ 52, () €5 (r) dr =

cy

/ S (1) £ (7) dr =0, W (r) € Py,
M ,Np,

which yields
Fi = () Z™ 7 F

pmi—e;

where

A= [ ey @ e

Similarly,

Pt — gpmi—eipt
Bt = gmivat

13

is computed as

(5.11)

(5.12)

Recall that the outflow condition means the invariance of a polynomial function
when projected to the mortars and back to the face [18, 22]. We are now in a position
to discuss the outflow condition for the above discrete mortar-based approximation.

PROPOSITION 1. Assume Np,, > max{Nq,, N}, i = 1,...,N,. Then the dis-
crete mortar-based approrimation with LG quadrature satisfies the strong outflow con-

ditions, namely,

f@'ﬂliﬁei@e’i_}mi :I, 1= 17...,Na;
N

i=1

(5.13)

(5.14)
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where I 1is the identity matrixz of appropriate size. On the other hand, discretizations
using LGL quadrature satisfy only the outflow condition in the following weak sense,

/ q° (r) &dr = / q (r)&dr, VEEPy,, (5.15)
M;,N. M;,Ne, '

and

Z/M . XPO) 0 X ¢ (r)) ? ((Xeo)—l o X (T)) dr —

[ amiwan vy, 610
feo ;Neo

where §% is the result from the projection of q% to M; and back on f.,, and §°° the
result from the projection of q°° to M, and back on fe,.

Proof. We first show (5.13). Denote qm;r as the projection of q® on mortar M;,
using (5.3) and (5.9), we have

/ qmzr (r)e(r) dr = / q“ (r)L(r) dr, VLc Pn,., s
M, N, Mi N,

/ qmw(w—/ g (r)&(r) dr, ¥LEPy, CP,,
M, N, M;,N,

which imply the weak outflow condition (5.15). This weak outflow condition is valid
for both LGL and LG quadrature rules. For LG quadrature, however, the weak
outflow condition also implies the strong one, namely, g% = q°, and hence (5.13),
since LG quadrature is exact.

For (5.14), denote ™ as the projection of q° onto mortars M;. Equations (5.2)
and (5.5) imply, for i =1,..., N,

/ g (F) £ (r) dr =
M, Non,

/ q° ((XCO)’I o X¢ (7')) £(r)dr, VLEPy,., (5.17)
M, N

Z/ S (X)X (r)) dr =

/f q° (r)€(r) dr, VE€E Py, . (5.18)

Since Ny, > max {N,, N, }, and hence Py, C Pn,, ., Ng, we take £ (r) =
j ((Xe") o X (r)) (5.17) and sum over i = 1,..., N,, and finally subtract from

(5.18) to obtain the weak outflow condition (5.16). Again, by the exactness of LG
quadrature we have q° = q°, and hence (5.14). O

PROPOSITION 2. The discrete mortar-based approximation satisfies the following
global conservation,
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Proof. This result is an easy consequence of (5.5) and (5.9). Indeed, taking
£ =1in (5.5) and £5' =1 in (5.9), we have

5 (r) dr = / dr,
/f Neg Z M,,le ")

eg

and

Z/ 3 dr—Z/ 3o, (1) dr

M, N, M, Nom,

Observe that §* , () is a polynomial of order at most N, while @Z (r) is a polynomial
of order at most NNV,,. The exactness of either LGL or LG quadrature completes the
proof. O

6. Semi-discrete stability for non-conforming meshes. We start this sec-
tion with a discussion on why the outflow condition is necessary for the stability proof
to hold. The semi-discrete form (3.2) is also applied for non-conforming approximation

using the mortar method in Section 5. However, the contravariant fluxes (@qe) and

§q€ on the boundary aD are the projected values of the mortar contravariant fluxes
instead of the trace of the flux §q°. Accordingly, using commutativity of quadrature
and integration by parts [29, 21], (3.2) becomes

e - )
Z/DNJQEP dr_;A7NeINC(gq).VT.p dr
+Z gq ) ) ab} prdr = Z:/DN Jege -pSdr, (6.1)

dD,N,

e o5 is the trace of the flux @qe on dD. For the conforming approximation,
one has §qe‘a|5 — §q° = 0,Vr € D, and this is the reason why (4.1) holds. This no

longer holds for the non-conforming approximation unless §q°¢ = Fq°

,Vr € 65,
5)

which is true if the outflow condition is satisfied and @qe € Pne.
We introduce the global interpolation operator II whose restriction on element
De is

H‘De =1In.,

which allows us to obtain the following stability proof for our non-conforming approx-
imation.
THEOREM 2. Assume
(i) The discrete mortar approach in Section 5 is used for mnon-conforming ap-
proximations.
(ii) The mesh is affine.
(iii) The LG quadrature is used, i.e., the strong outflow condition is satisfied.

(iv) Fq° € Pye.
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Then the DGSEM discretization is stable in the sense that
d 1 9
ﬁgd < 3 (5(1 + HHg”DNel,d) :

Moreover, if g =0, then %Sd <0.

Proof. As discussed above, assumptions (4i4) and (iv) imply the identity Fq° o
$q¢ = 0,Vr € OD. Therefore, similar to the proof of Theorem 1, we substitute
p= <S> = (Cf> for the elastic-acoustic case and p = q for the electromagnetic

v
case, to obtain

Y= [y o[G0 5 ()
+2£/D’Ne Jeg - pCdr. (6.2)

We divide the surface integrals into two groups, namely, surface integrals associated
with conforming and with non-conforming interfaces. The former group has been
shown to be non-positive as in the proof of Theorem 1. We therefore need to consider
only the latter group for which we take a typical non-conforming interface and its
contributing surface integrals as in Section 5. We shall show that the non-conforming
contribution is also non-positive.

The surface integral contributed from element ey, with the contravariant fluxes
projected from mortars, can be written as

_ffeque" [§:o - %§€_0:| -peodr

= — (p%)" Meo [FZO - %F;J} using quadrature
== (peo)t Zmie [Fm - él?“;i} using (5.6) and (5.8)
- (pm?)T///mi [Fr, - 37, using (5.3) and (5.7)
=- ZZN;H fMi;N'mi [gfn - %@;} Sp™i dr using quadrature
== ZzNzal fMi,Nm; n- Kg" (Clmi))* - %@ (qm;)} Sp™a dr. by definition
For each contributing element e;,i = 1,..., N,, the surface integral on face fe,,

with the contravariant fluxes projected from mortars, is

=Sy [§; - %@;} -p©i dr

= —(p)" M [F; - %F;} using quadrature
= —(p)" e [Fm - %Ffm} using (5.10) and (5.12)
== (pmj>T///mi [~Tni - %F;ﬁl} using (5.4) and (5.11)
== fMN {éfn - %3’:%} pm dr using quadrature
= fMi,Nm: n- K%(qm))* - %é (qmj)} ']Jm;r dr. by definition

Therefore, we have shown that each non-conforming interface consisting of faces
fe, of contributing elements e;, ¢ = 0,..., N,, is equivalent to 2V, conforming faces
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associated with N, mortars M;, j =1,..., N,. That is, the surface integrals in (6.2)
in fact consist of conforming interfaces—either the original conforming interfaces or
equivalent conforming mortars. The stability proof of Theorem 1 for conforming faces
can now be applied to complete the proof. O

When the strong outflow condition is not satisfied, i.e., when LGL quadrature is
used as in Proposition 1. We have the following stability.

THEOREM 3. Suppose all assumptions in Theorem 2 hold except that the LGL
quadrature is employed. Then the DGSEM discretization is stable in the sense that

d 1 )
<5 (a+20 8+l ).

where the small constant ¢ converges to zero if the exact solution q is sufficiently
smooth.
Proof. When the numerical integration is not exact, we have the following extra

term
L
-~ Job,N.
which can be shown to be small as
R
~~ Job,N.

We now provide an explicit estimate for the constant ¢ to show that c¢ is indeed
negligible. It is sufficient to estimate the error for contributing element e; whose face
fe; is on the “4” side of a mortar. From the weak outflow identity (5.15), we have

[elae

_ b

‘/Mi,Nmi ob M;

/ n - Fq° A-pe”dr—/ n - Fq°
M;,Ne, oD M

Note that both terms on the right side of the preceding inequality are of the same
type, namely, the error between LGL quadrature integration and exact integration
for polynomial of order 2N,,. Since N,,,, > N,,, we need to estimate only the second
term. Using an error estimate from [32] together with Stirling’s formula we have

7§ A-peidr—/ - §q°
‘/Mi,Nei oD M

Ne,+1 [ No, —1\*Nei™? l
Nei 22Nai HDlgle q ’

- éqe] - p©dr,

o §q6} pedr < c€y. (6.3)

<

= Fae ] pedr

pe dr

ob

+ péidr|.

oD

<
*02N61+1

which shows that the error introduced by having the weak outflow condition (instead
of the strong one which has no error) is exponentially decaying with respect to the
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18 T. Bui-Thanh AND O. Ghattas

solution order N,. This is not surprising, since the error is due to quadrature ap-
proximation. Compared to the optimal convergence rate with respect to N,, i.e., NJ.
as in Section 7, the error resulting from the weak outflow condition is much smaller.

One can also study the behavior of the error with respect to the element size, i.e.
he. In particular, a result for affine meshes from [11] shows that

M;, N, oD M

i

< OpNeit/?

. €i
o pe dr |q|Ne,fl,De ;

where ||y _; p. is the usual semi-Sobolev norm of order N, — 1. This shows that

the error decays to zero at the rate N,, + 1/2 with respect to he,. O

REMARK 1. By virtue of both h and p estimates above, we see that even though
the inexactness of the LGL quadrature violates the strong outflow condition and hence
generates additional boundary terms when integration by parts is performed, these
terms are negligible. From now on, if LGL quadrature is used, we implicitly absorb
the additional error terms arising from the weak outflow condition into constant in
the convergence estimate, as in Theorem 4, or simply ignore them.

7. Convergence rate analysis. The previous sections show that our discrete
approximations, both conforming and non-conforming, are stable. Together with con-
sistency, to be shown below, our approximations are convergent by the Lax-Ritchmyer
equivalence theorem. The direct consequence is that the solution can grow at most
exponentially in time, which is typically for Lax-Ritchmyer type of convergence. This
kind of convergence result is interesting for theoretical analysis, but may not be appro-
priate for accessing the actual convergence rate of a numerical method. Fortunately,
Hesthaven and Warburton [13] show that a direct convergence analysis is possible,
allowing a much better upper bound on the error estimation. We adapt this type of
direct convergence analysis to derive a priori error estimation for our non-conforming
approximations.

Recall that interpolation introduces truncation and aliasing errors [7, 20], and
hence interpolation is generally different from projection, which has only truncation
error. For sufficiently smooth functions, however, the aliasing error either is spectrally
small [7, 12, 20] or can be made equal to zero [13]. Following [13], we shall make no
distinction between interpolation and projection in what remains.

The following conventions are used in this section. We reserve q for the unknown
exact solution, Zy, q for the projection of q on Py, and qu, for solution of the discrete
form (3.2). In addition, C' denotes a generic constant that may have different values
in different contexts, qq is defined by qq|p. = qun., and finally a dummy variable ¢
lives in different spaces for different inequalities. To begin, we recall the following
famous hp approximation error [1, 2, 3],

hae—r
llq _INeQHHT(DE < C# ||QHHs(De) , 0<r<s (7.1)
e
oe—1/2 1
lg = Zn.qllppe < CW H(JHHs(De) y 82> 2 (7.2)

with he = diam (D°), oc = min {N, + 1, s}, and ||| 7+ p.) denoting the usual Sobolev
norm.

For approximation using tensor product LGL quadrature, the following equiva-
lence of the discrete and continuous norm, an extension of the one dimensional version
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in [12], is useful in passing from the discrete norm to the continuous one and vice versa:
Vg € Py,

1\3/2
ol < lllo < (245 ) lall,

1
el < el < (2+ 57 ) lallo-

We first derive the convergence rate for conforming meshes. Since the electromag-
netic wave equation and the elastic—acoustic coupling wave equation are similar, we
analyze the former and leave out the details of the latter. Denote T9 = [TE ,TH ]T
as the the truncation error that results from substituting the exact solution q to the
discrete equation (3.2). Using the fact that q satisfies the Maxwell’s equation, we
have

(fk,INcTE)DE7N€ = (KkaIva X (H _‘Z.Ne‘lq-))De,Ne
1
4+ ( Ly, ——=mn X z+t [INPH] —n X [INFE] > , Ve € 'PN(,
(4 sz~ 7 D) e ‘
(Ek,INETH)DeJVe = (‘ekaINEV X (E _:Z]\IG‘E))DEJVE
1
4+ ( Ly, ———=1n X y+ [INCE]—i—nx [INCH] > . Vg GPNC
O ) o,

where p and ¢ are assumed to be constant on each element D€, and the mesh is affine.
Note that the truncation errors for the electric and magnetic equations are similar, we
only need to estimate the former and infer the later. Since Zy;, TE ¢ Pn., we can take
£, = In,TF and use the Cauchy-Schwarz inequality together with the equivalence of
discrete and continuous norms to obtain

2

HINeTE‘ De,N.,

<27 ||Zn,V x (H — Iy, H)||p.

In,TF|

De

+92

ﬁn X (Z* [In H]) —mn x [ZNeE])HaDe HINeTEHaDe ‘

Now use the following inverse trace inequality [28], Vg € Py,

N,
llgllope < C'W”CIHDe (7.3)
to have
T8, T .y < CTn.¥ x (H — Ty, H)llo.
vole | L zrmem)-mee)| . @
hi/z 2{Z}} ‘ ‘ aDe

where we have introduced the tangent components of £ and H as
E,=nx(nxE), H,=nxH.

We now have the following result for the consistency.
LEMMA 1. Suppose that each component q¢ € H® (D€),s > 3/2, fori=1,...,d,
with d = 6 for electromagnetic case and d = 12 for elastic—acoustic case. There exists
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a constant C' dependent on s, angle condition of D¢, and local values of p and € (A
and p for elastic—acoustic case), but independent of q, he, and N, such that

cr 1
||IN5Tq||DNeld_CZ a7z Il ooy

Proof. Since the proofs for both electromagnetic and elastic-acoustic cases are
similar, we provide only the proof for the former. We begin by estimating the bound
for the first term on the right side of (7.4). Using approximation result (7.1) we have

ge—1

I
|Zn.V x (H = In H)|lpe < |V x (H = Iy H)llp. < Cﬁ ||H||[Hs(De)]3

To estimate the second term we use the regularity of the exact solution, i.e. the
tangent component of the field is continuous, and the triangle inequality to bound
I[Zn. H ]| 5pe > and hence similarly for ||[Zn, E+]||gpe. as

IZn. Hlope < [Hy = In.H || op. + [[HT = In,HT || 5p.

Two terms of the right side of the preceding inequality are of the same type, therefore
we need to estimate only the bound for the first term. But this is ready by using

(7.2), e,

0671/2 ge—1/2
— — e
|H; = InH | yp. <C——7 vo 72 [l < €7 1 e ooy -

Now combining the above estimates for both terms on the right hand side of (7.4),
summing over all elements and using the discrete Holder inequality complete the proof.
0

REMARK 2. Note that the proof of Lemma 1 is done for conforming meshes. The
proof for non-conforming meshes is almost identical except for bounding the bound-
ary terms which are now defined on the mortars instead on the contributing element
faces. But the fields on the mortars are the L? orthogonal projections of those on the
contributing element faces, which implies L*> norms of fields on mortars to be at most
those on contributing element faces. This shows that the proof for conforming meshes
is sufficient.

We now state the convergence result.

THEOREM 4. Assume q° € [H* (D9)]*,s > 3/2 with d = 6 for electromagnetic
case and d = 12 for elastic—acoustic case. In addition, suppose q4(0) = IIq(0). Then,
the solution qq of the discrete form (3.2) converges to the exact solution q, i.e., there
exists a constant C' that depends only on the angle condition of D¢, s, and the material
constants p and € (A and p for elastic-acoustic case) such that

ge—1

s e t67 t s e
()l (zr= (eye + No I{éfﬁ(HCI( M izrs (peyye

Hq(t)—qd( HDNeld _CZ|:



330

331

332

333

334

335

336

337

338

339

340

341

An Analysis of a hp-Discontinuous Galerkin Spectral Element Method ... 21

Proof. We begin the proof with the following identities

0(In.E — ENJ)
DF

o E
(INeE ENevINeT ) ot

- (In.E—-Epn,,InV x (In H — HNe)>De,Ne

1
+ INeE—ENe,inX Z+[INEH—HNG]—TLX[INeE—ENe] ) s
( 2{z}} ( ) aDe N,
0(InH—-H
(INEH _1;1-1\/}7INeT‘I_I)D€7NF = (INeH _HNe7/’L ( e ot N6)>
i De,N,

+ (@n.H — Hn,,IN.V X (IN.E — EN,))pe N,
_ <IN€HHN X (YJr [INeEfENE]JrnX [INeHHNe])> ,
aDe, N,

L
T2{{yl

where we have substituted the exact solution into the discrete equation (3.2), and
used Iy, E — En, and Iy, H — Hy, as test functions for the electric and magnetic
equations, respectively.

Following the proof of Theorem 2, we integrate the preceding equations by parts,
sum up the resulting equations, cancel the volume terms involving the fluxes, and use
the non-positiveness of the boundary integrals to arrive at

2 7 || — Qallpra g < CZ IN.gd—dne INTY)pe p,

where we have used the fact that the material constants 1 and € are bounded away
from zero. Next, we use Cauchy-Schwarz and then the discrete Holder inequalities,
then apply the consistency result of Lemma 1 to obtain

a'f,—l

d
dt ”Hq - qd||DNel d = CZ NE™ 3/2 ||C[|| s(De)]? < OZ N~ 3/2 I%Eﬁ(Hq”[HS(De)]d

which, after integrating in time, yields
I01q (£) — a4 (£) HDthi__<7tj£j e maXHq< [

where we have used q4(0) = IIq(0). Now, using triangle inequality we have,

la (@) = da (B)llprya g < lla (@) =1q ({)llpra g + [Ta (&) = da (8)llpre -

Finally, the equivalence of the discrete and continuous norms, and (7.1) ends the
proof. O

REMARK 3.

Since all norms are equivalent in finite dimensional spaces, the result of Theorem
4 holds for other norms as well, with possibly different constant C. In particular, we
have

oe—1

hge hg
me%@mmscgtwmwmww+mfmﬁgMMWWW

€
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REMARK 4. We again emphasize that the LGL quadrature introduces additional
error terms when the discrete integration by parts is performed. However, they are
shown to be negligible in Theorem 2 and Remark 1, hence their absence in the proof
of Theorem 4 is justified.

REMARK 5. The proof for the LG quadrature follows exactly the same lines
and hence is omitted here. The only difference is that all the numerical integrations
are exact, and therefore there is no need to invoke the equivalence of discrete and
continuous norms.

REMARK 6. We have restricted ourselves to the case of affine hexahedral meshes.
This enables us to eliminate the volume integrals of fluxes on the right side of equation
(4.1) since differentiation and interpolation commute. The discrete stability is then
ready due to the non-positiveness of the surface integrals of fluzes. Most of the results
still hold for meshes with Ja' = constant, fori =1,2,3. In addition, it is not hard to
see that all the stability, and hence convergence, results for both conforming and non-
conforming approximations are still valid for meshes with curved elements provided
that the contravariant fluzes are polynomials with order at most N€, i.e.,

@i:JEai~g€PNe, Z.:].,273, (7'5)

for which we again have the commutativity of differentiation and interpolation. To-
gether with the metric identities in [19], we again can eliminate the volume integrals
after integrating by parts. Moreover, it is clear that our results remain true for other
types of meshes, e.g. affine tetrahedral mesh as well, as long as the discrete integra-
tion by parts is possible and the commutativity of differentiation and interpolation is
valid. For general curvilinear hexahedral meshes, it is not clear whether the volume
integrals vanish (or negative) or not since differentiation and interpolation generally
do not commute (even over-integration is not helpful in this case).

8. Numerical results. In this section, we present numerical results to support
our theoretical findings in the previous sections. For simplicity, we consider only h-
non-conforming meshes, for which we can use the DGSEM code described in [33] as
a starting point. For elastic—acoustic wave equations, extensive numerical results in
Wilcox et al. [33] can be used to validate our stability and convergence rate. They
numerically show that the L? error decays exponentially for cases with analytic exact
solution (which can be justified by the work of Houston et al. [15]). For other cases,
most of their numerical results show optimal convergence rate of N + 1 (recall that
our paper uses N in place of p for polynomial orders), except for one case with rate
N+1/2. This is typical, since the sharp rate N +1/2 happens only for some particular
meshes as shown in [25], while the optimal convergence rate is observed for most of
other meshes. Note that our convergence rate result seems to be suboptimal in both
h and N, as shown in Theorem 4. In particular, we loose one-half order in ~ and one
order in N. This loss is incurred from estimating the truncation error and using the
inverse trace inequality (7.3), and we do not yet find a different proof to obtain the
optimal convergence rate both in A and N. Therefore, it is not clear to us whether
our convergence result is sharp or suboptimal.

Our Maxwell’s code is built on top of the code of Wilcox et al. [33]. The scalability
of the DGSEM code is clearly demonstrated in their paper for elastic—acoustic waves
up to 220,000 cores, and we will not repeat it here for the Maxwell’s equations.
Instead, we concentrate on validating our convergence results for the electromagnetic
wave case. For h-non-conforming meshes, the result in Theorem 4 can be simplified
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to

o—1

h
190) = a0 (Bl 0 < Ot 373 185 4 D) - 0oy (8.1)

where N is the solution order, h = max, h¢, and o = min {N + 1, s}.

Explicit time integration and method for choosing the Courant-Friedrichs-Lewy
(CFL) number are similar to those in [33]. Recall that our analysis is for exact time
integration, that is, the convergence rate only accounts for the spatial discretization
error due to DGSEM. As a result, in order to accurately validate our convergence rate
analysis, we need to make the time discretization error negligible.

The first example considered is a Snell’s law in which a perpendicular polarized
uniform plane wave is incident at an oblique angle on the reflecting interface z = 0
between two regions with properties (u1,¢1) and (us2,e2), respectively, as shown in
Figure 8.1. The incident electric field Eﬂ_ is oriented perpendicularly to the plane of

g

(b)

F1G. 8.1. Snell’s law example: 8.1(a) Geometry setting; 8.1(b) Magnitude of the initial electric
field, ||E||, plotted on the coarsest mesh of the Snell example with solution order of N = 20. Also
shown are the LGL points on a portion of the mesh.

incident xzz. This example is therefore a two-dimensional phenomenon. The general
form of the exact solution for this class of problems can be found in [4]. Here we
consider the following exact solution for the incident wave,

iy = FE,cos[wt — By (xsinb; + z cosb;)],

Lc = —% cos 0; cos [wt — B (xsinb; + zcosb;)],

j_z = E—lo sin 6; cos [wt — By (xsiné; + z cosb;)],
Lo=E\ =H\,=0,

with

&

B =w H1€1, T = .
€1
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The corresponding exact solution for the reflected wave is given by,
Ty = I'E, cos [wt — B (zsiné, — zcosb,)],

, E, .
H', =T"=cosb, cos|wt — B (zsinh, — zcosh,)],
Uit

E
1, =T"=2sin6, cos [wt — By (xsinb, — zcosb,)],
Uit

\»=FEl,=H\,=0,
and for the transmitted wave by,
Eﬂ_y =T E, cos [wt — By (xsinf; + zcosb;)],

E, .
H' = —T"=2 cos b cos [wt — P (xsinb; + zcos ;)]
2

E, . .
H'  =T"=2sin6,; cos|wt — B (xsinb; + zcosby)],
2

E\,=E| . =H, =0,

where
fo=wyiEs, 1=\, 6. =0, Basinf, = Bysind,
2
» _ M2cost —n cos by b 21y cos 0;
"~ mgcosb; +m cosb,’ ~ mpcosb; +mpcosf

For our numerical example, we choose,
w = 2m, ,ulzla M2:27 e1=1, e=2, Eozla 91‘:71'/4,

and the box [—%, 4] x [~ 1, 2] x [ 1, 1] as the computational domain. For the purpose
of validating our convergence analysis on non-conforming meshes, we always refine the
incident region (u1,e1) one level further than the transmitted region (u2,€2). There-
fore, all non-conforming faces reside on the reflecting interface z = 0. In Figure 8.1(b),
we show the magnitude of the initial electric field on the coarsest mesh consisting of
one element in the transmitted region and eight elements in the incident region. Also
shown are the LGL points on a portion of the mesh with solution order N = 20. The
exact solution is prescribed at faces of the box as boundary conditions to mimic the
unbounded domain. For this example, the mesh consists of only parallelepipeds, i.e.,
it is affine, and hence our analytical results, in particular stability and convergence,
hold.

In order to find a suitable CFL number to obtain negligible time discretization
error, we plot the error in the L?-norm versus the CFL number for N = 5 and h = 0.1.
Unnoticeable change of the error for CFL < 0.2 in Figure 8.2 suggests that we should
choose CFL = 0.1. Using a similar study on the error in the L?-norm versus the
CFL number for the other examples, we observe that CFL = 0.1 seems to lead to
negligibly small discretization error for all examples considered in this paper.

Figure 8.3(a) shows the L%-norm error, i.e. ||q— qallpye 4> at t = 1 versus the
mesh size h for various solution orders N. In order to compute the order of con-
vergence, we fit—using the usual least square method—the error-versus-h curves with
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FIG. 8.2. Snell’s law example: Error in the L?-norm versus the CFL number for the Snell law
example with N =5 and h = 0.1.

straight lines whose slopes are used as convergence rates. As can be seen, the DGSEM
delivers optimal h-convergence rate of N 4 1, which is typical for DG methods, even
though the sharp rate is N +1/2. Again, our above analytical result is suboptimal by
1/2 compared to the sharp rate, and by 1 compared to the observed rate. We also plot
the L?-norm error as a function of the solution order N in Figure 8.3(b) in linear-log
scale with various mesh sizes h. The result shows that the convergence is exponential,
which is not surprising since our exact solution is element-wise analytic. This can
be proved rigorously by an argument in [16] for quadrilateral (and hence hexahedral)
meshes. This result confirms that if the mesh is aligned with the discontinuous inter-
faces, DG methods are capable of delivering optimal convergence rate in h, and the
convergence in N is exponential if the exact solution is element-wise analytic.

We next verify the linear growing rate in time of the L?-norm error in Figure
8.4. We run simulations with A = 0.22 up to ¢ = 100 for solution order N from 1
to 5. As can be seen, the errors steadily oscillate but do not seem to grows in time.
Our estimate (8.1) seems to be conservative in this case. However, the next example
shows that it is indeed a sharp result.

In the second numerical example, we consider a partially filled rectangular waveg-
uide shown in Figure 8.5. This is a longitudinal section electric in y-direction. The
properties of the dielectric and free space regions are given by (4, e4) and (po, €,), re-
spectively. Unlike the first example, this example is a three-dimensional phenomenon.
Again, one can find a general solution in [4]. Here, we consider the following exact
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Fic. 8.3. Snell’s law ezample: 8.3(a) Plot of the error in L?-norm, i.e. |4 —dallpn, 4o ot

time t = 1 as the mesh is refined in h with solution order from N =1 to N =5; 8.3(b) Plot of the
error in L2-norm, i.e. ||q— dallpNy 4o at time t =1 as the mesh is refined in N. The convergence
is shown for four different mesh sizes h = {0.43,0.22,0.11,0.054}.

traveling wave solution in the free space domain,

B=

E,, = A,— cos(f,z)sin[B3,, (b —y)]sin (wt — B.2),
E, =0,
B, = 4,2 s (8,,2) s (8, (- )] cos (wt — B.).
H, = AO% sin (By, ) cos [By, (b —y)]sin (wt — 8,2) ,
z, + 52 ; i
H, =4, ( wnuosf ) cos (Bz,x) sin [By, (b —y)]sin (wt — B.2),
L= Ao% cos (B, x) cos [B,. (b—y)]cos (wt — B.2),
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F1G. 8.4. Snell’s law example: Plot of the error in L?-norm, i.e. [lg — qd”DNel 42 up to time
t = 100 for various solution orders ranging from N =1 to N = 5.
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Fic. 8.5. Partial filled waveguide example: 8.5(a) Geometry setting; 8.5(b) Magnitude of the
wnitial magnetic field, | H||, on the coarsest mesh of the partial filled rectangular waveguide example
with solution order of N = 20. Also shown are the LGL points on a portion of the mesh.

and the corresponding exact traveling wave solution in the dielectric domain,

E,., = Adf—; 08 (Bz,x) sin (By,y) sin (wt — B.2),

E, =0,
B., = Ad 2% sin (8.,2) s (8,,) cos (w1 — B.2),
d

H,, = —AdM sin (B, ) cos (By,y) sin (wt — B,z),
WHdEd

(82, + 52)

WHdEd

sz = _Ad% COS (ﬁzdx) CO8 (ﬂydy) coS (wt - ﬂzz) )
WH4Ed

Hyd =Aq COS (Bﬂ?dx) sin (6ydy) sin (wt - ﬁzz) s
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where the following relations hold,

mm
Bmo:ﬁzd277 m:172>"'7

w2/~l/050 - Bio + ﬁgo + 637
wpgea = B2, + Bo, + B2,

By, A, cot [ﬁyo (b—rc)] = —%Ad cot (ﬂydc)
d

o

For our numerical example, we choose,

w=6.0541, %=1, po=2 /2=05 pq=22,

Ho o
ﬁ$0:ﬂwd:622ﬂ'7 AO:L m=1 c=1,

and the box [0,1] x [0,2] x [0,2] as the computational domain. For the purpose
of validating our convergence analysis on non-conforming meshes, the mesh portion
in the dielectric region is always one level finer than that in the free space region.
Therefore, all non-conforming faces reside on the interface y = ¢. In Figure 8.5(b),
we show the magnitude of the initial magnetic field on the coarsest mesh consisting
of one element in the free space region and eight elements in the dielectric region.
Also shown are the LGL points on a portion of the mesh with solution order N = 20.
On the z- and y-surfaces of the box, the PEC boundary condition is applied, while
periodic boundary condition is employed on the z-surfaces.

Figure 8.6(a) shows the L?-norm error, at ¢ = 1 versus the mesh size h for various
solution orders N. We also plot the L2-norm error as a function of the solution order
N in Figure 8.6(b) with various mesh sizes h. Similar to the first example, we have
optimal h-convergence rate of NV + 1 and exponential N-convergence rate.

Figure 8.7 shows the growth of L?-norm error in time. We run simulations with
h = 0.61 up to t = 100 for solution order N from 1 to 4. As can be seen, the error
grows at most linearly in time which agrees with the analytical estimate (8.1).

In the third example, we consider a cylindrical wave guide with transverse electric
mode in the z-direction (TE?) as shown in Figure 8.8. This is a three dimensional
phenomenon whose an exact solution is given by (exact solution with more general
form can be found in [4]),

E, = Ang (Bop) sin (ml) cos (wt — B.z2) ,

Ey = A%J,'n (Bpp) cos (mb) cos (wt — f,2),

E.=0,

H,= —A%J' (B,p) cos (mb) cos (wt — 3, 2)
P WhE m P z ’

Hy=Am 5=

p wue
2

H. = A— 3 _
2 e Jm (Bop) cos (mb) sin (wt — 5.2) ,

Jm (Bop) sin (mb) cos (wt — f.2),

where J,,, denotes the mth-order Bessel function of the first kind, and

0Jm (Bop) )
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Fic. 8.6. Partial filled waveguide example: 8.6(a) Plot of the error in L2-norm, i.e.
lla = qallpng 4 at time t = 1 as the mesh is refined in h with solution order from N = 1 to

N = 4; 8.6(b) Plot of the error in L%-norm, i.c. ||q — qqllpn,, 4 at timet =1 as the mesh is refined
in N. The convergence is shown for four different mesh sizes h = {0.61,0.31,0.15,0.077}.

The relation between 3, and j3. is given by

By + B2 =w’pe,
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FIG. 8.7. Partial filled waveguide example: Plot of the error in L%-norm, i.e. ||q— dallp~

el,d’
up to time t = 100 for various solution orders ranging from N =1 to N = 4.
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Fic. 8.8. Cylindrical waveguide example: 8.8(a) Geometry setting for the transverse electric
mode in the z-direction; 8.8(b) Magnitude of the initial electric field, ||E||, plotted on the coarsest
mesh of the cylindrical waveguide example with solution order of N = 20. Also shown are the LGL
points on a portion of the mesh.

and f,a is a zero of J/,. For our numerical results, we choose
a=2, m=2, B,a=30564237, B, =27, p=1, €=025 A=15.

This is our first example involving curved geometry. For simplicity, we use isopara-
metric representation for all elements in the mesh. For elements with curved faces,
the LGL interpolation points are exactly positioned on the cylindrical surfaces. It is
important to point out that the affine assumption is sufficient, but may not be nec-
essary, to obtain stability and convergence analysis. For that reason, it makes sense
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for us to try our code on this curved geometry example.

In order to mimic the infinite length in the z-direction, we consider only the por-
tion of cylinder from z = 0 to z = —1, and supply the exact solution at these two
surfaces while applying the PEC condition on the cylindrical surface. Our coarsest
mesh consists of one affine hexahedron in the center surrounded by four curved hex-
ahedra. For the purpose of testing the convergence rate on non-conforming meshes
with curved geometry, the mesh for the central hexahedron is always one level finer
than that of the surrounding hexahedra. In Figure 8.8(b), we show the magnitude of
the initial electric field on the coarsest mesh consisting of four surrounding elements
and eight elements in the center. Also shown are the LGL points on a portion of the
mesh with solution order N = 20.

We next numerically study the convergence rate both in h and in N. Figure 8.9(a)
shows the L?-norm error, at t = 1 versus the mesh size h for various solution orders
N. Figure 8.9(b) plots the L?>-norm error as a function of the solution order N with
various mesh sizes h. It can be seen that we again have optimal h-convergence rate
of N + 1 and exponential N-convergence rate for this non-conforming curved mesh.

In the last three examples, electromagnetic waves travel in unbounded domain in
one or more dimensions. In the fourth example, we consider electromagnetic waves
trapped in a finite domain with curved boundaries. Probably the most popular ex-
ample for this kind of problem is the metallic spherical cavity. Figure 8.10 shows
the geometry of the problem whose part of the mesh is taken out for clarity. Also
shown in Figure 8.10(b) is the magnitude of the initial electric field on a portion of a
non-conforming curved mesh.

An exact solution for the spherical cavity in transverse electric mode (T'E"™) with
radius r = a in the spherical coordinates (r, 8, ¢) is as follows,

E, =0,
E, = Asr;lnﬂjn (Br) P (cos 8) sin (ma) cos (wt) ,
Ey= —ASlgnre Jn (Br) P (cos 6) cos (me) cos (wt) ,

, = Aj; (jn (Br) + J" (ﬁr)) P (cos 0) cos (me) sin (wt)
Hy= —Aii?f J' (Br) P™ (cos 0) cos (mg) sin (wt) ,
H,=-A mp J! (Br) P™ (cos 0) sin (me) sin (wt) ,

wpersing "

where

’ 8Pm 9 A ™
8 =, P (cos0) = ST g (an) = [T (90),

with J,, as Bessel functions of the first kind, P} as associated Legendre polynomials,
and fa as zeros of spherical Bessel functions of the first kind Jn. The operator ()/
acting a quantity denotes the derivative with respect to the argument of that quantity,
for example, it means derivative with respect to Sr for the spherical Bessel functions
of the first kind and to cos 8 for the associated Legendre polynomials.

For our numerical results, we choose,

a=V3, m=2 n=3, p=1 =025 A=15Ba=6.9879.
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Fic. 8.9. Cylindrical waveguide example: 8.9(a) Plot of the error in L2-norm, i.e.
lla = qallpng 4 at time t = 1 as the mesh is refined in h with solution order from N = 1 to

N = 4; 8.9(b) Plot of the error in L%-norm, i.c. ||q — qqllpn,, 4 at timet =1 as the mesh is refined
in N. The convergence is shown for four different mesh sizes h = {0.94,0.51,0.26,0.13}.

Figure 8.11(a) shows the L?-norm error, at ¢ = 0.2 versus the mesh size h for
various solution orders N. Figure 8.11(b) plots the L?2mnorm error as a function of
the solution order N with various mesh sizes h. It can be seen that we again have
optimal h-convergence rate of N + 1 and exponential N-convergence rate for this
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Fic. 8.10. Spherical cavity example: 8.10(a) Spherical coordinates (r,0,¢) for the spherical
cavity and spherical obstacle scattering examples; 8.10(b) Magnitude of the initial electric field,
[|E], plotted on a part of a non-conforming curved mesh with solution order of N = 20. Also shown
are the LGL points on a portion of the mesh.

non-conforming curved mesh.

The last example considered in this paper is the scattering of electromagnetic
waves from a sphere, where we combine scattering with a non-conforming curved mesh.
Physically, the free space region in unbounded, hence we employ a perfectly matched
layer (PML) to truncate the domain to make the computation feasible. In particular,
the unsplit PML resulting from a modified Berenger model, which is equivalent to the
uniaxial model or the Lorentz model [31, 6], is used (see equation (5.12) of [31] for
details). For simplicity, we normalize the Maxwell’s equation so that the permittivity
and permeability of the free space are unity, i.e., u, = €, = 1, and discretize the
scattered formulation instead of the total field one. Details on normalization and
scattered field formulation can be found in [13]. The problem setup can be seen in
Figure 8.12, where a is the radius of the sphere, b the distance from the center of the
sphere to the interface of the truncated physical domain and the PML domain, and ¢
the distance from the center of the sphere to the end of the PML region. That is, the
truncated physical domain is inside the box [—b,b]® containing the sphere, and the

PML region is the complement of the box [—b, b]3 with respect to the box [—e¢, ¢>.

We choose the following incident wave,

Einc — e]w(z—t)el’ Hine — e]w(z—t)e27

with j2 = —1. The corresponding exact solutions of the scattered fields in the spherical
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F1G. 8.11. Spherical cavity example: 8.11(a) Plot of the error in L?-norm, i.e. ||q — qallpn
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error in L?-norm

error in L%-norm

el,d’

at time t = 0.2 as the mesh is refined in h with solution order from N =1 to N = 4; 8.11(b) Plot
of the error in L%-norm, i.e. |q— ddllpny 4o at time t = 0.2 as the mesh is refined in N. The
convergence is shown for four different mesh sizes h = {0.87,0.57,0.33,0.18}.

coordinates (7,0, ¢) are given by,

E, =

Ey =

COS ¢ -

— = n(n+1)b,HWY (Br) P! (cos ) e,
o

COS ¢ [a - P} (cos )

H’(’l) (Br) sin 6

—J

+ by HY' (Br) PY (cos ) sin 9] e v

., oo ) , - .
sin ¢ Z {aan}) (Br) PY (cos ) sin 6 + jb, HV (Br) ns(lfloese)} et

IO S (n+ 1) an D (Br) P (cos ) e,

in @ "

. 0o 1
_sing 5= [bnﬂgn (8r) Lol o 70 (1) P (cos0) sin 9}
S

|
|8
w
Zle
]2
1

) , o p
b, HY (Br) Py (cos@)sin + ja, HY (Br) n(COSﬂ)] et

sin 0
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Fic. 8.12. Spherical obstacle scattering example: 8.12(a) Truncated domain with PML, 8.12(b)
Magnitude of the initial scattered magnetic field, || H||, plotted on a part of a non-conforming curved
mesh with solution order of N = 4. Also shown are the LGL points on a portion of the mesh.

where HS" denotes spherical Hankel functions of the first kind, and the following
relations hold,

on+1 J,(Ba) b n on+1 J,(Ba)

T T D D (g T Al DAY (o)

For our numerical results, the parameters are chosen as follows,
w=5 a=025V3, b=2 c¢=3.

Since the exact solutions involve infinite series, we simply truncate them using the
first 20 terms for computer implementation.

We now numerically study the convergence rate both in A and in N. Figure
8.13(a) shows the L?-norm error, at t = 1 versus the mesh size h for various solution
orders N. Figure 8.13(b) plots the L?-norm error as a function of the solution order
N with various mesh sizes h. For this example, it can be observed that we still have
exponential convergence behavior in N, but the rate in A is less than N + 1 even
though it is still better than the DG sharp estimate of N + 1/2.

9. Conclusions. We have presented an analysis for a non-conforming hp-Discontinuous

spectral element method for acoustic wave, elastic wave, elastic-acoustic coupling wave
and electromagnetic waves in time domain. We have proved consistency, stability,
and convergence under the usual assumption, i.e., affine meshes. Our analytical re-
sults hold for both exact numerical integration using tensor product Legendre-Gauss
quadratures and inexact numerical integration using tensor product Legendre-Gauss-
Lobatto quadratures. We have developed a discrete mortar-based approach to treat
non-conforming approximations that does not affect the convergence rates. That
is, the convergence rates for conforming approximations remain unchanged as if the
approximations were conforming. On each element, we have showed that the h-
convergence rate is suboptimal by 1/2 and N-convergence rate by 1 compared to
discontinuous Galerkin literature. We then apply our hp-DGSEM method to various
problems with different characteristics and physics. The numerical results show that
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error in L?-norm

error in L%-norm

FIG. 8.13. Spherical obstacle scattering evample: 8.138(a) Plot of the error in L%-norm, i.e.
lla = qallprn, 45 at time t = 0.125 as the mesh is refined in h with solution order from N = 1 to

N = 4; 8.13(b) Plot of the error in L*-norm, i.e. ||q — qallpn, 4 at timet = 0.125 as the mesh is
refined in N. The convergence is shown for four different mesh sizes h = {0.96,0.5,0.25,0.13}.

the convergence rates are optimal, at least N 4+ 1/2, in h, and, for element-wise an-
alytic exact solutions, exponential in N. By putting the quadrature points exactly
on the curved faces, we numerically observe that our DGSEM method converges for
non-conforming approximation with curved meshes. In particular, for all examples
with non-conforming meshes in this paper, the convergence rates are optimal.
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