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A UNIFIED DISCONTINUOUS PETROV-GALERKIN METHOD
AND ITS ANALYSIS FOR FRIEDRICHS’ SYSTEMS*

TAN BUI-THANH', LESZEK DEMKOWICZ', AND OMAR GHATTAS?

Abstract. We propose a unified discontinuous Petrov—Galerkin (DPG) framework with op-
timal test functions for Friedrichs-like systems, which embrace a large class of elliptic, parabolic,
and hyperbolic partial differential equations (PDEs). The well-posedness, i.e., existence, uniqueness,
and stability, of the DPG solution is established on a single abstract DPG formulation, and two
abstract DPG methods corresponding to two different, but equivalent, norms are devised. We then
apply the single DPG framework to several linear(ized) PDEs including, but not limited to, scalar
transport, Laplace, diffusion, convection-diffusion, convection-diffusion-reaction, linear(ized) contin-
uum mechanics (e.g., linear(ized) elasticity, a version of linearized Navier—Stokes equations, etc.),
time-domain acoustics, and a version of the Maxwell’s equations. The results show that we not only
recover several existing DPG methods, but also discover new DPG methods for both PDEs currently
considered in the DPG community and new ones. As a direct consequence of the single abstract
DPG framework, all of the resulting DPG methods are shown to be trivially well-posed. We show
that the inf-sup constant of the abstract DPG equation is independent of the mesh and is the same
order as that of the PDE counterpart.
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1. Introduction. The discontinuous Petrov—Galerkin (DPG) framework intro-
duced by Demkowicz and Gopalakrishnan [13, 15] has been evolving as a new nu-
merical methodology for partial differential equations (PDEs). The method has been
successfully applied to a wide range of PDEs including scalar transport [8, 13, 15],
Laplace [14], convection-diffusion [14, 15], Helmholtz [16, 18, 30], Burgers and Navier—
Stokes [10], and linear elasticity [7] equations. This DPG framework starts by parti-
tioning the domain of interest into nonoverlapping elements. Variational formulations
are posed for each element separately and then summed up to form a global variational
statement. Elemental solutions are connected by introducing hybrid variables (also
known as fluxes or traces) that live on the skeleton of the mesh. This is therefore a
mesh-dependent variational approach in which both bilinear and linear forms depend
on the mesh under consideration.

In general, the trial and test spaces are not related to each other. In the standard
Bubnov-Galerkin (also known as Galerkin) approach, the trial and test spaces are
identical, while they differ in a Petrov—Galerkin scheme. Traditionally, one chooses
either Galerkin or Petrov—Galerkin approaches, then proves the consistency and sta-
bility in both infinite and finite dimensional settings (if possible). The DPG method
of Demkowicz and Gopalakrishnan [13, 15] introduces a new paradigm in which one
selects both trial and test spaces at the same time to satisfy well-posedness. In partic-
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ular, one can select trial and test function spaces for which the continuity and inf-sup
constants are unity. Given a finite dimensional trial subspace, the finite dimensional
test space is constructed in such a way that the well-posedness of the finite dimensional
setting is automatically inherited from the infinite dimensional counterpart.

For example, the DPG method in [15] starts with a given norm in the trial space
and then seeks a norm in the test space in order to achieve unity continuity and inf-
sup constants. Another DPG method in [16] achieves the same goal but reverses the
process, i.e., it looks for a norm in the trial space corresponding to a given norm in
the test space. Clearly, this is one of the advantages of the DPG methodology, since it
allows one to choose a norm of interest to work with, while rendering the error optimal,
i.e., smallest in that norm. Furthermore, the DPG methodology provides a natural
framework for constructing robust versions of the method for singular perturbation
problems, enabling automatic adaptivity. We shall not discuss the advantages of the
DPG methods any further here, and the readers are referred to the original DPG
papers [13, 14, 15, 16] for more details.

The DPG method is a minimum residual method and can be viewed as a gener-
alization of least squares methods [5, 9]. The main difference lies in the use of dual
norms through an explicit elementwise inversion of the Riesz operator made possible
by the use of broken test spaces as opposed to Hilbert scalings in [6].

Perhaps one of the most challenging problems that needs to be addressed in
developing a DPG method is to establish the well-posedness of the DPG formulation
on the infinite dimensional level, from which the well-posedness of a finite dimensional
DPG approximation is inherited. This has been investigated for DPG formulations of
linear first order hyperbolic [8], Laplace [14], convection-diffusion [14], Helmholtz [18],
and linear elasticity [7] equations. The methods of proof however vary from one type of
PDE to another, though they do share some similarities. Consequently, practitioners
may be wary of applying the DPG methodology to a new PDE until its well-posedness
is available. Otherwise, there is no guarantee that a DPG method would behave as
designed in the original work of Demkowicz and Gopalakrishnan [13, 15].

Meanwhile, a unified analysis of discontinuous Galerkin (DG) methods for ellip-
tic/parabolic/hyperbolic PDEs and beyond has been devised in a series of papers by
Ern and Guermond [21, 22, 23]. This is possible due to the recent revised theory of
Friedrichs’ system [25] in a Hilbert space setting [27], rigorously formalized and ad-
vanced by [24], and further advanced by [1, 2, 3]. Ern and Guermond [21, 22, 23] have
been successful in recovering most of the existing DG methods and discovering new
ones for various PDEs including transport, convection-diffusion-reaction, linear(ized)
continuum mechanics, and Maxwell’s equations, to name a few.

The success of Ern and Guermond [21, 22, 23] inspires and motivates us to develop
a unified theory for the DPG methodology for a large class of PDEs, and this is the
main focus of the paper. In particular, we review the theory of Friedrichs-like systems
under a Hilbert space setting [24] in section 2.1. In particular, section 2.2 reviews
Friedrichs’ systems of first order PDEs, followed by Friedrichs’ systems of first order
PDEs with partial coercivity in section 2.2.2 with the important result on the well-
posedness in Theorem 2.3. We next develop a single abstract DPG framework, prove
its well-posedness, and derive two abstract DPG methods corresponding to two differ-
ent, but equivalent, norms in section 2.3. It is followed by the convergence analysis of
DPG methods in section 2.4. Note that this paper is neither an attempt to illuminate
connections with other related ideas and methods nor an attempt to unify all the
existing DPG methods. Instead, we limit ourself to unify and generalize the DPG
methods of Demkowicz and Gopalakrishnan [13, 15] for Friedrichs’ PDE systems. To
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show the effectiveness of the single abstract framework, section 3 applies it to vari-
ous PDEs including transport, convection-diffusion-reaction, linear(ized) continuum
mechanics, time-domain acoustic, and a version of the Maxwell’s equations. As will
be shown, our unified framework not only recovers several existing DPG methods,
but also discovers new DPG methods for both PDEs currently considered in the DPG
community and new ones. More importantly, a single well-posedness proof established
for the abstract and unified DPG methodology is carried over to all Friedrichs-like
systems in general and to all PDEs considered in section 3 in particular. Finally,
section 4 concludes the paper with future directions.

2. Abstract theory.

2.1. Theory of Friedrichs’ systems in a Hilbert space setting. In this
section, we briefly review important theoretical advances of Friedrichs’ systems in
Hilbert space settings due to Ern, Guermond, and Caplain [24] that are useful for our
later developments. To begin, let L be a real Hilbert space equipped with the inner
product (-,-)r and the induced norm ||-||,. We identify L with its dual L’ by the
Riesz representation theorem. Assume that we have two linear operators (possibly
unbounded) T : ¥ — L and T : 9 — L satisfying the following two properties:

(2.1a) (To.), = (0. T0) Ve v e,
(2.1b) H(T—FT) <pHL <clel, Yo € 9,

where 2 is a dense subspace of L. Note that, by density, (2.1b) is also valid for all
p € L.

It is easy to see that Z equipped with the scalar product (-, )r = (-,-) ,+(T-,T")r.
is an inner product space whose completion is denoted by Wy. The induced norm
Il = /(o)p + (T, T-)1 is known as the graph norm. One can show that the
completion of 2 with respect to (-,-)7 = (-,-)r + (T, T-), coincides with Wy. As a
direct consequence, T, T : (2, ||| ;) — (L, ||| ;) are linear and continuous, and hence
they can be extended by density to linear and continuous operators (again denoted
by T and T) T, T : (Wo, ||ll7) — (L, |||l ) Also by density, (2.1) can be extended to
be valid for all ¢, 1) € Wy. Moreover, it can be shown that the adjoints of 7" and T are
the unique extensions of TandT, again denoted by T and T such that 7,7 : L — |24
and

(2.2a) (Tu,v}wéxwo = (u,TU)L Yu € L,v € Wy,

2.2b <T > = (u,T Vue Lve W,
(2.2b) UUW6><Wo (u,Tv);, Vu v 0

where T' and T on the right sides of (2.2a) and (2.2b) should be understood as the
restrictions of T and T, i.e., T|w,, T|w, : Wo — L.
We are interested in the solvability of the problem

(2.3) Tu=felL,
and its solutions generally belong to the following graph space
W:={ueL:Tue L},

which can be shown to coincide with the dual graph space {v € L : Tv e L}. Ttis
not difficult to see that W is a Hilbert space when equipped with the graph inner
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product (-,-)w := (,-)p. However, the graph space is too general to provide the
well-posedness of (2.3) and our next step is to find a subspace V- C W such that
T :V — L is an isomorphism. We begin by defining the following boundary operator:

(2.4) (Bu, v)yr oo = (Tu,v), — (u,Tv)L Yu,v e W.

Then, one can show that B € £ (W, W') and B is self-adjoint [24].
Now, assume there exists M € £ (W, W’) such that

(2.5a) (Mw,w) >0 Ywe W,
(2.5b) W=N(B-M)+N (B+M)

with A denoting the nullspace of its argument. As shall be shown in section 3, each
M corresponds to a particular boundary condition and it may not be unique. The
following useful result on B and M is due to [24].

THEOREM 2.1. There hold

(2.6a) Wo=N(B)=N (M)=N (M*),
(2.6b) Wit =R(B)=R(M) =R (M),

where R denotes the range space.

2.2. First order partial differential equations of Friedrichs’ type. The
results in section 2 are valid for a general class of operators T and T satisfying (2.1a),
(2.1b) on a dense subset 2 of Hilbert space L. In this section and in the rest of
the paper, we restrict ourselves to L as the space of square integral (vector-valued)
functions over an open and bounded domain  C R¢ with Lipschitz boundary, 2 as
the space of test functions, and T as first order differential operator with its formal
adjoint T. In particular, let us set [ = [L2(Q)]™, m e N, and 2 = [D(Q)]™, where
D () =C§° (). Then, Z is dense in L.

Next, we consider T': ¥ — L as

d
Ty := ZAkakgo +Cp Vo€,
k=1

where the following assumptions on A* and C for Friedrichs’ system are standard
[21, 25]:
(2.7a) C e [L> Q)™

d
(2.7b) AR e L (@)™™, k=1,...,d, and Y 0pA¥ € [L> (@)™,
k=1

(2.7¢) Al = (Ak)T a.e. in ), k=1,...,d.
Consequently, the formal adjoint T : 2 — L of T is given by
) d d
Ty = —ZAkaktp—l— (C* — ZakAk> w Ypeg.
k=1 k=1

Then, it is obvious to see that 7" and T satisfy (2.1a), (2.1b). Consequently, all the
results in section 2 hold for Friedrichs’ systems satisfying (2.7).
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For the above abstract Friedrichs’ systems, an explicit representation of B is
available while it is not possible for M on the abstract level. Let us assume that

d
B .= Z nkAk
k=1
is well-defined a.e. on 0 with n = (n4,...,nq) being the unit outward normal vector

of Q. For simplicity in writing, let us set H* := [H*]™, where H? is the usual Sobolev
space of order s, and C* := [C]™, where C" is the space of continuously differentiable
functions. The following representation result for the boundary operator B can be
found in [1, 27].

LEMMA 2.2. For u,v € H' (Q) C W (Q), there holds

(Bu, )y (ayxwo) = <BU’U>H*%(8Q)><H%(BQ) :

In particular, for u,v € Cg° (]Rd), <Bu,v>W/(Q)XW(Q) = 59 v Bu ds.

If Q has segment property [1], which is true for Lipschitz domains, then C! is
dense in H' (Q) which in turn is dense in W, and hence the representation can be
uniquely extended to the whole space W, i.e.,

(2.8) (Bu, v)yr oy xw() = <Bu,v>H,%(aﬂ)XH%(aﬂ) Yue W (Q),veH (Q).

Definition (2.4) can be therefore considered as the integration by parts formula. It
is important to point out that the map B : W (Q) — H ™z (9Q) is not surjective in
general [1]. Moreover, the range of B is generally not closed in H~2 (992). Owing to
this fact, the boundary operator B may be more preferable since its nullspace Wy is
well defined and its range space W;' is obviously closed. It is the key that we explore
in this paper. In particular, the construction of the abstract DPG method (2.14)
using the boundary operator is twofold. First, we avoid the technicality of specifying
the trace of functions in an abstract graph space W (9),! allowing the DPG theory
to be developed for abstract operators T and T. Second, the well-posedness of the
resulting general DPG method can be established in a straightforward manner.

On the one hand, Lemma 2.2 supports our abstract DPG formulation (2.14) in
using boundary operator and graph space, which is valid for a general Friedrichs’
differential operator T" even when we do not have a trace theorem for the graph
space. On the other hand, as shall be shown in section 3, the representation result in
Lemma 2.2 allows us to solve for the unknown hybrid variables on the skeleton of the
mesh instead of the whole domain, which results in substantial savings in computation.

In order the show the well-posedness of PDEs of Friedrichs’ type we need the
coercivity condition on T" dictated by the positiveness condition on the coefficients Ay,
and C' [21, 22, 23]. To this end, we consider two classes of first order PDEs: one with
full coercivity and the other with partial coercivity.

2.2.1. Friedrichs’ PDEs with full coercivity. By full coercivity we mean the
following positiveness condition:

d
(2.9) C+C* =Y 0pA* 2 I, ae. in Q,

k=1

IThe technicality here is due the fact that v belongs to the broken graph space and its trace also
lives in ’Hf% (0€2). Consequently, the duality between the traces of u and v is not meaningful in the
standard #~ 2 (092) x HE (092) sense.
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where I, is the m X m identity matrix. Here, the notation z 2 u (similarly for z < )
means z > au for some positive constant a.

2.2.2. Friedrichs’ PDEs with partial coercivity. For the class with partial
coercivity, we relax the positivity condition (2.9) to account for systems that have
two-field structures with partial coercivity. This class includes convection-diffusion,
Laplace, and linearized continuum mechanics (e.g., linearized compressible elasticity
or linearized compressible Navier—Stokes) equations, to name a few. Following [23],
we assume that there exist two positive integers mo and m,, such that m = meg + my,.
Denote L, := [L?(Q)]", L, == [L?()]™", and L := Lo x L,. For any w € L,
the group variable notion w := (w?,w") is used throughout. We decompose C' and

A accordingly:
B ceo  (ou K Aaoyk Ek
C= |: Ccuo Cluu ] ) AT = |: (Ek)T Gk .

The following assumptions are important for the well-posedness of our two-field
Friedrichs’ systems with partial coercivity [23]:

(2.10a) Vkel,...,d, A°7F =0,
(2.10b) deog >0, C97 > colmy,,
d

(2.10¢) <<C +C* - ZB}JU“) z,z) z ||ZUHi, a.e. in Q,

k=1
(2.10d) Co% = (C"?)* =0 and E* are constant over (2,
(2.10¢) Vze VUV |24, Sb(z2)? + B2,
where

l;(u,v) = (Tu,v), + % (M — B)u,v) oo

and

d
E:=)Y Eo,, V:=N(B-M), V' =N(B+M).
k=1

Note that the condition (2.10¢) is meaningful owing to the positive definiteness of b
on W.

We are now in position to state the well-posedness whose proof can be found
in [21, 22, 23, 24].

THEOREM 2.3. Assume that either the full coercivity condition (2.9) or the partial
coerciwity condition (2.10) holds, then T : V. — L is bijective. Furthermore, given
f € L, then the problem of seeking u € V such that Tu = f in L is well-posed. In
particular, there exists a positive constant pg such that if u is the solution, then it
satisfies the following stability estimates:

1 1
ul|l; < — , U <14 — .
folly < 10 Tl < (142 ) 161,

We have reviewed the Friedrichs’ setting for PDEs with either full or partial
coercivity. Theorem 2.3 on the well-posedness in both cases is vital since the well-
posedness of our unified DPG formulation in section 2.3 relies heavily on this fact.
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2.3. Abstract DPG formulation. We are interested in the following inhomo-
geneous problem:

Given g € W, f € L. Seek u € W such that
(2.11) Tu= fin L, and
(u—g)eV=N(B-M),

which is clearly well-posed by Theorem 2.3. An equivalent variational formulation of
(2.11) can be written as

(2.12) { Given g € W, f € L. Seek u € W such that Vv € W,
: (Tu,v), + 2 (M = B)u, o)y = (f0), + 3 (M = B) g,0) s yp -

Note that both formulations (2.11) and (2.12) are not popular, but appealing
since they avoid taking the trace of functions in W, which may not be well defined in
general. More important, they permit us to study the well-posedness of an abstract
DPG method in a quite general setting. To begin, let us partition the domain €2 into
Ne! nonoverlapping elements K »hJ=1...,N ¢l with Lipschitz boundaries such that

.....

a result, all the results (respectively, assumptions) in section 2 are valid elementwise.
We will attach the domain under consideration to operators and spaces whenever it
is necessary to avoid confusion. For example, By, is the boundary operator defined
in (2.4) when T and T are restricted on K;.

Decomposing the first term of the left side of (2.12) and using definition (2.4)
elementwise, we obtain

et Nel

- 1
Z (uaTU)L( ) + Z <BKJ'U’U>W’(KJ-)><W(KJ') + 5 <(M - B) u7U>W’(Q)><W(Q)
j=1 J=1

Nel
1
= Z (fs U)L(Kj) + ) (M - B) g7U>W/(Q)><W(Q) )
j=1

where u appearing in the duality pairings in the second term of the left side is under-
stood as the restriction of v on K.

Now, it is natural to seek w in L (€2},) = L (2), but then definition (2.4) is no longer
valid. Therefore, we define a new variable ¢ living in the quotient space W (Q) :=
W/Q () with @ given by

Q:={qgeW Q) :a(qg,v)=0VveW (Q)},
where

Nel

1
a ((]71)) = Z <BKJ'q’v>W’(Kj)><W(Kj) + 5 <(M - B) q’v>W’(Qh)><W(Qh) :
j=1

Here, W(Qy) :={v: U|Kj € W(K;j)} is the broken graph space with norm defined via
Nel ~ .. .

|\U||€V(Qh) =30 HT’UH%(Kj) + H”Hi(m) and W'(£2y,) is its topological dual. Clearly,

Q is a closed subspace of W(Q), and hence it is meaningful to define the standard

quotient norm in W(Q) as

o = inf Vg e W (Q).
llall Tew(ég{r_qu”THW q ()



1940 TAN BUI-THANH, LESZEK DEMKOWICZ, AND OMAR GHATTAS

Before stating our abstract DPG formulation, we need to extend, using a version of
the Hahn—Banach theorem [20] or any other valid continuous extensions, (M — B) ¢
and (M — B) g from W' (Q) to W’ (), again denoted by (M — B) g and (M — B) g,
respectively. Note that both extensions are, in general, not unique. We therefore
impose the following compatibility condition:

(M—B)g=(M —B)gin W' (Q)
(2.13) U
(M —B)g=(M—-B)gin W ().

At this level of abstraction, the use of the Hahn—Banach extension argument together
with the compatibility condition is necessary for our theory to be rigorous. In practice,
both conditions are often trivially satisfied as demonstrated in all examples in this

paper.
Now, let us propose the following DPG formulation:

Given g € W (Q), f € W’ (). Seek (u,q) € L () x W (Q) such that
Nel Nel
Z (U’TU)L(KJ-) + Z <BKJ‘q’U>W’(Kj)><W(Kj) + % (M = B)q,v) w0,y xw(an)
J:1 Ncl J:1
= Z (f, U>Wf(Kj)xW(Kj) + % (M = B)g, 00w )xw, vEeEWIEh),
=1
(2.14) J

where we have relaxed the data f in the DPG formulation (2.14) to allow it to live in
the dual space W’ (Qp) D L (2) of the broken graph space W (23,).

For convenience, we shall equivalently write (2.14) in the usual form b ((u, q) ,v) =
¢ (v), where the bilinear form b ((u, ¢) , v) and the linear form ¢ (v) are obviously defined
as the right and left sides of (2.14), respectively.

The first step is to study the consistency of our DPG formulation. That is, if the
data are sufficiently smooth, the solution of (2.11) should be a solution of the DPG
formulation and vice versa.

LEMMA 2.4 (consistency). Assume f € L(2). If u € W(Q) is a solution
of (2.11), then (u,u) € L () x W (Q) is a solution of the DPG equation (2.14).
Conversely, if (u,q) € L () x W (Q) is a solution of (2.14), then u is a solution of
(2.11).

Proof. Let u be the unique solution of (2.11) and set ¢ = uw. Using the compati-
bility condition (2.13) and (2.4) we conclude that (u,q) = (u,q = u) solves the DPG
formulation (2.14).

Conversely, taking v € W (£2) we have

Nel
> B0 xwiaes) = BO 0wy awie) = (& Bohwiay o) = 0
j=1

where we have used (2.4), self-adjointness of B, and Theorem 2.1. Similarly, using
the compatibility condition we observe

(2.15) (M - B) q7U>W/(Qh)><W(Qh) =((M - B)q, U>W/(Q)XW(Q)
= (g, (M" = B) v)yy (o) xwq) = 0,



A UNIFIED DISCONTINUOUS PETROV-GALERKIN METHOD 1941

and by the same token (M — B) g,v)y (o, xw(a,) = 0. Consequently, (2.14) sim-
plifies to

(f, U)L(Q) = (U, TU) <TU, U>W6(Q)XWO(Q) \V/U (S WO (Q) y

L(Q) -

where we have used (2.2a) in the last equality. It follows that Tu = f € L(Q), i.e.,
u € W (Q2). What remains to be done is to show that (v —g) € V =N (B — M).
Using (2.4) and taking v € W (§2), formulation (2.14) becomes

(M —-B)(g—aq) av>W’(Q)><W(Q) J

N =

<B ((] - u) 7U>W’(Q)><W(Q) =

and hence

(2.16) B(g—u)= (M- B) (QQQ) in W' (Q).
Now, given (2.5a), it can be shown, see [24, Lemma 4.2], that (2.5b) is equivalent to
W=N(B-M)+N(B+M"),

which, after using a similar argument as in [24, Lemma 4.3], implies

R(B - M)NR(B+ M) = {0}.

Since R (B) = R (M) as stated in Theorem 2.1, it follows that

(2.17) R(B— M)NR(B) = {0}.
Combining (2.16) and (2.17) yields
(B=M)(u—g)=0,

and hence u is a solution of (2.11). O

COROLLARY 2.5. Assume f € L(Q). There exists a unique solution (u,q) for
the DPG formulation (2.14). Furthermore, the component q of the solution satisfies
the boundary condition, i.e., (B — M) (¢ —g) = 0.

Proof. Lemma 2.4 implies that there exists a solution (u, q) for the DPG formu-
lation (2.14) and the first component u is unique since it solves the strong equation
(2.11). To prove the uniqueness of ¢, we first assume that (u, 1) and (u, g2) are two
solutions of (2.14). Then, a simple subtraction shows that (¢1 — ¢2) € @, which in
turns implies that ¢; = ¢o in the quotient space W (Q). The last assertion is obvious
from the last steps in the proof of Lemma 2.4. |

It should be pointed out that Corollary 2.5 provides the existence and uniqueness
of the DPG solution for f € L (). In this case, the stability of the component w is
ready due to the well-posedness of the strong problem (2.11). In order to obtain the
well-posedness of the DPG formulation, the existence and uniqueness together with
stability of both u and ¢ must be established for all f € W’ (). To this end, we
first define the following norm

a(g,v) a(rv)
(2.18) I[lgn, = sw S0 = su
gEW (Q) qllyw reWw(Q) Il




1942 TAN BUI-THANH, LESZEK DEMKOWICZ, AND OMAR GHATTAS

for the “jump” [v], which will be clear for concrete examples in section 3. We next
define norms in trial and test spaces such that both continuity and inf-sup constants
are unity. One way to construct such norms is via a simple application of the Cauchy—
Schwarz inequality to the bilinear form in (2.14) to have

el 2 Net 2
2 2 = 12 2
b 0),0) < | D2 Nty + Ny | % | 2 [T, )+ I0I030, | -
j=1 j=1 J

(s lope ollope

where the subscript opt denotes the “natural optimal” norms in trial and test spaces

correspondingly (see, e.g., [12] for a related approach). At this point, one needs to

ensure that the optimal norm generates the same topology as that generated by the

canonical norm in the broken graph space W (£2;,). Here is the desired result.
THEOREM 2.6. For all v e W (Qy,), there holds

e l[vllope < Ivllwa,) < c2llvllop

ice., |llope and [|'llyy(q,, are equivalent, and hence generate the same topology in
W ().

Proof. Owing to the continuity of B, By, and M from (2.4) and (2.5), it is easy
to see that |[[v][5, < C|vll,,: and hence the optimal test norm is bounded from
above by the broken graph norm. To obtain the converse, we adapt the argument
proposed in [17] to our abstract framework. We begin by considering the following
equation

Given v € W () C L(Q). Seek w € W () such that
(2.19) Tw=wvin L(Q), and

weV=N(B-M).
By Theorem 2.3, (2.19) is well-posed and the following estimates hold:

Ho
Ho HwHL(Q) < HUHL(Q) and T+ o HwHW(Q) < HU”L(Q)-

As a result, we have

Ncl

, ]
]2 @) = (Tw,v) iy = > (w,TU)L(Kj) +a(w,v)
j=1
el
< S lwlly [T+ s LBy
< w ) v sup w
= LK) LK) rew Irfly
el 2 Net ) %
2 2 - 2
< DIl + Il | { 2]/, o, + 1ET50,
j=1 j=1
(1+ o)’
< 72||UHL(Q)HU”opt’
2%

2
from which it follows that [|v[[y(q,) < 1 /H”gtt% V]l pt - O
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Let us define the DPG operator Z : L () x W () — W' () via the DPG
bilinear form as

(% (u,q) 7U>W'(Qh)><W(Qh) =b((u,q),v).

We are now in position to discuss the well-posedness of the DPG formulation.

THEOREM 2.7 (well-posedness of the DPG formulation). The DPG formulation
(2.14) is well-posed, and the continuity and inf-sup constants are unity in the optimal
norms. In particular,

[ (u, )] oy : = sup b((w,9),v)

= {1 )l
UGW(Qh) HUHopt Opt

Proof. Since, by the Riesz representation theorem, the equality in the Cauchy—
Schwarz inequality b ((u,q),v) < [[(u, @), [[V]|,p is attainable, Theorem 2.6 in [8]
shows that the continuity constant M and the inf-sup constant « are unity. By the
Banach—Necéas—Babuska theorem [20] (also known as the generalized Lax—Milgram
theorem [4, 29]), the remaining task is to prove the following implication

(b((u,q),v)zOV(u,q) € L () x W(Q)) = v =0.

To this end, take ¢ =u € V. =N (M — B) C W (). Then, applying (2.4) element
by element the expression b ((u, q),v) = 0 becomes

(Tu,v) () =0,

which yields v = 0 in L (92) since T is isomorphic from V to L as in Theorem 2.3, and
this ends the proof. O
COROLLARY 2.8. There holds

b((u,q),v) 13
12 (v, )llwr(q,) = sup —F"" = 11(ws @)t -
WrSn) vew(@n) 1Vl ian L+l + (1+ 10)* Pt

Proof. Using Theorem 2.7 and the inequality at the end of the proof of Theo-
rem 2.6 we have

)

2

b((u7q),v)<\/1+u%+(1+uo)2 sp  289),v)
o 15 vEW (Q) HUHW(Q,L)

”(U,(I)”opt veIS/IEI(FS))h) ||UHopt
which ends the proof. O

Remark 2.9. The result in Corollary 2.8 shows that the inf-sup constant of the
DPG formulation (2.14) is independent of the mesh and the same order of the inf-
sup constant pg of the strong form (2.11). Note that, up to this point, the infinite
dimensional DPG formulation (2.14) and its well-posedness are valid for any DPG
method using L? as the trial space and (broken) graph space as the test space.

For the rest of the paper, for convenience, we denote the broken graph norm as
[vll;0pt = IVl (q,) and define the corresponding norm in the trial space

N Dl = sup D20

uaq)H 4 .
’UGW(Qh) HU”lopt w (Qh)

We also denote the DPG method with optimal test norm as DPGopt and with broken
graph test norm as DPGlopt. Note that they are different methods as shown in
section 2.4.
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2.4. Convergence of finite dimensional DPG methods with optimal test
functions. Let us now denote U = L (Q) x W (Q) and V = W (€,). Given a set of
N independent basis functions {cpi}fil in the trial space U, the corresponding optimal
test functions ¢; = Sy; € V,i =1,..., N, images of the trial-to-test operator S [14],
can be computed by solving the following equation

(2.20) (i, v)y, = b(pi,v), YveV,

where [-[ly, € {[[[[op¢ + [ ll10p¢ } 18 @ norm in V. Since our DPG formulation (2.14) is

opt ?
well-posed as proved in Theorem 2.7, S is bijective and hence {wi}gil is also a set
of N independent basis functions in V. Let us denote Uy = span {%‘}f\;l, VN =

span {wi}i]\;l, and let (un,gn) be the solution of
(2.21) Seek (un,gn) € Un such that
' b((un,qn),v) =L(v) Yv € Vn.

Note that the well-posedness of this discrete equation is inherited from the contin-
uous setting (2.14); see [8, 14, 15] for the detailed exposition. Then the following
convergence result is standard.

THEOREM 2.10. Let |||, ||I-[ly € {II]l [ll1ops} be two morms in V such that

opt ?

allvlly <llolly <ellvlly  VoeV.

If the test basis functions {1/)1}11\;1 are computed using the ||-||y--norm for the test space
V, then

C2 .
u,q) — (un, < —= inf u,q) — (w, .
I(.0) = (vl < 2 ink ()~ (0.2)

Proof. See [30] for a proof. 0

Clearly the error is optimal if we use the ||| y-norm for the test space V to
compute the test basis functions. Furthermore, the stiffness matrix of the discrete
problem is always symmetric positive definite. Indeed, the symmetry and the positive
definiteness are direct consequences of the inner product in V, i.e.,

b(wi, Spj) = (Swi, Spj)y, = (Spj, Sei), = b(p;, Sei) -

Remark 2.11. Note that the broken graph norm ||v|,,, allows one to compute
optimal test functions elementwise, and hence practical, as opposed to the optimal
test norm |[v||_ . that requires us to solve for each optimal test function on the whole
mesh.

Remark 2.12. It is assumed that we can solve for the optimal test basis functions
{wi}fil exactly. In practice, we approximate ¥; by S i, where S is an approximation
of S [26], namely, we replace (2.20) by

opt

(S’goi,v)v =b(pi;,v) YweEV. CV.

As a consequence, the discrete well-posedness is no longer inherited from the continu-
ous one as in the ideal DPG methods. Nevertheless, under some suitable conditions,
DPG methods with approximate optimal test functions are still well-posed [26].
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3. Examples. For each set of PDEs considered in this section, we first convert
the governing equations to a first order system (if necessary), followed by a trace
theorem on a single domain (if available). Our task is to first provide the detailed
and explicit specifications of B, M,V and V* for each system of PDEs. We then
discuss a continuous extension of (M — B) ¢ from W’ (2) to W’ () along with the
compatibility condition (2.13) and the space ). These abstract objects, which may
seem to be confusing on the abstract level at the first sight, become familiar entities
adapting to each set of PDEs. One of the main results of our analysis is the equivalence
of a vector in the quotient space, ¢ € W/Q (2), and its trace on the skeleton, thus
making our DPG formulation practical. More important, the well-posedness result in
section 2.3, which was developed for DPG formulation with ¢ € W/Q (2), can now be
transfered to practical DPG formulation with traces. Finally, the DPG formulation
specialized to the corresponding PDE is presented, followed by a discussion on the
relation of our DPG methods and the existing ones in the literature. As will be
shown, we recover several existing DPG methods and discover new ones for not only
the PDEs that have been already studied but also those that have not been tackled
by the DPG community.

We denote the skeleton of the mesh by I'j, = U;-V:ellaK j, the set of all (uniquely
defined) faces/edges e, each of which comes with a normal vector n.. The internal
skeleton is then defined as I') = T', \ 99Q. If a face/edge e € T'y, is the intersection of
O0K; and 0Kj, i # j, we define the following jumps:

[v] :=sgn(n™) v~ +sgn(n*)v", [r]:=n" -7~ +n".77F,

where

1 if n¥ =n,
sgn (ni) = { —1 if n* = —n,.

For e belonging to the domain boundary 0f2, we define

[v] :=v, [7]:=mn-7 ondQ.
Note that we allow the arbitrariness in assigning “—”
adjacent elements K; and K.
For the rest of the paper, we use the same notation for both a function and its
trace (if it is well defined) when there is no ambiguity.

and “+” quantities to the

3.1. Scalar advection-reaction equations. We consider the following scalar
hyperbolic PDE (a related Petrov—Galerkin method for this equation can be found
in [12]) over a Lipschitz domain Q:

B-Vu+t+pu=f inQ andu=g ondQ,

where 90T := {x €90 : B-n >0}, 00" == {x € 92: B-n <0} , B [W1= ()],
€ L™ (), and

g€ L5, (007):= {U olZs, o0-) = /897 18- n|[v]? ds < Oo}'
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For convenience in writing, we also define F,jf =T \ 9QF. We assume there exists
o > 0 such that

1
(3.1) ,LL—§V-62;LO>O a.e in .

Note that assumption (3.1) is not a limitation since it is always valid under a change
of variable with exponential factor [25, 27]. Clearly, the graph space is given by

W(Q)={uel’(Q):8-VueL*(Q)} = Hg(Q).

This is a particular instance of Friedrichs’ systems considered in section 2.2 with
m =1, C = p, and A* = B4, where 3}, is the kth component of vector 3. The
following proposition summarizes some of the results on the trace, M, B, V, and V*
in [21, 24] for a single domain.

LEMMA 3.1. Assume that Q™ and 90T are well-separated, i.e., dist (0Q~,007) >
0. Then the following hold.

(i) The trace operator = : Hé Q) — L%_n (092) is a continuous surjection.

(ii) B =B -n and the boundary operator B satisfies

(Bu, v) o) xw(q) = /BQﬁ -nuww ds Yu,v € Hg, Q).

(ili) Define (Mu,v)y o) xw (o) = Joq 18 -n|uvds; then M satisfies (2.5a) and
(2.5b). Furthermore,

V:{UEHé(Q):ﬁ-nvbQ_:O}, V*:{veHé(Q):ﬂ-nU|aQ+:O}.

What remains to be studied are the compatibility condition and the quotient space
H 5(Q) = Hj () /Q (). We assume that the mesh satisfies the separation condition
in Lemma 3.1, namely, 8Kj_ and GKJ'-" are well-separated? for all j = 1,..., N°.
Without loss of generality, it is assumed that 3 -n # 0 a.e. on I‘Z in the following
theorem since otherwise we can always redefine 1"; by taking away any nontrivial
measure subsets of I’ Z on which 8- n = 0, since they do not contribute to the DPG
bilinear form. Using results of B, M and the trace operator in Lemma 3.1, a natural
extension of (M — B) ¢ from W' (Q2) to W' (Qy,) is specified as

(M - B) q’v>[H},(Qh)]/xH},(Qh) =-2 Z /,8 -nqu ds

ecoq; “°¢

forany g € H é (Q)andv € H é (Q4,). Consequently, the compatibility condition (2.13)

is trivial. We next study the quotient space Hj (Q) = Hj (Q) /Q () and its trace on
the mesh skeleton.

20n the one hand, this is only a sufficient condition. On the other hand, as shown in [24], if this
condition is violated the second assertion in Lemma 3.1 does not hold in general. In practice, this
assumption is somewhat impractical even on a single domain, but we need it for the theory to go
through rigorously.
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THEOREM 3.2.

(i) Q={qe H5(Q): ¢q=0on I'F}. Purthermore, Hj(Q2)/Q (Q) is isomorphic
to L%_H(FZ). In particular, the trace of a function in the quotient space
HE,(Q)/Q(Q) is independent of its representations.

(ii) For each i € L% (I'}), define a new norm

where [q] € H5(Q)/Q(2) such that there exists a representation q satisfying
q =14 onT}. Then, |- HL%“(F:) is equivalent to ”'HL%«.(FZ)’ and hence
generating the same topology in L%  (T)). In particular, Hé(Q)/Q(Q) is
homeomorphic to L (T}).

Proof.
(i) The results in Lemma 3.1 allow us to write a (g, v) as

a(q,v):/F+ |8 - n|q[v] ds = Z /|ﬁ-n|q[[v]] ds,

+ e
eel’y

and to conclude that ~y : HE,(Q)/Q(Q) — L%_H(I‘Z) is surjective. Clearly,
a(g,v) =0 Vv € Hé (Q,) implies that yg = 0 on any subset of I}, and hence
the first assertion follows. The injectivity of v can be shown as follows. Let
q1,q2 € Hé(Q)/Q(Q) such that their traces on I'} are the same. Then one
has

a(qgr — q2,v) = Z /|ﬁ-n|(q1—q2)[[v]] ds=0 VYveHs(Qn),

+ e
eel’y

which implies ¢1 = g2 in Hj (Q) /Q (Q).

(ii) The definition of the new norm is meaningful due to (i) and the definition of
norm in the quotient space. Now, since 7 : ¢ — ~¢q is a continuous surjection
from H5(Q)/Q (Q) to L%_n(l":)7 we have

Ivalley (o) < e2llallay ) o) = c2lvaly | (o)

On the other hand, since Hj () /Q () and L3 (T'}) are Banach spaces,
and v is bijective, a direct consequence of the Open Mapping theorem [29]
shows that

HW]HL%m(FZ) e HqHH}_}(Q)/Q(Q) = cﬂ]“ﬂ]ﬂ%ﬂ(p:)-

Thus, the equivalence of the norms and the homeomorphism follow. O
Remark 3.3. One can view the second assertion of Theorem 3.2 as an extension
of the single domain trace theorem presented in the first assertion of Lemma 3.1
to the trace on the skeleton of the mesh. This is a natural task for us to do in
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order to explore the quotient space H é () /Q (Q) when the graph space has a well-
defined trace space. Note that the trace theorem is typically established for a single
domain with Lipschitz boundary [28]. Here, we need the trace on the skeleton I',
for which the result on a single domain does not seem to be directly applicable, and
Theorem 3.2 establishes such a result rigorously. More important, Theorem 3.2 casts
our abstract DPG formulation to the usual form that can be implemented efficiently
on a computer.

As a direct consequence of Theorem 3.2, we can identify ¢ € Hé (Q) /Q () with

+ . .
@ € L3 ,(I)), and we can use either | - HL%.n(FI) or ||-HL%_“(FD as the norm in

L%_n(l"Z). The ultraweak formulation (2.14) can now be written equivalently as

Given g € L%_n(aQ_), fe [Hé (Qh)]l. Seek (u, @) € L () % L%,H(I‘Z) such that

Nel / /
S| u(=V-(Bv)+p) dx+ Y [ [B-nlafv] ds
=1 7K er e
= <f7 v>[H}.3(Qh)],><H[1_3(Qh) - ‘/BEBQ_ ,3 - ngou ds Yv € H[la (Qh) .
(3.2)

It follows that all the results in section 2 hold for (3.2). The DPGopt coincides
with the second DPG method analyzed in [8] and the DPGlopt recovers the DPG
method used, but not analyzed, in [15] for the two dimensional transport equation.
The beauty of the abstract formulation here is that the well-posedness of both DPG
methods is immediately available for transport equations in any dimensions.

3.2. Convection-diffusion-reaction equations. The problem of interest in
this section is the convection-diffusion-reaction equation written in the first order
form

(3.3a) e le4+Vu=0 inQ,
(3.3b) Vio+pB-Vut+pu=f 1inQ,
(3.3¢) u=0 on 09,

where we assume 3 € [L* (Q)]%, V-8 € L (), and ¢ is a d x d symmetric positive
definite matrix with smallest eigenvalue uniformly bounded away from zero. We now
relax condition (3.1) by the following weaker assumption

. 1
(3.4) ess %f (u — §V : ﬁ) >0;

then it is trivial to see that condition (2.10c) holds. What remains to be checked is
condition (2.10e), but this is immediate by the Poincaré inequality. Consequently,
(3.3) is a particular instance of Friedrichs’ system with partial coercivity introduced
in section 2.2 with m = d + 1. It is also not difficult to see that the graph space is
given by W = H (div,Q) x H' (Q). The following proposition summarizes some of
the results in [21] for a single domain.
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LEMMA 3.4.
(i) The trace operator

v H (div,Q) x H (Q) 3 (o, u) — (o -n,u) € H™ 2 (89Q) x H? (09)
s a continuous surjection satisfying

(B (o,u), (T, 0))wryxwie) = M0) 4t o) 1b o0

+ <7"Il,u>H_%

o)xm00) T mﬁ ‘nuv ds.

(ii) Define
(M (o, u), (T,0)yr(q)yxwia) = (0 n’U>H*%(aQ)><H%(89)

—{r-n, u>H’%(aQ)><H% 59)

then M satisfies (2.5a) and (2.5b). Furthermore,
V=V*={(o,u) € H(div,Q) x H' (Q) : ulyq =0} = H (div, ) x H} ().

For any ¢ = (¢%,q¢%) € W (), Lemma 3.6 suggests that a natural extension of
(M — B) q from W' (Q2) to W' (Qy,) be given by

(M = B) ¢, (T, V) wriquyxwn) = 2T M0 -1 56, mayemrk oz

— B -nqg“v ds,
aQ,
from which the compatibility condition (2.13) is trivial.

As shown in [21], the boundary matrix M is not unique. In fact there are infinitely
many of them, and our choice is probably the simplest. Next, we study the quotient
space W () = (H (div,Q) x H! (22))/Q (Q). As in section 3.1, we assume that if 3
is not identically zero then 8- n # 0 a.e. on I',. Here is a result parallel to Theorem
3.2.

THEOREM 3.5.

(i) The subspace Q is given by

Q= {qEH(div,Q) x H () : (¢° 1n,¢*) =0 on I} and

1 . _1
q”-n:—§|ﬁ-n|q“ m H 2(8Qh)}.

Furthermore, (H (div, Q) x H () /Q() is isomorphic to H=z (D) x Hz (T'y,).
In particular, the trace of a function in the quotient space (H(div,Q) X
HY(Q))/Q(Q) is independent of its representations.

(ii) For each (6,4) € H™= (U}) x H= (I'}), define a new norm

V&4 0t ) = Nl caine <icon e

where [q] € (H(div, Q) x HY(Q))/Q(Q) such that there exists a presentation q
of [a] satisfying vq = (47 -n,q*) = (6,@) on L. Then, [-1 3 1\ by

equivalent to ||| and hence generating the same topology in

H‘%(Fh)xH%(Fh)’
H () xHz2(Ty). In particular, (H(div, Q) x HY(Q))/Q() and H~2 (T'},) x
Hz(T'y,) are homeomorphic.
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Proof. For this example, one has

Nel

o (ro) =3 5, 18 s 00 1 1) o)

+ Z e, [v]) H*%(e)xH%(e)'

ecl'y,

The surjectivity of the trace operator allows us to easily show that a (g, (7,v)) =0
V(r,v) € H (div,Qp) x H' (Q4) implies ¢ = (¢° -n,¢*) = 0 on I') and ¢° - n,=
-ng" on H- 2 (Q,). Indeed, take v = 0, then it can be deduced that ¢* = 0 on
I‘?L. Next, take v € H(} (Q,), we infer that ¢° = 0 on 1" , and the second assertion
now follows. The rest of the proof is similar to that of Theorem 3.2. O
As a direct consequence of Theorem 3.5, we can identify ¢ € (H(div,Q) x
HY(Q))/Q(Q) with (6,4) € H2([',)xHz (T'y), and we can use either |-] 1 1
H™2(Tp)xH2(Ty)

or ||||H,% (CyxH () 2 the norm in H~2 ([',) x Hz (['). The abstract DPG formu-

lation (2.14) now equivalently becomes:
Given f € [H' ()] .

Seek (o,u,6,1) € [L? (Qh)} x L?(Qp) x H™3 (T'},) x H? (T';) such that

Ncl

Z/ o (e =Vo)+u(=V-7—V-(Bv)+ ) dx+%/aKV|ﬁ-n|ﬁ[[v]] ds

j=1"K;

L s gy oy T O Dt

= <f7U>[H1(Qh)],><[H1(Qh)] V(T,U) eH (diV, Qh) X Hl (Qh) .
(3.5)

Consequently, results in section 2 are valid for (3.5). More specifically, the well-
posedness of DPGopt and DPGlopt is readily available for (3.5). It should be pointed
out that the DPGopt and DPGlopt for (3.5), with 3 = 0 and p = 0, are identical to
those analyzed in [14] for the Poisson equation if f € L? (). Here, our approach is
novel in the sense that the function spaces and the well-posedness of the correspond-
ing DPG formulation are the direct consequences of the single abstract framework
developed in section 2 for all f € [H* (Qh)} D L? (). However, we admit the fact
that taking advantage of the particular structure of a PDE under consideration may
yield sharper stability estimates and much more. This is not possible for our abstract
and unified framework in section 2.

It turns out that the DPGlopt coincides with the DPG method used in [15] for
the convection-diffusion problem (x4 = 0) in two dimensions. (Actually, there is a
slight difference in imposing the boundary condition for the convection term, i.e, the
third term on the right side of (3.5); we have a factor 1/2 at the domain boundary
09y, instead of 1 as in [15].) However, while the DPGlopt method is assumed to be
well-posed in [15], our results in section 2 show that it is indeed the case and the
proof is the direct consequence of Theorem 2.7. Moreover, our function space setting
for 4 comes out naturally from the abstract setting as the trace of the graph space
while it is left unspecified in [15]. Recently, the authors of [15] have analyzed their
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DPG method for the convection-diffusion problem in [14] where they combine the
diffusion flux 6 and convection flux |3 - n|4 into a single unknown total flux. This
again comes out naturally from our abstract DPG, and therefore we recover the DPG
method in [14]. Nevertheless, our abstract framework is not able to recover the robust
versions of the DPG method developed in [19].

3.3. Linear(ized) continuum mechanics. The problem of interest in this sec-
tion is governed by

Ao — 1 (Vu—|— (Vu)T) —0 inQ
(3.6) —%V-(a'—i—a'T)—l—ﬂ-Vu—i—/w:f in Q,
u=0 on 99,

where A is the compliance tensor, u the displacement in solid mechanics or velocity
in fluid mechanics, and o the stress tensor. Note that the stress tensor o with values
in R%? can be identified with a vector-valued field in R%". However, to simplify the
notations we use the same symbol o for both tensor-valued and vector-valued fields,
and this should be clear in each context. Similarly, we identify the tensor A with a
matrix in R% 4.

Assume that A is self-adjoint and uniformly positive definite on R%¢ with each
component in L% (). We further assume that (3.4) holds. Set m = d*> +d, m, = d?,
and m, = d. Thus, the full coercivity (3.1) does not hold, but the partial coercivity
(2.10c) does. It is straightforward to cast (3.6) into the framework of a two-field
Friedrichs’ system in section 2.2.2. Indeed, (3.6) satisfies hypotheses (2.7a), (2.7b),

and (2.7¢) if B € [Whee (Q)]d and p € L® (Q). In general, (2.9) does not hold unless
o > 0. Fortunately, (2.10c) holds since C?? = A is uniformly positive definite.
What remains to be checked is the assumption (2.10e), but this is clear by Korn’s
first inequality. Thus, (3.6) fulfills all the conditions of the two-field Friedrichs’ system
discussed in section 2.2.2.

Let us denote H(div, Q;R%?) = {o € L2(Q;R%9) : V- (o + o) € L2Q;RY)},
where the divergence operator acts rowwise. Then, the graph space [22, 23] is given
by W (Q) = H(div,Q;R%?) x H'(Q;R?). Next, we extract from [23] the properties
of B, M,V ,V*, and the trace operator  for a single domain.

LEMMA 3.6. The following hold.

(i) The trace operator v defined by

~v i H (div, 4 RY) x H' (RY) — H—2 (9;RY) x H? (9Q;RY)
(O’,U) ’l> (U "1, U)
is a continuous surjection satisfying

<B (0'7 u) ) (T, v)>W’(Q)><W(Q)
1
= — <§ (a+a'T) -n,v>

1
—<— (T+TT)-n,u> + B - nuv ds.
2 H™ 3 (00;R4) x HY (00;R4)  Jo0

H™ % (00;R4)x H? (90;R4)
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(ii) Define
1
<M (Ua u) ) (Ta U)>W/(Q)><W(Q) = = <§ (U + UT) -, ’U>H—% (aQ;Rd)XH%(aQ;Rd)

1 T )
T\3 (r+7") nu H™% (004R4) x HE (9Q;R4)’
then M satisfies (2.5a) and (2.5b). Furthermore,
V =V*=H (div, 3;R*") x H} (% R?).
For any q = (¢%,q%) € W (), Lemma 3.6 suggests that a natural extension of
(M — B) q from W' (Q2) to W' (Qy,) be given by
— T u
(M =B) g, (T, )y xwn = THT) 0") ot 0 0y (o0 me)
— B -nqgv ds,
o,
from which the compatibility condition (2.13) is trivial.
Next, we study the quotient space W () = (H (div, ; R%4) x H'(Q;R%))/Q(Q).
As in section 3.1, we assume that if 3 is not identically zero then B -n # 0 a.e. on
I'j,. Here is a result parallel to Theorem 3.2.

THEOREM 3.7.
(i) The subspace Q is given by

Q= {q € H (div, i R*) x H' (;R?) <% (qff + (qa)T) ‘n, q”)
=0 onTY and (q” + (q”)T) ‘n=|8 -n|¢" in H™? (8Qh;Rd) }

Furthermore, (H(div, Q;R%) x HY(Q;RY))/Q(Q) is isomorphic to H™2 (Tp;
R?) x H? (Tp;RY). In particular, the trace of a function in the quotient space
(H(div, Q;R%4) x HY(Q;R?))/Q(Q) is independent of its representations.
(ii) For each (6,4) € H™=(T'y;RY) x Hz (D RY), define a new norm
I] (6-7 a) ”Hfé(Fh;Rd)XH%(Fh;Rd) = ||[q]||(H(div,Q;Rdvd)><H1 (HRY))/Q(2) »
where [q] € (H(div, ;R x HY(Q;RY))/Q(Q) is such that there exists a
representation q satisfying vyq = (%(q" + (¢°)T) - n,q*) = (6,4) on Ty.
Then, 103 oy gy 7 Cauvalent 00 1oy o, ga) it mey 974
hence generating the same topology in H’%(I‘h;Rd) X H%(I‘h;Rd). In par-
ticular, (H (div, ; R:4) x HY(Q; RY))/Q(Q) and H™2(T'y; RY) x Hz (T; RY)
are homeomorphic.
Proof. For this example, one has

Nel
1

sro) =35 [ 18 nla Dl ds- (3l + L0t

- Y (30 + @) neli)

ecly,

The rest of the proof is similar to that of Theorem 3.5. O

H™ 3 (T9RY) x B (I )R

1 1 ’
H™ 2 (e;R?)x H?2 (e;R%)
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Theorem 3.7 suggests that we can identify ¢ € (H(div, Q; R%%)x H1(Q;RY))/Q(2)
with (6,4) € H=2(Tp; RY) x H2 (I'y; RY). The abstract DPG formulation (2.14) now
equivalently becomes

Given f € [H' (Q;RY)]".
Seek (o,u,&, ) € L? (Qn; RY?) x L2 (4;RY) x H™2 (Ty;RY) x H? (T);RY)
such that, V (7,v) € H (div, Qp; R?) x H' (Q;RY)

]_VEC;/KJ_”: <A"'+%(VU+(VU)T)>+U- (%V~(T+TT)—V~(ﬁv)+;w) dx

Ncl 1
D
j=1 2 Jox,

geni- Ll ds— (3lr+770.0)

H™ 2 (PQR) x H3 (T9;R4)
- (o [[U]DH_%(FMRd)xH%(Fh;Rd) = (£ V)t @uma)y < o @) -
(3.7)

Consequently, the results in section 2 hold. The DPGlopt for linear elasticity
equations (8 = 0 and p = 0) is related to the DPG method analyzed in [7], but here
in this paper our well-posedness proof is different and comes directly from section 2.
A linearized version of the compressible Navier—Stokes equations considered in [23]
is corresponding to A = Iz — ﬁz, where A > 0 is the compressibility factor,
and Z[j)k) = 0ij0k. Compared to the existing DPG method for one dimensional
Navier—Stokes equation in [10], our two DPG methods seem to be the first efforts in
developing DPG approaches with guaranteed well-posedness to a multidimensional
linearized version of the Navier—Stokes equations.

3.4. Time-domain acoustic equations. In this section, we apply our abstract
framework devised in section 2 to time-domain acoustic equations. Alternatively, one
can consider frequency-domain acoustic equations leading to Helmholtz equations for
which a DPG method has been proposed and analyzed in [18]. The time-domain
acoustic equations in the pressure-velocity form are given by

pc2%+vu:0 in Q x (0,7y),
paa—ltl—FVp:f inQX(O,Tf),

p(x,0) =po (x), u(x,0)=ug(x) in Q,
u-n=>\p in 0Q x (0,TY%),

where p is the density, ¢ the speed of sound, p the pressure, and u the velocity vector.
There are several approaches to deal with time-dependent problems. For example,
one can use our DPG framework simultaneously for both space and time to arrive
at a space-time DPG formulation (see Chan, Demkowicz, and Shashkov [11] for a
space-time DPG formulation of one dimensional convection, convection-diffusion, and
Burger’s equations). Here, we explore a simple approach to cast the time-dependent
acoustic equations into a Friedrichs’ system discussed in section 2.2. To this end, we
first assume that both p € L () and ¢ € L™ are positive and uniformly bounded
away from zero. Next, we discretize the time derivative, using the backward Euler
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method for example, to arrive at the following generic equations for each time step:

eoc+Vu=f in Q,
pu+V-o=g in €,
o-n=\u on 0,

which, similar to section 3.2, is clearly a Friedrichs’ system discussed in section 2.2
with m = d 4 1. Similar to section 3.2, the graph space is

W = H (div, Q) x H' (Q)
and
{Blo,u), (T, 0)wroyxwie) = (0 DV) 4t 0w o0
+(rn, u>H*%(aQ)xH%(aQ) :
For this problem, we define the operator M as

(M (o, u), (T,0))yr(q)yxw(o = (T 1, u>H*%(aQ)><H%(BQ)

+ 2 Auv ds.
o0

—{o: n’U>H’%(OQ)><H%(OQ)

Then, it can be shown M satisfies (2.5a) and (2.5b). Furthermore,
V ={(o,u) € H(div,Q) x H' (2): 0 -n = Au on 0Q},
V*={(o,u) € H(div,Q) x H () : 0 -n = —Au on 9Q} .

For any ¢ = (¢%,q%) € W (), the above results suggest a natural continuous
extension of (M — B) ¢ from W' () to W' (Q,) as

o

+2 Ag“ v ds,
th

(L = B) g, (T, 0wy xwian = ~2(07 V) 4ot 50, it 00

from which the compatibility condition (2.13) is trivially satisfied.

The study of the quotient space W (Q) = (H(div,Q) x H'(Q))/Q() is similar
to the convection-diffusion-reaction problem in section 3.2, and hence omitted. The
abstract DPG formulation (2.14) now equivalently becomes, V (7,v) € H (div, ) x
H' (Qh)ﬂ

Given (f,9) € [H (div, )] x [H* ()]
Seek (or,u,6,11) € [L* ()] x L (Q4) x H™* (1Y) x H? (I') such that

Nel

Z o- (et —Vv)+u(-V- -7+ pv) dx
j=1"%i

+ <|IT]]7&>H_%(F}L)XH%(F}L) + <&7 IIU]DH_%(F?L)XH%(F%) + ‘/BQh A'I/]/'U dS

= <97U>[H1(Qh)]’><[H1(Qh)] +(f, T>[H(div,Qh)]’><[H(div,Qh)] .
(3.8)
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Consequently, the results in section 2 hold. Our work is one of the first efforts in
developing DPG methods for time-dependent PDEs in general, and the first for time-
domain acoustic equations in particular. Since the bilinear form is identical for all
time steps, so are the optimal test functions, assuming the trial basis functions are not
a function of time. In other words, the optimal test functions, once computed for the
first time step, can be used for all subsequent time steps. Another direct consequence
is that the stiffness matrix remains the same for all time steps, implying that matrix
factorization is only done once if a direct solver is used. Hence, the time-domain DPG
methods for acoustic equations proposed in this section are slightly more expensive
than the existing DPG methods for steady convection-diffusion problems.

3.5. Maxwell’s equations in the elliptic regime. We now apply the abstract
theory in section 2 to a version of the Maxwell’s equation considered in [21, 24]. The
governing equations in three dimensional space, i.e., d = 3, read

uH+VXE=Ff 1inQ,
AME—-VXxH=g in{),
Exn=0 on09Q,

where p, A € L (Q) are positive and bounded away from zero. Here, E and H are
the electric and the magnetic fields, respectively. Clearly, E, H, f, g are vector-valued
functions in R3. One can cast the governing equations into the Friedrichs’ framework
discussed in section 2.2 as in [21, 24] with the graph space

W (Q) = H (curl, Q) x H (curl, Q).
We refer the readers to [21, 24] for the expressions of B and M and the proof that
V=V"={(H,E) e H (curl,Q) x H (curl, Q) : (E xn)|y, =0}.

Now, for any ¢ = (¢, ¢¥) € W (Q), the natural extension of (M — B) q from W' (£2)
to W' (Qp,) is defined as

Ncl

_ B B
(M = B) g, (h.€)wriaysxwn) = Zl ~2(V x ¢”,h) (w2 (¢%,V x h) (L(K,)]?
iz

Thus, the compatibility condition (2.13) is automatically satisfied.

Next, we study the quotient space W () = H (curl, Q) x H (curl, Q)/Q (€2). Here
is a result parallel to Theorem 3.2.

THEOREM 3.8.

(i) The subspace Q is given by

Q= {q € H (curl,Q) x H (curl,Q) : ¢ xn=0on Iy}
Furthermore, (H (curl, ) x H(curl,Q))/Q(Q) is isomorphic to H=2(T}).

In particular, the trace of a function in the quotient space (H (curl, Q) X
H(curl,2))/Q(Q) is independent of its representations.

(i) For each H € H~2 (T'},), define a new norm

”H”Hfé(l—‘h) = H[q]||(H(curlll)XH(curl,Q))/Q(Q) )

where [q] € (H (curl,Q) x H (curl,Q)) /Q (Q) such that there exists a repre-
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sentation q satisfying ¢ x n = H onTy. Then, | -] s equivalent to

H™3(T))

H-||H,%(F )y and hence generating the same topology in H=2 (T'y). In partic-
h

ular, (H (curl, Q) x H (curl, Q) /Q (Q) and H=2 (I'}) are homeomorphic.
Proof. For (h,e) € H' () x H' () C H (curl, Q) x H (curl, ), the bilinear
form a (g, (h,€)) becomes

a(q,(h,e)) = — Z (qH X N, [[e]])H*%(e)xH%(e) ’
Gerh

Now enforcing a (g, (h,e)) = 0 for all (h,e) € H* (Qp) x H' (Qp) C H (curl, Q) x
H (curl, Q) concludes that ¢ xn = 0 on I'y, since the trace of H' (Q,) spans Hz (I'y,).
The rest of the proof is similar to that of Theorem 3.2. O

Theorem 3.8 suggests that we can identify g € (H (curl, Q) x H (curl,Q)) /Q (Q)

with H € H~% ('), and we can use either | - | as norm in

, atw O M3,
H~3 (I'}). Unlike other problems in previous sections, the new unknown ¢ cannot be
substituted by H since B i, does not generally have a boundary representation when
(h,e) € H (curl,Qyp) x H (curl, Q). This is, however, possible if (h,e) is restricted in
H' (Q4) x H' (1) (see Lemma 2.2 and (2.8)). It should be emphasized here that a
boundary representation is vital for finite dimensional approximations since one needs
to solve for the unknown flux H on the skeleton I'y, instead of ¢ on the whole domain
) as we now show. Suppose the subspace V,. introduced in section 2.4 is a subset of
H'(4,), then the discrete equation (2.21) equivalently reads

Given (f,g) € [H (curl, Q) x H (curl, Q3,)]".
Seck (u H) €Uy C L(Q) x H™ ¥ (T,) such that, ¥ (h,e) € V),

Nel

Z (—uE-Vxh+uH-V><e) dx—<ﬁ,ﬂeﬂ> L L

= Jx, H= 3 (C)xHE (Ty)
(39) = <f7 h>[H(Curl7Qh)]/><H(Cur17Qh) + <g’ e>[H(curl,Qh)]'XH(curl,Qh) :

4. Conclusions. We have proposed a unified framework for the discontinu-
ous Petrov—Galerkin method of Demkowicz and Gopalakrishnan [13, 15] based on
Friedrichs-like systems, which embrace a large class of elliptic, parabolic, and hyper-
bolic PDEs. The well-posedness, i.e., existence, uniqueness, and stability, of the DPG
solution is established on a single abstract DPG formulation, and two abstract DPG
methods corresponding to two different, but equivalent, norms are devised. We have
then applied the single DPG framework to several linear(ized) PDEs including, but
not limited to, scalar transport, Laplace, diffusion, convection-diffusion, convection-
diffusion-reaction, linear(ized) continuum mechanics (e.g., linear(ized) elasticity, a
version of the linearized Navier-Stokes equations, etc.), time-domain acoustics, and a
version of the Maxwell’s equations. The results show that we not only recover several
existing DPG methods, but also discover new DPG methods for both PDEs currently
considered in the DPG community and new ones. As a direct consequence of the
single abstract DPG framework, all of the resulting DPG methods have been shown
to be trivially well-posed.

Ongoing research is to apply the abstract framework to the linearized Euler and
compressible Navier—Stokes equations. On the other hand, since the setting is in
real Hilbert spaces, our methodology cannot be directly applied to the Helmholtz
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equations. One of our future directions is therefore to modify the theory to complex
Hilbert spaces.
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