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Abstract. Large scaleoptimizationof systemsyovernedby partial differentialequationg PDES)is a frontier
problemin scientificcomputation. The state-of-the-arfor solving suchproblemsis reduced-spacguasi-N&ton
sequentialjuadraticprogramming(SQP) methods. Thesetake full adwantageof existing PDE solver technology
andparallelizewell. However, their algorithmicscalabilityis questionablefor certainproblemclasseshey canbe
very slow to converge. In this paperwe proposea full-spaceNewton-Krylov SQPmethodthat usesthe reduced-
spacequasi-N&ton methodasa preconditioner The nev methodis fully parallelizable;exploits the structureof
and available parallel algorithmsfor the PDE forward problem; andis quadraticallycorvergent closeto a local
minimum. We restrictour attentionto boundarwalueproblemsandwe solve amodeloptimalflow controlproblem,
with both Stokes and Navier-Stokes equationsas constraints. Algorithmic comparisonsscalability results,and
parallelperformancen a Cray T3E-900are presentedOn the modelproblemssolved, the nev methodis a factor
of 5-10fasterthanreducedspacequasi-N&ton SQP andis scalableprovided a good forward preconditioneiis
available.

1. Intr oduction. Optimizationproblemghatareconstrainedby partialdifferentialequa-
tions (PDEs)arisenaturallyin mary areasof scienceandengineeringln the sciencessuch
problemsoften appearasinverse problemsin which someof the parameter#n a simulation
areunavailable,andmustbe estimatedy comparisorwith physicaldata. Theseparameters
aretypically boundaryconditionsjnitial conditions sourcesor coeficientsof aPDE.Exam-
plesincludeempirically-determinegharameterin a complex constitutve law, and material
propertieof amediumthatis notdirectly obsenable.In engineeringPDE-constrainedpti-
mizationproblemsoften take the form of optimal designor optimal control problems.Such
problemscanoccuracrosghelife cycle of engineeredystemsincludingthedesignphaseas
an optimal designproblem),the manufcturingphase(asan optimal manufcturingcontrol
problem),the operationphase(againasan optimal control problem),andthe disposalphase
(anoptimaldesignproblemif the systemis disposal-critical).

The commondenominatoin inverse optimaldesign,andoptimal controlproblemss a
nonlinearoptimizationproblemthatis constrainedy the PDEsthatgovernbehaior of the
physicalsystem.Thus,solvingthe PDEsis just a subproblenmassociatedavith optimization,
which canbe ordersof magnitudemore challengingcomputationally We refer to the un-
known PDEfield quantitiesasthe statevariables the PDE constraint@asthe stateequations
solution of the PDE constraintsasthe forward problemor the simulationproblem the in-
verse,design,or controlvariablesasthe decisionvariables andthe problemof determining
theoptimalvaluesof theinverse design,or controlvariablesasthe optimizationproblem

In contrasto the large body of work on parallelPDE solution,very little hasbeenpub-
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lishedon parallelalgorithmsfor optimizationof PDEs(but see[5], [12], [21], [23]). This
is expected:it makeslittle senseto addresghe inverseproblemuntil one hassuccessfully
tackledthe forward problem. However, with the recentmaturationof parallel PDE solvers
for anumberof problemclassesthetimeis ripe to begin focusingon parallelalgorithmsfor
large scalePDE-constrainedptimization.

Sequentiabuadratigoprogramming SQP)methodd6] appeato offer the besthopefor
smoothoptimizationof large-scalesystemgovernedoy PDEs. SQPmethodsnterleave op-
timization with simulation, simultaneouslymproving the design(or control or inversion)
while corvemging the stateequations.Thus, unlike popularreducedgradientmethodsthey
avoid completesolutionof the stateequationsat eachoptimizationiteration. Additionally,
SQPmethodscanbe madeto exploit the structureof the simulationproblem,thusbuilding
ontheadwancesn parallelPDE solversoverthe past20 years.

The currentstate-of-the-arfor solving PDE-constraine@dptimization problemsis re-
ducedSQP (RSQP)methods. Both mathematicaknalysisof thesemethodg4], [7], [13],
[17], [20Q], aswell asapplicationsto compressibldlow airfoil design[21], [26], [27], heat
equationboundarycontrol [18], inverseparameteestimation[8], [16], Navier-Stokesflow
control[11], andstructuraloptimization[22], [24], [25], have appearedin addition,parallel
implementation®f RSQPmethodsexhibiting high parallel efficiency and good scalability
have beendeveloped12], [19].

Roughly speaking RSQPmethodsprojectthe optimizationproblemonto the spaceof
decisionvariables(therebyeliminatingthe statevariables),andthen solve the resultingre-
ducedsystemtypically usinga quasi-N&ton method. The advantageof suchan approach
is thatonly two linearizedforward problems needto be solved at eachiteration(e.g.[11]).
For moderatenumbersf decisionvariables solutionof the forward problemsdominatesan
optimizationiteration. Thus, whengood parallelalgorithmsare available for the forward
problem,RSQPmethodsnherit the parallelefficiency and scalability (with respecto state
variables)f the PDE solvers.

However, the corvergenceof quasi-Nevton methodftendeterioratesisthe numberof
decisionvariablesincreases.As a result,quasi-Naton-basedRSQPmethods(QN-RSQP)
oftenexhibit pooralgorithmicscalabilitywith respecto the decisionvariablesdespitetheir
goodparallelefficiengy. Furthermoretherequirementf two solutionsof the forward prob-
lem per optimizationiteration can be very onerouswhen mary iterationsare taken, even
thoughthesesolutionsarejustfor thelinearizedforward operator

The corvergencecanoften be madeindependentf the numberof decisionvariablesm
by usinga Newton (asopposedo quasi-Nevton) RSQPmethod.However, N-RSQPrequires
m linearizedforward solvesper iteration. The m linear systemssharethe samecoeficient
matrix; their righthandsidesare derivatives of the stateequationresidualswith respectto
eachdecisionvariable.lterative solversarerequiredfor thelarge,sparsethree-dimensional,
multicomponenforward problemswe target. However, with iterative solversthereis little
opportunityto amortizecostsover multiple righthandsides. Thus, N-RSQP$ needfor m
forwardsolvesperoptimizationiterationis unacceptabléor largem.

The needfor forward solutionsresultsfrom the decompositiorinto stateand decision
spaceqwhich amountsto rangeand null spacesof the stateequations),and this can be
avoidedby remainingin thefull spaceof combinedstateanddecisionvariables.Thisleaves
of coursethe questiorof how to solve theresulting*Karush-Kuhn-Tucker” (KKT) full space
system. For the large, sparseproblemswe contemplatethereis no choicebut a Krylov
methodappropriatdor symmetricindefinitesystems.How to preconditionthe KKT matrix

Lstrictly speakingpneinvolvesthe adjointof theforward operator
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within the Krylov solver remainsanimportantchallenge andis crucial for large-scaléull
spaceoptimizationmethodgo beeffective.

In this paperwe proposea full spaceapproachthatusesa Krylov methodto corverge
the KKT systembut invokesa preconditionemotivatedby reducedspacedeas.Like QN-
RSQPRthis approachrequiregust two linearizedforward solvesperiteration,but it exhibits
thefastcorvergenceassociateavith Newton methods Moreover, thetwo forwardsolvescan
be approximatesincethey areusedwithin a preconditioner)for examplewe replacethem
by anappropriatd®DE preconditionerln additionto building on parallelPDE precondition-
ing technologythe new KKT preconditioneiis basedon an exactfactorizationof the KKT
matrix, deflatingits spectrumvery effectively. Finally, the methodparallelizesand scales
aswell asthe forward solver itself. This methodis inspiredby domain-decompose8chur
complemenalgorithms.In suchtechniquesreductionontotheinterfacespacaequiresexact
subdomairsolves,sooneoftenprefersto iteratewithin thefull spacewhile usinga precondi-
tionerbasedn approximatesubdomairsolution[15]. In our casethe decompositioris into
statesanddecisionsasopposedo subdomairandinterfacespaces.

Battermannand Heinkenschloshave presentedh relatedKKT-systempreconditioner
thatalsoexploits RSQPmethodd3]. However, it is basedon congruencéransformationsf
the original systemandnot on anexactfactorizationof it. Theresultingpreconditionedys-
temhasbothpositive andnegative eigervaluesandits spectruris lessfavorably distributed.
Anotherdifferenceis thatour preconditioneincludesa quasi-Nevton approximatiorof the
reducedHessian.

Below we describeeducedspacesQPandthe proposedull spacesSQPmethodwith two
preconditioningvariants,andgive someperformancendscalabilityresults. To evaluatethe
proposedilgorithmswe have choseraproblemthatcontainamary of thefeaturesof themost
challengingPDE-constrainedptimizationproblems:three-dimensionalitynulticomponent
coupling,large scale,nonlinearity andill-conditioning. The problemis oneof optimal con-
trol of a viscousincompressibldluid by boundaryvelocities,a problemof both theoretical
andindustrialinterest. Our implementatioris basedon the PETSclibrary for parallelPDE
solution[2], andmakesuseof PETScparalleldomain-decompositiopreconditionergor the
approximateforward solves. The resultsin the last sectiondemonstratéhat the methodis
characterizethy goodparallelefficiengy, andis algorithmicallyefficient provideda scalable
forwardsolveris available.

2. ReducedSQP methods. We begin with a typical constrainedptimizationproblem
formulation,

n}li:n f(x) subjectto ¢(x) =0,
wherex arethe optimizationvariables,f is the objectve functionandc arethe constraints,
whichin ourcontet arediscretizedstateequationsWe assuméhatthe constraintsonsistof

only stateequationg. UsingtheLagrangian’ onecanderivefirst andhigherorderoptimality
conditions.TheLagrangians definedby

L(x,A) == f(x) + AT e(x),

andthefirst orderoptimality conditionsstatethatthe Lagrangiargradientmustvanish?

(32} )-o

2However, themethodologycanbe extendedo problemsthatincludeadditionalinequalityconstraints.
3All vectorsand matricesdependon the optimizationvariablesz or the Lagrangemultipliers X or both. For
clarity, we suppresshis dependence.
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This expressiomrepresents systemof nonlinearequations SQP(in the absencef inequal-
ity constraintstanbe viewed asNewton’s methodfor thefirst orderoptimality conditions.
Customarily the Jacobiarof the residualof this systemof equationss calledthe Karush-
Kuhn-Tucker (KKT) matrix of theoptimizationproblem.To simplify thenotationfurther, let
usdefine:

A :=0,c Jacobiarof theconstraints
W = 0o f + ), XiOzzc; Hessiarof theLagrangian
g =0,f gradientof the objectie.

A Newton stepon the optimality conditionsis give by

w AT 2 g+ATA or w AT P, __J g

A 0 Py | c A 0 Ay | c [’
wherep, andp, arethe updatesof  and A from currentto next iterations. To exploit
the structureof the stateconstraintsijt is usefulto introducea partition of the optimization

variablesinto statevariablesz, anddecisionvariablesz;. The abore KKT systemcanbe
partitionedogically asfollows:

ms "V;d AZ ps gs
Wi, Wi Aj Pi ¢ =—1 Ya
As Ad 0 )\+ C

The currentpracticeis to avoid solutionof the full KKT matrix by reductionto a problem
of smallerdimensioncorrespondingo the decisionvariables.Suchreducedspacemethods
eliminatethelinearizedstateconstraintandvariablesandthensolve anunconstrainedpti-

mizationproblemin theresultingdecisionspace RSQPcanbederivedby ablockelimination
ontheKKT system:Givenp,, solvethelastblock of equationdor p,, thensolve thefirst to

find A4, andfinally solve themiddleonefor p,. For corveniencdet usdefine

W, = AJA; "W, A Ay — AT A " Wia — Wiy, AT Ag + W,

whichis known asthereducedHessiarof the Lagrangian;B., its quasi-N&ton approxima-
tion; and

g.=9,—AjA;"g,,

the reducedgradientof the objective function. The algorithmsfor N-RSQPand QN-RSQP
are:

1. Initialize : Chooser,, x4, B, A
2. Decisionstep solvefor p,; from

W.p, = —g. + (Wys — ATA;TW,;) A7 e N-RSQP

B.p; = —g, QN-RSQP
3. Statestep solvefor p, from

A,p, = —Agp; — ¢ N-RSQRPQN-RSQP
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4. Adjoint step solvefor A, from

AT, = —W,p, — Wyap, — g, N-RSQP

A7A = —g, QN-RSQP
5. Update (in theabsencef aline search):

ms ::Es +ps
g =4+ Py

updateB,

TheQN-RSQPmethoddefinedhereis avariantin whichsecondlerivativetermsaredropped
from theright handsidesof thedecisionandadjointstepsat the expenseof areductionfrom
one-stepto two-stepsuperlinearcorvergence[4]. An importantadvantageof this quasi-
Newton methodis thatonly two linearizedforward problemsneedto be solved at eachiter-
ation, asopposedo the m neededoy N-RSQPfor constructingA; ! A4 in W, [11]. Fur
thermore no secondderivativesare needed.The combinationof a sufficiently accuratdine
searchand an appropriatequasi-N&vton updateguarantees descentsearchdirectionand
thusa globally convergentalgorithm.

QN-RSQPhashbeenvery efficiently parallelizedfor moderatenumbersof decisionvari-
ables[19]. Unfortunately the numberof iterationstaken by quasi-Nevton methodsoften
increasesas the numberof decisionvariablesgrows; renderinglarge-scaleproblemsin-
tractable.Additional processorsvill not help sincethe bottleneckis in theiterationdimen-
sion.

Ontheotherhand,corvergenceof the N-RSQPmethodcanbeindependentf the num-
berof decisionvariablesn. However, thenecessaryn forwardsolvesperiterationpreclude
its use,particularlyon a parallelmachine whereiteratve methodgor the forward problem
mustbeused.Thesesolvescanbeavoidedby remainingn thefull spaceof stateanddecision
variablessinceit is thereductionontothedecisionspacdhatnecessitatetheforwardsolves.
Neverthelessthe full spaceapproachalsopresentdifficulties: a descensearchdirectionis
notguaranteedsecondderivativesarerequired andthe KKT systemitself is very difficult to
solve. Thesizeof theKKT matrixis morethantwice thatof theforwardproblem,andit is ex-
pectedo beveryill-conditioned.lll-conditioning resultsnot only from the forward problem
but alsofrom thediffering scalesetweerfirst andsecondierivativessubmatricesMoreover
the systemis indefinite; mixing negative and positive eigervaluesis known to slov down
Krylov solvers. Thereforea goodpreconditioneis essentiato make the methodefficient.

3. Full spaceSQP with reducedspacepreconditioner We proposea Newton full
spaceSQP method(N-FSQP)that usesKrylov iterationsto solve the KKT system,but in-
vokesa preconditioneinspiredby reducedspacequasi-Ne&vton algorithms.We referto the
(nonlinear)Newtoniterationsasouteriterations andusetheterminnerto referto the (linear)
Krylov iterationsfor the KKT system.Like QN-RSQPwe requireat mostsererallinearized
forward solves per (inner) iteration—alarge improvementover N-RSQPS m solves. But

4E.g.for thelimiting quadraticcase the popularBFGSquasi-Nevton methodis equialentto conjugategradi-
ents,which scaleswith the squareroot of the conditionnumberof thereducedHessian.
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unlike QN-RSQP(andlike N-RSQP) the proposednethodretainsthe fastcorvergenceas-
sociatedwith Newton methods.Finally, sincethe preconditionelmmountso an application
of QN-RSQP(albeit with approximatesolves), the proposedmethodretainsthe structure-
exploiting propertiesof reducedspacamethodsandshouldparallelizeaswell.

To motivatethenew preconditionetet usstepbackto thereducedNewton method.One
cancheckthatN-RSQPdescribedabore is equivalentto a particularblock LU factorization
of theKKT matrix:

WAL 0 I A, Ay 0
Wi A7Y T ATA]T 0 W, 0
I 0 0 0 W,y—W,,A'A; AT

Note that thesefactorsare permutableto block triangularform. This block factorization
suggesta preconditionecreatedy replacinghereducedessiarW, with its quasi-Nevton
approximationB,,. TheresultingpreconditionedKT matrix,

I 0 0
0 W.B;' o0 |,
0 0 I

would be the identity if B, wereequalto W,, andis thusexpectedto be a good precon-
ditioner provided B, is a reasonabl@pproximationto the reducedHessian(aswill be the
caseasymptotically).However, we still requirefour forward solvesperinneriteration. One
way to restorethetwo solvesperiterationof QN-RSQPFis to, in addition,drop secondorder
informationfrom the preconditionerexactly asoneoftendoeswhengoingfrom N-RSQPto
QN-RSQPA further simplificationof the preconditioneis to replacethe exactforward op-
eratorA, by anapproximationd ,, which couldbeary appropriatdorwardproblemprecon-
ditioner With thesechangesno forwardsolvesneedto be performedat eachinneriteration.
Thus,thework perinneriterationbecomedinearin the statevariabledimension(e.g.when
A, is aconstant-filldomaindecompositiorapproximation) Furthermorewhen B, is based
on a limited-memoryquasi-Nevton update(asin our implementation)the work perinner
iterationis linearalsoin the decisionvariabledimension Sinceall of the stepsnvolvedin an
inneriterationnot only requirelinearwork but arealsoreadily parallelizedwe concludethat
eachinner(KKT) iterationwill have high parallelefficiency andscalability

Ontheotherhand scalabilityof theentiremethodadditionallyrequiresnesh-independence
of bothinnerandouteriterations.Newton methodgunlike quasi-N&vton) areoften charac-
terizedby a numberof iterationsthatis independentf problemsize[1]. With an“optimal”
forward preconditioneanda good B, approximationwe canhopethatthe numberof in-
neriterationsis insensitve to the problemsize. This is indeedobsenedin the next section.
Scalabilitywith respecto both stateandcontrolvariablesvould thenresult.

To examineseparatelyheeffectsof discardingheHessiartermsandapproximatinghe
forwardsolver, we definetwo differentpreconditioners:

e Preconditioner| takesW, = B, anddiscardsall of the otherHessianterms,re-
sultingin two linearizedsolvesperiteration. The preconditioneis

|'00 I '||'A3Ad 0'|

0 1 ATA]T 0 B. 0 |,
[I 0 0 J [ 0 o ASTJ
andthe preconditioned KT matrixis
I 0 0

%TAS—I Wsz_l 0
Wi A7 W,B;' I
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Notethatthe spectrunof the preconditionedKT matrixis unafectedby dropping
theHessiarterms.

e Preconditioner Il takesW, = B, and A, = A,, andretainsall otherHessian
terms,resultingin no forwardsolves. The preconditioners

W,A, 0 I A, A; 0
~21 ~ T

Wy, A, I ATA, 0 B. 0 1,
I 0 0 0 W, A,

andthepreconditioned KT matrixis

|’ I, O(Ey) 0 '|
O(E;) O(E,)+ W},B;1 O(E,) |,
[0<Es) O(E,) I J

whereE, := A]! — A" andI, = ASAS_I. Clearly E; = 0 andI, = I for

8
exactforwardsolves.

4. Resultson an optimal flow control problem. Theoptimizationmethodwasinitially
testedbnaquadratioptimizationproblem thatof a3D interior Stokesflow optimalboundary
control problem. Also studiedwas a generalnonlinearoptimizationproblem, that of 3D
interior Navier-Stokesflow optimalboundarycontrol. A sequencef Reynoldsnumbersvas
solvedin orderto investigatehe effectsof nonlinearity

In bothcasesthe optimizationproblemis to minimizethe L? normof thevelocity error
givenaprescribedrelocityfield, andthe constraintsarethe equation®of viscousncompress-
ible flow with appropriatdooundaryconditions:

min 1/(u*—u)QdQ
Q

(u,uq,p) 2
subjectto  —vAu + (Vu)u +Vp=>binQ
V-u=0inQ

u=u*only

u = ugonls.

(In the Stokesflow casethe corvectiveterm (Vu)u is absent.)in theexamplebelow, u* is
takenasa Poiseuilleflow solutionin a pipe,andthecontrolvariablescorrespondo boundary
velocitieson the circumferentialsurface of the pipe. We discretizeby the Galerkin finite
elementmethod usingtetrahedralfaylor-Hoodelements.

4.1. Stokesflow. Theconjugataesidual(CR) methodis usedfor solutionof theresult-
ing linearflow equationsvhene&er A;l is neededFor preconditioningheflow systemwe
applyablock diagonalmatrix

vV o
0o P\’
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whereV and P are domaindecompositiorapproximationf the discreteLaplacianand
discretemasamatricesrespectiely. Our codeis built ontop of the PETSdibrary [2] andwe
usePETScs block-Jacobpreconditionersvith local ILU(0) for the domaindecomposition
approximation.

For comparisonboth reducedandfull spacealgorithmsfor the control problemhave
beenimplemented. Becauseboth Preconditionerd and Il areindefinite, we usea quasi-
minimum residual(QMR) methodthat supportsindefinite preconditionerg10]. Sincethe
Stokescaseis a quadraticoptimizationproblem,only oneouteriterationis performed,and
wesetB, = 1.

Numericalexperimentson a Cray T3E thatincludescalabilityand performanceassess-
mentandcomparisonsvith reducedSQPhave yieldedencouragingesults. Table4.1 pro-
vides typical resultsfor a problemthat grows proportionatelyin the numberof stateand
controlvariablesandprocessorsitilized. Severalfindingsarenotable.We cautionthatthese

TABLEA4.1

Performanceof implementationsf reducedand full-spaceSQPmethoddor a viscousflow optimalboundary
contol problem,asa functionof increasingnumberof stateand contol variablesandnumberof processos. Here,
QN-RSQPis quasi-Nevtonreduced-spac8QP;N-FSQPis Newton full-spaceSQP;precondis the KKT precon-
ditionertype; | is thetwo-exact-solvepreconditionerndin |l theexactsolveshavebeenreplacedby approximate
solves;|| g, || is the Euclideannorm of the reducedgradientand is a measue of optimality; and time is wall-
clock timein hours on the Pittskurgh SupecomputingCenters Cray T3E-900.To preventlong executiontimesfor
QN-RSQPthe algorithm wasterminatedprematuely for the first four casesat 200 iterations, and for the last at
100iterations. Similarly, unpreconditionedN-FSQPwasterminatedat 500,000KKT iterationsfor the two largest
problems.In contrast, preconditionedN-FSQPwascompletelycorvergedto a reducedyradientnormof 10~5 in all
casesFor thisreasonthetrue relativeperformanceof thetwo preconditiones is betterthandepictedn thetable

states

controls method precond Nor QNiter KKT iter g, time
21,000 QN-RSQP — 200 —_ 1x10-* 3.6
3,900 N-FSQP none 1 114,000 9x10-% 25

(4 PEs) N-FSQP | 1 25 9x 106 1.2
N-FSQP I 1 3,200 9x107% 0.3

43,000 QN-RSQP — 200 — 4x10~* 81
4,800 N-FSQP none 1 198,000 9x10~% 44

(8 PEs) N-FSQP | 1 29 9x 106 1.7
N-FSQP I 1 5,500 9%x10°% 0.7

86,000 QN-RSQP — 200 — 2x10~% 128
6,400 N-FSQP none 1 376,000 9x10~% 9.0

(16 PES) N-FSQP | 1 28 9x107% 24
N-FSQP I 1 8,200 9x10-6 1.0

167,000 QN-RSQP — 200 — 3x 103 184
12,700 N-FSQP none 1 500,000 & x 10~% 12.3
(32PEs)  N-FSQP | 1 27 9x10°¢ 2.7
N-FSQP I 1 11,100 9x10-6 1.3

332,000 QN-RSQP — 100 — 9x 103 11.0
23,500 N-FSQP none 1 500,000 4 x10~* 13.0
(64PEs)  N-FSQP | 1 28 9x107% 3.1
N-FSQP I 1 14900 9x10-6 1.7

conclusionsare basedon a limited setof solved problems;on the otherhand,we have no
reasonto believe that otherproblemsshouldbehae very differently The first obsenation
is that QN-RSQPhasto beterminatedprematurelyto avoid excessve consumptiorof Cray
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time. Thisis particularlytruefor thelargest-sizegproblem(332,000flow and23,500control

variables)whichrequiredl1 hoursof executionon 64 processoro reachareducedyradient
of 1072, Problemsof industrialinterestinvolve the full Navier-Stokesequationsand may
be an orderof magnituddarger; it is impossibleto escapehe conclusionthat problemsof

this complity areintractablewith quasi-Nevton optimizationmethods.For this problem,
N-FSQP(with Preconditionetl) requiresa factorof 6.5 lesstime to reachthreeordersof

magnitudesmallerreducedyradient.

Anotherobsenationis thatPreconditionet, despitets discardingof secondorderterms
andthe useof theidentity to approximatehe reducedHessianjs very effective in reducing
the numberof iterations—notehe differencein KKT iterationsbetweenthe second(un-
preconditionedpndthird (preconditioned)ines of eachprobleminstance. Of course this
reductioncomesatthe price of extrawork periteration,mainly in the solutionof theforward
problems.

A third conclusionis reachedy trackingthe executiontime for preconditionedN-FSQP
asthesizeof the problemandnumberof processorincreaseroportionately Sinceproblem
size per processois held constant,and executiontime increasegrom 1.2/0.3hoursfor 4
processor$21,000states 3900controls)to 3.1/1.7hoursfor 64 processor$332,000states,
23,500controls),one may concludethat the methodis not scalable. However, a glanceat
the KKT iterationscolumn revealsthat the numberof optimizationiterationswhen using
Preconditionet is largely independenof problemsize,andthusthe algorithmicefficiency
of N-FSQPshouldbe very high® Furthermore the Mflop rate drops (probablydueto a
poorerquality meshpartition) only slowly asthe problemsizeincreasessuggestinggood
implementatiorefficiency. What,then,accountdor theincreasan executiontime?

Table4.2 providesthe answer Following [14], overall parallelefficiency hasbeende-

TABLE 4.2
Isogranular scalabilityresultsfor the N-FSQPalgorithmwith Preconditionei. Per processoMflopratesare
maximum(acrossPEs)sustainedMflop/s.Implementatioreficiency(impl eff) is basedon Mflop rate; optimization
algorithmiceficiency(opt eff) is basedon numberof optimizationiterations; forward solveralgorithmiceficiency
(forw eff) is deducedpverall eficiency(overall eff) is basedon executiontime andis productof all three

PEs Mflop/s/PE Mflop/s impl eff opteff forw eff overall eff

4 41.5 163 1.00 1.00 1.00 1.00
8 39.7 308 0.95 0.86 0.84 0.68
16 38.8 603 0.92 0.89 0.62 0.51
32 37.2 1130 0.87 0.93 0.55 0.45
64 36.8 2212 0.85 0.89 0.52 0.39

composednto animplementatiorefficiency and an algorithmicefficiency for both the op-
timization algorithm and the forward solver. Whereagshe optimizationalgorithm and the
implementatiorarereasonablygcalablethe forwardsolver’s parallelefficiency dropsto near
50% for the largestproblemsize. This is dueto the increasingnumberof iterationstaken
by theforwardsolver asthe problemsizeincreasesThe parallelinefficiency of the forward
solver is easily addressedby switchingto a more scalablepreconditionetthanthe onewe
are currently using (non-overlappinglocal ILU(0) block-Jacobi)andby relaxingthe need
to solve the forward problemexactly at eachKKT iteration(aswe do in Preconditionetl).

Indeedthe latter canyield significantimprovementin the executiontime of the algorithm.
Onecanobsene afactorof 2—4improvementover Preconditionet. However, theiterations

5This wasbetterthanexpectedfor the quadraticcasesincethe reducedHessiaris simply taken asthe identity
andthereforeno preconditioningakesplacein thedesignspace.
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for the KKT systemdo not scaleaswell aswith Preconditionet, but this is expectedand
againassociateavith the effectivenesof the forward problempreconditionerWith a better
forward preconditionerwe anticipategood overall scalability We hopeto remedythis in
future experimentsby allowing overlapandsubdomairfill-in in the forward preconditioner
(whichwe avoidedfor memoryreasonsn the presentests).

4.2. Navier-Stokesflow. The sameproblemasin Section4.1 is solved, but with the
Navier-Stokes equationsas constraints. Poiseuilleflow is still a solution, theoreticallyfor
ary Reynoldsnumber practicallyfor moderateones. A notabledifferencewith the Stokes
caseis that a BFGS quasi-Nevton update[9] is usedto preconditionthe reducedHessian
matrix. Becausehe problemis nonlinear N-FSQPtakessereraliterationsandquasi-Nevton
cunatureinformationis built up. Quasi-Nevton theory predictsthat B, approached¥V ,
asthe iteratesget closerto the solution. Therefore,one expectsthe effectivenessof the
preconditioneto improve asthe optimizationalgorithmprogresses.

To solve a Navier-Stokes control problemwith large Reynolds number somekind of
continuationschemes usually needed. In our casewe usea simplethree-level iteration.
In the outeriterationthe Reynoldsnumberis graduallyincreasedintil the target numberis
reachedCorvergedvaluesof variablesareusedto initiate theiterationsat the next Reynolds
number Additionally, quasi-Nevton informationis carriedforward to the next Reynolds
number The middle iterationscorrespondo Newton linearizationsof the optimality system
for afixedReynoldsnumber Finally, theinneriterationscomprisesolutionof theKKT linear
systemto computethe searctdirection.

In the numericalexperimentsof this section,we do not make useof continuatiorto ini-
tiate the stateandcontrol variables.The reasoris thatour initial guesss alwaysinsidethe
basinof attractionof the solution.However, BFGSinformationis carriedforwardto the next
Reynolds number in both QN-RSQPand N-FSQPmethods. To approximatethe reduced
Hessian(for preconditioninghe KKT systemin the Newton methodandfor driving the it-
erationsn the quasi-Nevton method) we invoke a limited-memoryBFGSformulain which
theinverseof B, is updated.n this way, only alimited numberof vectorsmustbe retained
andboth the updateandapplicationof B;* involve only vectorinner products which par
allelize well (this is importantfor the large numberof control variablesconsidered)In the
resultspresentedbelow, the maximumnumberof BFGSvectorsis 30. For simplicity we do
notperformaline searchagainsincein thecasesunwe arewithin thebasinof attractionof a
minimum. Theforwardproblempreconditionediffersfrom the Stokescase:we foundblock-
Jacobito be very slow andinsteadoptedfor anoverlappingadditive Schwarz preconditioner
with ILU(1) on eachsubdomainFinally, sincethe forward problemis unsymmetricgeneral
QMR is usedfor thelinearized\avier-Stokessolves.Resultsor a problemwith 21,000state
and 3,900designvariableson 4 processorandfor a sequenc®f threeReynoldsnumbers
arepresentedn Table4.3. Overall, one canobsene that N-FSQPreducessignificantlythe
executiontime relative to QN-RSQPRjustasin the Stokesproblem.

TheNavier-Stokestestproblemprovidesanopportunityto improve thereducecHessian
preconditioneby building up quasi-Nevton curvatureinformation,somethingnot possible
for the Stokesflow problem,sincea singleKKT systemis solvedin thatcase.Althoughthe
testproblemswverenotsufficiently nonlinearto requirealargenumbetrof iterations gevenwith
threeNewtoniterationswe canalreadyobsere increasingeffectivenes®f thequasi-Nevton
approximationThis canbeseenwith Preconditionet asthenumberof KKT iterationsdrops
with increasingcontinuatiorparamete(i.e. Reynoldsnumber).

As in the Stokescontrolproblem,Preconditionetl is fasterthanPreconditionet, since
it avoidsexactforwardsolves. Thenumberof KKT iterationsslightly increasesvith increas-
ing Reynoldsnumber sincethe forward problemconditionnumberdeteriorategrecall that
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TABLE4.3
Algorithmicefiiciencyof theproposedreconditiones for amodelNavierStolesoptimalflow control problem.
Recallthat Preconditionel requirestwo linearizedforward solvesperiteration, wheeasPreconditionell involves
just application of the Sthwarz appoximation. The numberof iterations for the KKT systemis avelaged across
the optimizationiterations. The problemhas21,000stateequationsand 3,900contol variables;resultsare for 4
processos of the T3E-900.TheReynoldsnumbes (Re) tabulatedalso correspondo the continuationsteps.

Re  method precond N/QNiter KKT iter |g, || time
100 QN-RSQP — 262 — 1x10~* 5.9
N-FSQP none 3 186,000 9x107% 7.1
N-FSQP | 3 48 9x107¢ 3.2
N-FSQP Il 3 4200 9x107% 1.3
300 QN-RSQP — 278 — 1x10~* 6.4
N-FSQP none 3 198,000 9x107% 7.6
N-FSQP | 3 40 9x107¢ 31
N-FSQP Il 3 4300 9x10°6 1.4
500 QN-RSQP — 289 — 1x107% 7.3
N-FSQP none 3 213,000 9x107% 9.0
N-FSQP | 3 38 9x107% 3.0
N-FSQP Il 3 4410 9x107% 1.4

becaus®f theinexactsolves,the characteristicef theforwardproblemnow affectthe KKT
systemsolution). Indicative of the difficulty of this problemis thatdespiteits smallsize, its
solutionstill took morethananhouron four processors.

Unlike a quasi-Nevton methodthat caninsurea descentirectionby a sufiiciently ac-
curateline searchthereis no guaranteeof descentand henceglobal corvergencefor the
presentNewton method.However, in theexperimentsve conductedye alwayscorvergedto
the globalminimum, duemostlik ely to a combinationof weaknonlinearityandgoodinitial
guessesNo doubtmoregeneralproblemsmay not be sokind. We are currentlyinvestigat-
ing remedies.A simpleoneis to revert to a quasi-Nevton searchdirectionwhenan uphill
directionis encounteredhisis easyto do, sincereducedspacequasi-Nevtoninformationis
availablefor freefrom the preconditioner

5. Conclusions. The problemswe have chosento investigatearerelatively simple,yet
provide a reasonablaestbedfor algorithmictuning and experimentation. The resultsob-
tainedthus far are very encouraging:the full spaceNewton-Krylov optimization method
with reduced-spacpreconditioningis a factor of 5-10 fasterthan currentreducedspace
methods. Moreover, the methodcan be parallelizedefficiently, and algorithmic efficiency
canbeachieredprovideda goodforwardpreconditioners available. Scalabilitythenresults
from the combinationof thesetwo.

In futurework, we will pursuebetterforward preconditionersattemptto reproducehe
currentresultson morerealisticand demandingoroblems;addresgobustnesdssuesstem-
ming from a possiblelack of global convergencefor more nonlinearproblems;investigate
inexactsolutionof the KKT system;andexaminematrix-freevariantsin anattemptto obvi-
atethe potentiallyoneroumeedfor secondderiatives.
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