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Abstract. Large scaleoptimizationof systemsgovernedby partial differentialequations(PDEs)is a frontier

problemin scientificcomputation.The state-of-the-artfor solving suchproblemsis reduced-spacequasi-Newton
sequentialquadraticprogramming(SQP)methods.Thesetake full advantageof existing PDE solver technology
andparallelizewell. However, their algorithmicscalabilityis questionable;for certainproblemclassesthey canbe
very slow to converge. In this paperwe proposea full-spaceNewton-Krylov SQPmethodthat usesthe reduced-
spacequasi-Newton methodasa preconditioner. Thenew methodis fully parallelizable;exploits the structureof
and availableparallel algorithmsfor the PDE forward problem; and is quadraticallyconvergent closeto a local
minimum.Werestrictourattentionto boundaryvalueproblemsandwesolveamodeloptimalflow controlproblem,
with both Stokes and Navier-Stokes equationsas constraints. Algorithmic comparisons,scalability results,and
parallelperformanceon a CrayT3E-900arepresented.On themodelproblemssolved,thenew methodis a factor
of 5–10fasterthanreducedspacequasi-Newton SQP, and is scalableprovided a goodforward preconditioneris
available.

1. Intr oduction. Optimizationproblemsthatareconstrainedbypartialdifferentialequa-
tions(PDEs)arisenaturallyin many areasof scienceandengineering.In thesciences,such
problemsoftenappearasinverseproblemsin which someof theparametersin a simulation
areunavailable,andmustbeestimatedby comparisonwith physicaldata.Theseparameters
aretypically boundaryconditions,initial conditions,sources,or coefficientsof aPDE.Exam-
plesincludeempirically-determinedparametersin a complex constitutive law, andmaterial
propertiesof amediumthatis notdirectlyobservable.In engineering,PDE-constrainedopti-
mizationproblemsoftentake theform of optimaldesignor optimalcontrol problems.Such
problemscanoccuracrossthelife cycleof engineeredsystems,includingthedesignphase(as
anoptimaldesignproblem),themanufacturingphase(asanoptimalmanufacturingcontrol
problem),theoperationphase(againasanoptimalcontrolproblem),andthedisposalphase
(anoptimaldesignproblemif thesystemis disposal-critical).

Thecommondenominatorin inverse,optimaldesign,andoptimalcontrolproblemsis a
nonlinearoptimizationproblemthat is constrainedby thePDEsthatgovernbehavior of the
physicalsystem.Thus,solvingthePDEsis just a subproblemassociatedwith optimization,
which canbe ordersof magnitudemorechallengingcomputationally. We refer to the un-
known PDEfield quantitiesasthestatevariables; thePDEconstraintsasthestateequations;
solutionof the PDE constraintsasthe forward problemor the simulationproblem; the in-
verse,design,or controlvariablesasthedecisionvariables; andtheproblemof determining
theoptimalvaluesof theinverse,design,or controlvariablesastheoptimizationproblem.

In contrastto thelargebodyof work on parallelPDEsolution,very little hasbeenpub-�
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lishedon parallelalgorithmsfor optimizationof PDEs(but see[5], [12], [21], [23]). This
is expected:it makeslittle senseto addressthe inverseproblemuntil onehassuccessfully
tackledthe forwardproblem. However, with the recentmaturationof parallelPDE solvers
for a numberof problemclasses,thetime is ripe to begin focusingon parallelalgorithmsfor
largescalePDE-constrainedoptimization.

Sequentialquadraticprogramming(SQP)methods[6] appearto offer thebesthopefor
smoothoptimizationof large-scalesystemsgovernedby PDEs.SQPmethodsinterleaveop-
timization with simulation,simultaneouslyimproving the design(or control or inversion)
while converging the stateequations.Thus,unlike popularreducedgradientmethods,they
avoid completesolutionof the stateequationsat eachoptimizationiteration. Additionally,
SQPmethodscanbemadeto exploit thestructureof thesimulationproblem,thusbuilding
on theadvancesin parallelPDEsolversover thepast20years.

The currentstate-of-the-artfor solving PDE-constrainedoptimizationproblemsis re-
ducedSQP(RSQP)methods.Both mathematicalanalysisof thesemethods[4], [7], [13],
[17], [20], aswell asapplicationsto compressibleflow airfoil design[21], [26], [27], heat
equationboundarycontrol [18], inverseparameterestimation[8], [16], Navier-Stokesflow
control[11], andstructuraloptimization[22], [24], [25], have appeared.In addition,parallel
implementationsof RSQPmethodsexhibiting high parallelefficiency andgoodscalability
havebeendeveloped[12], [19].

Roughlyspeaking,RSQPmethodsprojectthe optimizationproblemonto the spaceof
decisionvariables(therebyeliminatingthe statevariables),andthensolve the resultingre-
ducedsystemtypically usinga quasi-Newton method. The advantageof suchan approach
is thatonly two linearizedforwardproblems1 needto besolvedat eachiteration(e.g.[11]).
For moderatenumbersof decisionvariables,solutionof theforwardproblemsdominatesan
optimizationiteration. Thus, whengood parallelalgorithmsareavailable for the forward
problem,RSQPmethodsinherit theparallelefficiency andscalability(with respectto state
variables)of thePDEsolvers.

However, theconvergenceof quasi-Newtonmethodsoftendeterioratesasthenumberof
decisionvariablesincreases.As a result,quasi-Newton-basedRSQPmethods(QN-RSQP)
oftenexhibit pooralgorithmicscalabilitywith respectto thedecisionvariables,despitetheir
goodparallelefficiency. Furthermore,therequirementof two solutionsof theforwardprob-
lem per optimizationiteration can be very onerouswhen many iterationsare taken, even
thoughthesesolutionsarejust for the linearizedforwardoperator.

Theconvergencecanoftenbemadeindependentof thenumberof decisionvariables�
by usingaNewton(asopposedto quasi-Newton)RSQPmethod.However, N-RSQPrequires� linearizedforwardsolvesper iteration. The � linearsystemssharethesamecoefficient
matrix; their righthandsidesarederivativesof the stateequationresidualswith respectto
eachdecisionvariable.Iterativesolversarerequiredfor thelarge,sparse,three-dimensional,
multicomponentforwardproblemswe target. However, with iterative solversthereis little
opportunityto amortizecostsover multiple righthandsides. Thus,N-RSQP’s needfor �
forwardsolvesperoptimizationiterationis unacceptablefor large � .

The needfor forward solutionsresultsfrom the decompositioninto stateanddecision
spaces(which amountsto rangeand null spacesof the stateequations),and this can be
avoidedby remainingin thefull spaceof combinedstateanddecisionvariables.This leaves
of coursethequestionof how to solvetheresulting“Karush-Kuhn-Tucker” (KKT) full space
system. For the large, sparseproblemswe contemplate,thereis no choicebut a Krylov
methodappropriatefor symmetricindefinitesystems.How to preconditiontheKKT matrix

1Strictly speaking,oneinvolvestheadjointof theforwardoperator.
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within the Krylov solver remainsan importantchallenge,andis crucial for large-scalefull
spaceoptimizationmethodsto beeffective.

In this paperwe proposea full spaceapproachthat usesa Krylov methodto converge
theKKT system,but invokesa preconditionermotivatedby reducedspaceideas.Like QN-
RSQP, this approachrequiresjust two linearizedforwardsolvesper iteration,but it exhibits
thefastconvergenceassociatedwith Newtonmethods.Moreover, thetwo forwardsolvescan
beapproximate(sincethey areusedwithin a preconditioner);for examplewe replacethem
by anappropriatePDEpreconditioner. In additionto building onparallelPDEprecondition-
ing technology, thenew KKT preconditioneris basedon anexact factorizationof theKKT
matrix, deflatingits spectrumvery effectively. Finally, the methodparallelizesandscales
aswell asthe forwardsolver itself. This methodis inspiredby domain-decomposedSchur
complementalgorithms.In suchtechniques,reductionontotheinterfacespacerequiresexact
subdomainsolves,sooneoftenprefersto iteratewithin thefull spacewhile usingaprecondi-
tionerbasedonapproximatesubdomainsolution[15]. In ourcase,thedecompositionis into
statesanddecisions,asopposedto subdomainandinterfacespaces.

Battermannand Heinkenschlosshave presenteda relatedKKT-systempreconditioner
thatalsoexploitsRSQPmethods[3]. However, it is basedoncongruencetransformationsof
theoriginal systemandnot on anexactfactorizationof it. Theresultingpreconditionedsys-
temhasbothpositiveandnegativeeigenvaluesandits spectrumis lessfavorablydistributed.
Anotherdifferenceis thatour preconditionerincludesa quasi-Newton approximationof the
reducedHessian.

Below wedescribereducedspaceSQPandtheproposedfull spaceSQPmethodwith two
preconditioningvariants,andgive someperformanceandscalabilityresults.To evaluatethe
proposedalgorithms,wehavechosenaproblemthatcontainsmany of thefeaturesof themost
challengingPDE-constrainedoptimizationproblems:three-dimensionality, multicomponent
coupling,largescale,nonlinearity, andill-conditioning. Theproblemis oneof optimalcon-
trol of a viscousincompressiblefluid by boundaryvelocities,a problemof both theoretical
andindustrialinterest.Our implementationis basedon thePETSclibrary for parallelPDE
solution[2], andmakesuseof PETScparalleldomain-decompositionpreconditionersfor the
approximateforwardsolves. The resultsin the last sectiondemonstratethat the methodis
characterizedby goodparallelefficiency, andis algorithmicallyefficientprovideda scalable
forwardsolver is available.

2. ReducedSQPmethods. We begin with a typical constrainedoptimizationproblem
formulation, �����	�

� 	�� subjectto � � 	��������
where 	 aretheoptimizationvariables,
 is theobjective functionand � aretheconstraints,
whichin ourcontext arediscretizedstateequations.Weassumethattheconstraintsconsistof
only stateequations.2 UsingtheLagrangian� onecanderivefirst andhigherorderoptimality
conditions.TheLagrangianis definedby� � 	���������� 

� 	���� �
! � � 	��"�
andthefirst orderoptimalityconditionsstatethattheLagrangiangradientmustvanish:3#%$�& �$(' �*) � # $�& 
 � � $�& � � ! �� ) �+��,

2However, themethodologycanbeextendedto problemsthatincludeadditionalinequalityconstraints.
3All vectorsandmatricesdependon the optimizationvariables- or the Lagrangemultipliers . or both. For

clarity, wesuppressthisdependence.
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This expressionrepresentsa systemof nonlinearequations.SQP(in theabsenceof inequal-
ity constraints)canbeviewedasNewton’s methodfor thefirst orderoptimality conditions.
Customarily, the Jacobianof the residualof this systemof equationsis calledthe Karush-
Kuhn-Tucker(KKT) matrixof theoptimizationproblem.To simplify thenotationfurther, let
usdefine: / ��� $�& � Jacobianof theconstraints�0 ��� $�&1& 
 � 2+34� 3 $�&1& � 3 Hessianof theLagrangian�56�7� $�& 
 gradientof theobjective,
A Newtonstepon theoptimalityconditionsis giveby8 0 / !/ �:9 #<; &; ' ) �>= # 5?� / ! �� ) or

8 0 / !/ �:9 #@; &��A ) �>= # 5 �B) �
where

; &
and
; '

are the updatesof 	 and � from currentto next iterations. To exploit
thestructureof thestateconstraints,it is usefulto introducea partitionof theoptimization
variablesinto statevariables	�C anddecisionvariables	�D . Theabove KKT systemcanbe
partitionedlogically asfollows:EF 0 CGC 0 CHD / ! C0 D"C 0 D"D / ! D/ C / D �:IJLKM N ; C; D� APO QR �S= KM N 5 C5 D� O QR ,
The currentpracticeis to avoid solutionof the full KKT matrix by reductionto a problem
of smallerdimensioncorrespondingto thedecisionvariables.Suchreducedspacemethods
eliminatethelinearizedstateconstraintsandvariables,andthensolveanunconstrainedopti-
mizationproblemin theresultingdecisionspace.RSQPcanbederivedbyablockelimination
on theKKT system:Given

; D , solve thelastblockof equationsfor
; C , thensolve thefirst to

find ��A , andfinally solve themiddleonefor
; D . For conveniencelet usdefine0UT �7� / ! D /WV !C 0 CHC /WVYXC / D = / ! D /ZV !C 0 CGD = 0 D"C /[V\XC / D � 0 D"D �

which is known asthereducedHessianof theLagrangian;] T , its quasi-Newtonapproxima-
tion; and 5 T �7�^5 D = / ! D / V !C 5 C �
the reducedgradientof theobjective function. Thealgorithmsfor N-RSQPandQN-RSQP
are:

1. Initialize : Choose	 C ��	 D � ] T ���
2. Decisionstep: solve for

; D from0 T ; D �_=`5 T � � 0 D"C�= / ! D / V !C 0 CHC"� / V\XC � N-RSQP

] T ; D �S=`5 T QN-RSQP

3. Statestep: solve for
; C from/ C ; C �S= / D ; D = � N-RSQP, QN-RSQP
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4. Adjoint step: solve for ��A from/ ! C ��AU�_= 0 CGC ; C = 0 CGD ; D =a5 C N-RSQP/ ! C � A �S=`5 C QN-RSQP

5. Update (in theabsenceof a line search):	 C ��	 C � ; C	 D �+	 D � ; D
update] T

TheQN-RSQPmethoddefinedhereis avariantin whichsecondderivativetermsaredropped
from theright handsidesof thedecisionandadjointsteps,at theexpenseof areductionfrom
one-stepto two-stepsuperlinearconvergence[4]. An importantadvantageof this quasi-
Newton methodis thatonly two linearizedforwardproblemsneedto besolvedat eachiter-
ation, asopposedto the � neededby N-RSQPfor constructing

/ V\XC / D in
0bT

[11]. Fur-
thermore,no secondderivativesareneeded.Thecombinationof a sufficiently accurateline
searchand an appropriatequasi-Newton updateguaranteesa descentsearchdirectionand
thusa globallyconvergentalgorithm.

QN-RSQPhasbeenveryefficiently parallelizedfor moderatenumbersof decisionvari-
ables[19]. Unfortunately, the numberof iterationstaken by quasi-Newton methodsoften
increasesas the numberof decisionvariablesgrows,4 renderinglarge-scaleproblemsin-
tractable.Additional processorswill not helpsincethebottleneckis in the iterationdimen-
sion.

On theotherhand,convergenceof theN-RSQPmethodcanbeindependentof thenum-
berof decisionvariables� . However, thenecessary� forwardsolvesperiterationpreclude
its use,particularlyon a parallelmachine,whereiterative methodsfor the forwardproblem
mustbeused.Thesesolvescanbeavoidedby remainingin thefull spaceof stateanddecision
variables,sinceit is thereductionontothedecisionspacethatnecessitatestheforwardsolves.
Nevertheless,thefull spaceapproachalsopresentsdifficulties: a descentsearchdirectionis
notguaranteed,secondderivativesarerequired,andtheKKT systemitself is verydifficult to
solve.Thesizeof theKKT matrixis morethantwicethatof theforwardproblem,andit is ex-
pectedto bevery ill-conditioned.Ill-conditioningresultsnotonly from theforwardproblem
but alsofrom thedifferingscalesbetweenfirst andsecondderivativessubmatrices.Moreover
the systemis indefinite; mixing negative andpositive eigenvaluesis known to slow down
Krylov solvers.Thereforea goodpreconditioneris essentialto makethemethodefficient.

3. Full spaceSQP with reducedspacepreconditioner. We proposea Newton full
spaceSQPmethod(N-FSQP)that usesKrylov iterationsto solve the KKT system,but in-
vokesa preconditionerinspiredby reducedspacequasi-Newton algorithms.We refer to the
(nonlinear)Newtoniterationsasouteriterations,andusetheterminner to referto the(linear)
Krylov iterationsfor theKKT system.Like QN-RSQP, we requireatmostseverallinearized
forward solvesper (inner) iteration—alarge improvementover N-RSQP’s � solves. But

4E.g.for thelimiting quadraticcase,thepopularBFGSquasi-Newton methodis equivalentto conjugategradi-
ents,whichscaleswith thesquarerootof theconditionnumberof thereducedHessian.
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unlike QN-RSQP(andlike N-RSQP),theproposedmethodretainsthe fastconvergenceas-
sociatedwith Newton methods.Finally, sincethepreconditioneramountsto anapplication
of QN-RSQP(albeit with approximatesolves), the proposedmethodretainsthe structure-
exploiting propertiesof reducedspacemethods,andshouldparallelizeaswell.

To motivatethenew preconditioner, let usstepbackto thereducedNewtonmethod.One
cancheckthatN-RSQPdescribedabove is equivalentto a particularblock LU factorization
of theKKT matrix:EF 0 CGC / VYXC � c0 D"C / V\XC c / ! D / V !Cc � � IJ EF

/ C / D �� 0bT �� 0 CGD = 0 CGC / V\XC / D / ! C IJ ,
Note that thesefactorsare permutableto block triangularform. This block factorization
suggestsapreconditionercreatedby replacingthereducedHessian

0bT
with its quasi-Newton

approximation] T . TheresultingpreconditionedKKT matrix,EF c � �� 0dT ] VYXT �� � c IJ �
would be the identity if ] T wereequalto

0 T
, and is thusexpectedto be a goodprecon-

ditioner provided ] T is a reasonableapproximationto the reducedHessian(aswill be the
caseasymptotically).However, we still requirefour forwardsolvesper inner iteration. One
way to restorethetwo solvesperiterationof QN-RSQPis to, in addition,dropsecondorder
informationfrom thepreconditioner, exactlyasoneoftendoeswhengoingfrom N-RSQPto
QN-RSQP. A furthersimplificationof thepreconditioneris to replacetheexactforwardop-
erator

/ C by anapproximation e/ C , whichcouldbeany appropriateforwardproblemprecon-
ditioner. With thesechanges,no forwardsolvesneedto beperformedat eachinneriteration.
Thus,thework per inner iterationbecomeslinear in thestatevariabledimension(e.g.whene/ C is aconstant-filldomaindecompositionapproximation).Furthermore,when ] T is based
on a limited-memoryquasi-Newton update(as in our implementation),the work per inner
iterationis linearalsoin thedecisionvariabledimension.Sinceall of thestepsinvolvedin an
inneriterationnotonly requirelinearwork but arealsoreadilyparallelized,weconcludethat
eachinner(KKT) iterationwill havehighparallelefficiency andscalability.

Ontheotherhand,scalabilityof theentiremethodadditionallyrequiresmesh-independence
of bothinnerandouteriterations.Newton methods(unlike quasi-Newton)areoftencharac-
terizedby a numberof iterationsthat is independentof problemsize[1]. With an“optimal”
forwardpreconditioneranda good ] T approximation,we canhopethat the numberof in-
ner iterationsis insensitive to theproblemsize. This is indeedobservedin thenext section.
Scalabilitywith respectto bothstateandcontrolvariableswould thenresult.

To examineseparatelytheeffectsof discardingtheHessiantermsandapproximatingthe
forwardsolver, wedefinetwo differentpreconditioners:f Preconditioner I takes

0dT � ] T anddiscardsall of theotherHessianterms,re-
sultingin two linearizedsolvesperiteration.ThepreconditionerisEF � � c� c / ! D / V !Cc � � IJ EF

/ C / D �� ] T �� � / ! C IJ �
andthepreconditionedKKT matrix isEF c � �0 !g /ZV\XC 0bT ] VYXT �0 CGC / V\XC 0 g ] VYXT chIJ ,
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Notethatthespectrumof thepreconditionedKKT matrix is unaffectedby dropping
theHessianterms.f Preconditioner II takes

0dT � ] T and

/ C � e/ C , andretainsall otherHessian
terms,resultingin no forwardsolves.ThepreconditionerisEiF 0 CGC e/ V\XC � c0 D"C e/ V\XC c / ! D e/ V !Cc � � IkjJ

EiF e/ C / D �� ] T �� e0 g e/ ! C IkjJ �
andthepreconditionedKKT matrix isEF clC m �on Cp� �m �on C �qm �rn C ��� 0bT ] V\XT m �rn C �m �on Cp� m �on Cp� c ! C IJ �
where n C ��� / V\XC = e/ V\XC and c C �7� / C e/ V\XC . Clearly, n C �s� and c C �tc for
exactforwardsolves.

4. Resultson an optimal flow control problem. Theoptimizationmethodwasinitially
testedonaquadraticoptimizationproblem,thatof a3DinteriorStokesflow optimalboundary
control problem. Also studiedwas a generalnonlinearoptimizationproblem,that of 3D
interiorNavier-Stokesflow optimalboundarycontrol.A sequenceof Reynoldsnumberswas
solvedin orderto investigatetheeffectsof nonlinearity.

In bothcases,theoptimizationproblemis to minimizethe uwv normof thevelocityerror
givenaprescribedvelocityfield, andtheconstraintsaretheequationsof viscousincompress-
ible flow with appropriateboundaryconditions:���x�yxz|{ z~}�{ �p�������� ��� � = � � v`�(�

subjectto =U��� � � �r��� � � � ��� �h� in �
�S��� ��� in �
� � � � on � X
� � � D on � v ,

(In theStokesflow case,theconvective term �o��� � � is absent.)In theexamplebelow, � � is
takenasaPoiseuilleflow solutionin apipe,andthecontrolvariablescorrespondto boundary
velocitieson the circumferentialsurfaceof the pipe. We discretizeby the Galerkinfinite
elementmethod,usingtetrahedralTaylor-Hoodelements.

4.1. Stokesflow. Theconjugateresidual(CR)methodis usedfor solutionof theresult-
ing linearflow equationswhenever

/ZV\XC is needed.For preconditioningtheflow system,we
applya blockdiagonalmatrix 8?� �� � 9 �
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where
�

and � aredomaindecompositionapproximationsof the discreteLaplacianand
discretemassmatrices,respectively. Ourcodeis built ontopof thePETSclibrary [2] andwe
usePETSc’s block-Jacobipreconditionerswith local ILU(0) for thedomaindecomposition
approximation.

For comparison,both reducedandfull spacealgorithmsfor the control problemhave
beenimplemented.Becauseboth PreconditionersI and II are indefinite,we usea quasi-
minimum residual(QMR) methodthat supportsindefinitepreconditioners[10]. Sincethe
Stokescaseis a quadraticoptimizationproblem,only oneouteriterationis performed,and
weset ] T ��c .

Numericalexperimentson a CrayT3E that includescalabilityandperformanceassess-
mentandcomparisonswith reducedSQPhave yieldedencouragingresults. Table4.1 pro-
vides typical resultsfor a problemthat grows proportionatelyin the numberof stateand
controlvariablesandprocessorsutilized. Severalfindingsarenotable.We cautionthatthese

TABLE 4.1
Performanceof implementationsof reducedandfull-spaceSQPmethodsfor a viscousflow optimalboundary

control problem,asa functionof increasingnumberof stateandcontrol variablesandnumberof processors. Here,
QN-RSQP is quasi-Newtonreduced-spaceSQP;N-FSQP is Newton full-spaceSQP;precondis theKKT precon-
ditioner type;I is thetwo-exact-solvespreconditionerandin II theexactsolveshavebeenreplacedbyapproximate
solves; �`��� � is the Euclideannorm of the reducedgradientand is a measure of optimality; and time is wall-
clock timein hours on thePittsburgh SupercomputingCenter’s Cray T3E-900.To preventlong executiontimesfor
QN-RSQP, the algorithm wasterminatedprematurely for the first four casesat 200 iterations,and for the last at
100 iterations. Similarly, unpreconditionedN-FSQPwasterminatedat 500,000KKT iterationsfor thetwo largest
problems.In contrast,preconditionedN-FSQPwascompletelyconvergedto a reducedgradientnormof ¡H¢1£�¤ in all
cases.For this reason,thetrue relativeperformanceof thetwopreconditioners is betterthandepictedin thetable.

states
controls

method precond N or QN iter KKT iter ¥ 5 T ¥ time

21,000 QN-RSQP — 200 — �§¦d� � V©¨ 3.6
3,900 N-FSQP none 1 114,000 ª ¦d� � Vl« 2.5

(4 PEs) N-FSQP I 1 25 ª ¦d� � Vl« 1.2
N-FSQP II 1 3,200 ª ¦d� � Vl« 0.3

43,000 QN-RSQP — 200 — ¬ ¦d� � V©¨ 8.1
4,800 N-FSQP none 1 198,000 ª ¦d� � Vl« 4.4

(8 PEs) N-FSQP I 1 29 ª ¦d� � Vl« 1.7
N-FSQP II 1 5,500 ª ¦d� � Vl« 0.7

86,000 QN-RSQP — 200 —
� ¦d� � Vl­ 12.8

6,400 N-FSQP none 1 376,000 ª ¦d� � Vl« 9.0
(16PEs) N-FSQP I 1 28 ª ¦d� � Vl« 2.4

N-FSQP II 1 8,200 ª ¦d� � Vl« 1.0
167,000 QN-RSQP — 200 — ® ¦d� � Vl­ 18.4
12,700 N-FSQP none 1 500,000 ¯ ¦d� � Vl° 12.3

(32PEs) N-FSQP I 1 27 ª ¦d� � Vl« 2.7
N-FSQP II 1 11,100 ª ¦d� � Vl« 1.3

332,000 QN-RSQP — 100 — ª ¦d� � Vl­ 11.0
23,500 N-FSQP none 1 500,000 ¬ ¦d� � V©¨ 13.0

(64PEs) N-FSQP I 1 28 ª ¦d� � Vl« 3.1
N-FSQP II 1 14,900 ª ¦d� � Vl« 1.7

conclusionsarebasedon a limited setof solved problems;on the otherhand,we have no
reasonto believe that otherproblemsshouldbehave very differently. The first observation
is thatQN-RSQPhasto beterminatedprematurelyto avoid excessive consumptionof Cray
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time. This is particularlytruefor thelargest-sizedproblem(332,000flow and23,500control
variables),whichrequired11hoursof executionon64processorsto reachareducedgradient
of � � V v . Problemsof industrial interestinvolve the full Navier-Stokesequationsandmay
be anorderof magnitudelarger; it is impossibleto escapethe conclusionthat problemsof
this complexity areintractablewith quasi-Newton optimizationmethods.For this problem,
N-FSQP(with PreconditionerII) requiresa factorof 6.5 lesstime to reachthreeordersof
magnitudesmallerreducedgradient.

Anotherobservationis thatPreconditionerI, despiteits discardingof secondorderterms
andtheuseof the identity to approximatethereducedHessian,is very effective in reducing
the numberof iterations—notethe differencein KKT iterationsbetweenthe second(un-
preconditioned)andthird (preconditioned)lines of eachprobleminstance.Of course,this
reductioncomesat thepriceof extrawork periteration,mainly in thesolutionof theforward
problems.

A third conclusionis reachedby trackingtheexecutiontimefor preconditionedN-FSQP
asthesizeof theproblemandnumberof processorsincreaseproportionately. Sinceproblem
sizeper processoris held constant,andexecutiontime increasesfrom 1.2/0.3hoursfor 4
processors(21,000states,3900controls)to 3.1/1.7hoursfor 64 processors(332,000states,
23,500controls),onemay concludethat the methodis not scalable.However, a glanceat
the KKT iterationscolumnrevealsthat the numberof optimizationiterationswhen using
PreconditionerI is largely independentof problemsize,andthusthealgorithmicefficiency
of N-FSQPshouldbe very high.5 Furthermore,the Mflop rate drops(probablydue to a
poorer-quality meshpartition) only slowly as the problemsize increases,suggestinggood
implementationefficiency. What,then,accountsfor theincreasein executiontime?

Table4.2 providesthe answer. Following [14], overall parallelefficiency hasbeende-

TABLE 4.2
Isogranular scalabilityresultsfor theN-FSQPalgorithmwith PreconditionerI. Per processorMflopratesare

maximum(acrossPEs)sustainedMflop/s.Implementationefficiency(impl eff) is basedonMfloprate;optimization
algorithmicefficiency(opt eff) is basedon numberof optimizationiterations;forward solveralgorithmicefficiency
(forw eff) is deduced;overall efficiency(overall eff) is basedonexecutiontime, andis productof all three.

PEs Mflop/s/PE Mflop/s impl eff opt eff forw eff overall eff
4 41.5 163 1.00 1.00 1.00 1.00
8 39.7 308 0.95 0.86 0.84 0.68
16 38.8 603 0.92 0.89 0.62 0.51
32 37.2 1130 0.87 0.93 0.55 0.45
64 36.8 2212 0.85 0.89 0.52 0.39

composedinto an implementationefficiency andan algorithmicefficiency for both the op-
timization algorithmand the forward solver. Whereasthe optimizationalgorithmand the
implementationarereasonablyscalable,theforwardsolver’sparallelefficiency dropsto near
50% for the largestproblemsize. This is dueto the increasingnumberof iterationstaken
by theforwardsolver astheproblemsizeincreases.Theparallelinefficiency of theforward
solver is easilyaddressedby switchingto a morescalablepreconditionerthanthe onewe
arecurrentlyusing(non-overlappinglocal ILU(0) block-Jacobi),andby relaxingthe need
to solve the forwardproblemexactly at eachKKT iteration(aswe do in PreconditionerII).
Indeedthe latter canyield significantimprovementin the executiontime of the algorithm.
Onecanobserve a factorof 2–4improvementover PreconditionerI. However, theiterations

5This wasbetterthanexpectedfor thequadraticcasesincethereducedHessianis simply takenastheidentity
andthereforenopreconditioningtakesplacein thedesignspace.
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for the KKT systemdo not scaleaswell aswith PreconditionerI, but this is expectedand
againassociatedwith theeffectivenessof theforwardproblempreconditioner. With a better
forward preconditioner, we anticipategoodoverall scalability. We hopeto remedythis in
futureexperimentsby allowing overlapandsubdomainfill-in in the forwardpreconditioner
(whichweavoidedfor memoryreasonsin thepresenttests).

4.2. Navier-Stokesflow. The sameproblemas in Section4.1 is solved, but with the
Navier-Stokesequationsasconstraints.Poiseuilleflow is still a solution, theoreticallyfor
any Reynoldsnumber, practicallyfor moderateones. A notabledifferencewith the Stokes
caseis that a BFGSquasi-Newton update[9] is usedto preconditionthe reducedHessian
matrix. Becausetheproblemis nonlinear, N-FSQPtakesseveraliterationsandquasi-Newton
curvatureinformation is built up. Quasi-Newton theorypredictsthat ] T approaches

0 T
as the iteratesget closerto the solution. Therefore,one expectsthe effectivenessof the
preconditionerto improveastheoptimizationalgorithmprogresses.

To solve a Navier-Stokescontrol problemwith large Reynoldsnumber, somekind of
continuationschemeis usually needed. In our casewe usea simple three-level iteration.
In theouteriterationtheReynoldsnumberis graduallyincreaseduntil the targetnumberis
reached.Convergedvaluesof variablesareusedto initiate theiterationsat thenext Reynolds
number. Additionally, quasi-Newton information is carriedforward to the next Reynolds
number. Themiddleiterationscorrespondto Newton linearizationsof theoptimalitysystem
for afixedReynoldsnumber. Finally, theinneriterationscomprisesolutionof theKKT linear
systemto computethesearchdirection.

In thenumericalexperimentsof this section,we do not make useof continuationto ini-
tiate thestateandcontrolvariables.Thereasonis thatour initial guessis alwaysinsidethe
basinof attractionof thesolution.However, BFGSinformationis carriedforwardto thenext
Reynoldsnumber, in both QN-RSQPandN-FSQPmethods.To approximatethe reduced
Hessian(for preconditioningtheKKT systemin theNewton methodandfor driving the it-
erationsin thequasi-Newtonmethod),we invokea limited-memoryBFGSformulain which
theinverseof ] T is updated.In this way, only a limited numberof vectorsmustberetained
andboth theupdateandapplicationof ] V\XT involve only vectorinnerproducts,which par-
allelizewell (this is importantfor the largenumberof controlvariablesconsidered).In the
resultspresentedbelow, themaximumnumberof BFGSvectorsis 30. For simplicity we do
notperformaline search,againsincein thecasesrunwearewithin thebasinof attractionof a
minimum.TheforwardproblempreconditionerdiffersfromtheStokescase:wefoundblock-
Jacobito beveryslow andinsteadoptedfor anoverlappingadditiveSchwarzpreconditioner
with ILU(1) oneachsubdomain.Finally, sincetheforwardproblemis unsymmetric,general
QMR is usedfor thelinearizedNavier-Stokessolves.Resultsfor aproblemwith 21,000state
and3,900designvariableson 4 processorsandfor a sequenceof threeReynoldsnumbers
arepresentedin Table4.3. Overall, onecanobserve thatN-FSQPreducessignificantlythe
executiontimerelative to QN-RSQP, justasin theStokesproblem.

TheNavier-Stokestestproblemprovidesanopportunityto improvethereducedHessian
preconditionerby building up quasi-Newton curvatureinformation,somethingnot possible
for theStokesflow problem,sincea singleKKT systemis solvedin thatcase.Althoughthe
testproblemswerenotsufficientlynonlinearto requirealargenumberof iterations,evenwith
threeNewton iterationswecanalreadyobserve increasingeffectivenessof thequasi-Newton
approximation.Thiscanbeseenwith PreconditionerI asthenumberof KKT iterationsdrops
with increasingcontinuationparameter(i.e.Reynoldsnumber).

As in theStokescontrolproblem,PreconditionerII is fasterthanPreconditionerI, since
it avoidsexactforwardsolves.Thenumberof KKT iterationsslightly increaseswith increas-
ing Reynoldsnumber, sincethe forwardproblemconditionnumberdeteriorates(recall that
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TABLE 4.3
Algorithmicefficiencyof theproposedpreconditioners for a modelNavier-Stokesoptimalflowcontrol problem.

RecallthatPreconditionerI requirestwolinearizedforward solvesper iteration,whereasPreconditionerII involves
just applicationof the Schwarzapproximation. Thenumberof iterations for the KKT systemis averaged across
theoptimizationiterations. Theproblemhas21,000stateequationsand3,900control variables;resultsare for 4
processors of theT3E-900.TheReynoldsnumbers (Re) tabulatedalsocorrespondto thecontinuationsteps.

Re method precond N/QN iter KKT iter ¥(± T ¥ time
100 QN-RSQP — 262 — �§¦d� � V²¨ 5.9

N-FSQP none 3 186,000 ª ¦d� � V©« 7.1
N-FSQP I 3 48 ª ¦d� � V©« 3.2
N-FSQP II 3 4200 ª ¦d� � V©« 1.3

300 QN-RSQP — 278 — �§¦d� � V²¨ 6.4
N-FSQP none 3 198,000 ª ¦d� � V©« 7.6
N-FSQP I 3 40 ª ¦d� � V©« 3.1
N-FSQP II 3 4300 ª ¦d� � V©« 1.4

500 QN-RSQP — 289 — �§¦d� � V²¨ 7.3
N-FSQP none 3 213,000 ª ¦d� � V©« 9.0
N-FSQP I 3 38 ª ¦d� � V©« 3.0
N-FSQP II 3 4410 ª ¦d� � V©« 1.4

becauseof theinexactsolves,thecharacteristicsof theforwardproblemnow affect theKKT
systemsolution). Indicative of thedifficulty of this problemis thatdespiteits smallsize,its
solutionstill tookmorethananhouron four processors.

Unlike a quasi-Newton methodthat caninsurea descentdirectionby a sufficiently ac-
curateline search,thereis no guaranteeof descentand henceglobal convergencefor the
presentNewtonmethod.However, in theexperimentsweconducted,wealwaysconvergedto
theglobalminimum,duemostlikely to a combinationof weaknonlinearityandgoodinitial
guesses.No doubtmoregeneralproblemsmaynot besokind. We arecurrentlyinvestigat-
ing remedies.A simpleoneis to revert to a quasi-Newton searchdirectionwhenan uphill
directionis encountered;this is easyto do,sincereducedspacequasi-Newtoninformationis
availablefor freefrom thepreconditioner.

5. Conclusions. Theproblemswe have chosento investigatearerelatively simple,yet
provide a reasonabletestbedfor algorithmic tuning and experimentation.The resultsob-
tainedthus far are very encouraging:the full spaceNewton-Krylov optimizationmethod
with reduced-spacepreconditioningis a factor of 5–10 fasterthan current reducedspace
methods.Moreover, the methodcanbe parallelizedefficiently, andalgorithmicefficiency
canbeachievedprovideda goodforwardpreconditioneris available.Scalabilitythenresults
from thecombinationof thesetwo.

In futurework, we will pursuebetterforwardpreconditioners;attemptto reproducethe
currentresultson morerealisticanddemandingproblems;addressrobustnessissuesstem-
ming from a possiblelack of global convergencefor morenonlinearproblems;investigate
inexactsolutionof theKKT system;andexaminematrix-freevariantsin anattemptto obvi-
atethepotentiallyonerousneedfor secondderivatives.
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