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Multiscale Mortar Mixed FEM

* Mortar finite elements are a domain decomposition
technique to couple unknowns across:

— Multiple Scales NN N\
_ Multiple Physics ANEANEANEAN

. . NERNEANEAN
— Multiple Numerics NENERNEN
— Multiple Processors : / / /7

Subdomains QF Interfaces T

* Note that Domain Decomposition is not the same as
“Data Decomposition”.

« The “Global Jacobian” algorithms developed in this
research seek to have the best of both worlds.
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 Mortars have been used with:
— 1,2,3 phase flows in porous media - CG, Mixed, DG methods
— Linear elastic solid mechanics — Bricks, prisms, tetrahedra
— Porescale network models
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« Example:

Saturation field in
two phase flow, with
two subdomains.

 Prior to this research, the solution algorithm for
nonlinear problems relied on two Newton loops with a

forward difference approximation.
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Global Jacobian (GJ) Algorithms for Nonlinear problems

« Ganis, B., Juntunen, M., Pencheva, G., Wheeler, M.F., and Yotov, |. 2014. A global Jacobian
method for mortar discretizations of nonlinear porous media flows. SIAM Journal on Scientific
Computation 36 (2): A522—A542.

« Ganis, B., Kumar, K., Pencheva, G., Wheeler, M.F., and Yotov, |. 2014. A global Jacobian method
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stage preconditioner for multiphase flow using a global Jacobian approach. SPE 172990-MS.
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Outline

| 1. Multiscale, Multiphase Problem Setting

2. Fully-implicit two-phase model for flow in
porous media

3. Global Jacobian algorithms

— Schur complements
— Interface unknowns
— Upwinding scheme

4. Numerical results

— Strongly Heterogeneous Case
— Two Rock Type Case
— Non-matching Geometry Case

5. Two-Stage Preconditioner and Parallel Results
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Problem Setting
Non-overlapping domain decomposition on spatial domain

Use high-order mortars (Lagrange

Use mixed finite elements on
structured subdomain grids

multipliers) on non-matching interfaces

« Application: Multiphase flow in porous media

Develop simple algorithms with parallel scalability

Goal:

Key Idea: Global linearization

Center for

Capillarity, gravity, and compressibility.
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Algorithms for nonlinear mortar problems

« This algorithm uses local linearizations
for subdomain and mortar unknowns
separately.

- Two nested Newton-Krylov loops

- Quter loop formes a numerical
Jacobian with a forward difference

- Requires delicate choice of four
tolerances and difference parameter

- Challenging to precondition outer
GMRES

+ Allows multiple physics and multiple
time steps

<> = convergence check

[] = forward difference approximation used
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Prior Method
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Nonlinear Interface
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Linear Interface
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Algorithms for nonlinear mortar problems

New Methods Prior Method
GJ Method GJS Method FD Method
—> Time Step ————> Time Step > Time Step
Nonlinear Global Nonlinear Global Nonlinear Interface
— —> — >
Newton Step Newton Step FD-Newton Step
Linear Global ) Linear Interface Linear Interface
GMRES Step GMRES Step ' GMRES Step
Linear Subdomain ]
1 )
GMRES Step —> Norll\lle:riiilsnSg‘:;dom
p

Linear Subdom.
GMRES Step

< = convergence check

[] = forward difference approximation used
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Novelty of this work

9 Qs Qs TI'ig Tog

Joo Joa
Jre  JAA

Global linearization:

« Augment linear systems to reuse codes.

Utilize existing preconditioners for multiscale models.
Simplify algorithms by having fewer nested iterations.
Demonstrate parallel scaling with strong nonlinearities.
Improve saturation with careful mobility upwinding.
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Parallel scaling, nonlinear single phase

Homogeneous, Heterogeneous,
No Preconditioning AMG+ILU Preconditioner
1 dayp ; ; ; : ; ; ¥ ¥ ¥ ¥ '
. z | ——GJ
: : : : : 40 mint :
B hours oo
o o 20 minf
£ 5 £ :
< 1 hourf > :
S f 3 :
o : S 10 minf :
< 20 minf IS :
= § =
o 5 mint
5 ming 4 minf
3 minf
1 mink ; ; ; ; ; o min S S S SR S S SR
2 4 8 16 32 64 128 1 2 4 8 16 32 64 128 256 512
Processors (Subdomains) Processors (Subdomains)

Strong scaling, O(10°) elements

[2] B. Ganis, M. Juntunen, G. Pencheva, M.F. Wheeler, |. Yotov. A global Jacobian
method for mortar discretizations of nonlinear porous media flows. SIAM Journal
on Scientific Computation, Vol. 36, No. 2, (2014) pp. A522-A542.
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Two Phase Model

0
Mass Balance: a(qﬁsapa) +V-uy = qq
Auxiliary Velocity: Uy = — K(Vps —
k ~
Darcy Law: Uy = rafa (T
Ho
Initial condition: Pa = Pa,0
Boundary condition: u-n= 0
Lagrange multiplier: Pa = Pa(A1,A2)
Flux continuity: u]; .nF 4+ ula nl= 0
Saturation constraint: Sw+ 8o =1
Capillary pressure: Pc(Sw) = Po — Pw
ref CaPa

Slightly compressible density: Pa(Pa) = Py e
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in QF x (0,T]
pag) in Q% x (0,7

in Q% x (0, 7]
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Finite element discretization

Primary Unknowns: (po, no)

Phase Velocities: (Uo, Uy, Uo, Uy
o Lowest Order Raviart-
Lagrange Multipliers: (A1, A2) Thomas (RTO) mixed finite

elements with mortars

Velocity, Pressure, Mortar Spaces: -~T7< ® mortar
e X o) _
N, [9) N, Q) X X ® VAN VAN >< velocity
/
Vi=EP Vi, Wi=EWy, °X o> (OX® o e
k=1 k=1 KX EANEA
N exXe} 1 [oX°
L kl \N/ \/ /\ VAN
MH—EBMH .></.\> Ko X o
k=1 Nz | N/ ® XK1
o X o
Time discretization: S
0=t <t <... <tVNT =T, with 6t =" —¢"1.
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Fully discrete system

Expanded multiscale mortar

method for fully-implicit two- Phase concentration: 7, = paSa

phase flow: L
Phase mobility: m, = raPa
l Mo
Aﬁz/ufi-vdx— Mot - vde =0,
Ok QF
Nq
Df = Kliig-vd:z:—/ piv-vdaz—/ Pag - U dT + Z / prv-ndo =0,
Ok Ok Ok Ikl
I=1,1£k
k n—1
B = Oy = Oy wdx+/ V-ugwdx—/ qow dx = 0,
H, = (uf -y, +ul - n)) pdo =0. {ummmmmm Flux continuity equation
Tkl
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Forming Residual Equations

> Express 8 unknowns as linear Ny
combinations of finite element basis pk = E PF wk
functions, insert into discrete form. 1

e

A* :/kuz-'vda:— kmaﬁ];-fvd:c:
QOF Q

Ng

DF = Klﬂg-vdx—/pgv-vdx—/pag-'uder Z / prv-ndo =0,
Ok Ok Ok 'kl
I=1,l#k
k n—1
BF = ony — oy wdaz+/ V-uﬁwdw—/ qow dz = 0,
H, = (uh -y +ul, - my) pdo = 0.

Tkl

» QObtain a nonlinear system for the global coefficient vectors:

Uy, Uy, Uy, Uy € RNu P,, N, € RN Ay, Ay € RV
Nq Ngq
_ k _ k _ kl
O TR o N
=1 =1 1<k<I<Ng Center for
Subsurface
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Global nonlinear system

« Express all variables in terms of primary unknowns

* Nonlinear system of 8 equations in 8 unknowns

Ao (NUm UO) P07 NO) — O } Aux. Velocity
AW(UW7UW7PO7NO) = 0
PO(U(” PO) A17 A2) — O } Darcy Velocity
DW(UW7PO7N07A17A2) = 0
BO(UO7 NO) = 0 } Mass Balance
BW(U’uMPOaNO) — O
HO(UO) = 0 } Flux Continuity
Hy(Uy) = 0
Center for
Subsurface
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Forming Jacobian entries

« Compute partial derivatives of each residual equation with
respect to each type of unknown.

k
_oat,
a(]o,i

k
(A’S)z _ 8Ao,j _ (,vi v-)
70U, R

(AF) . = 04, _ ([ Celtogr 4 CPor N v
3/t 8Po,z' Ho e Ho " e k:,

(Alf)ji = — (Mo, vj)y, ,

. Drop slightly compressible terms.  (A4%);; = 0
« Group matrices together by subdomain and interface.

Al C2

Al — I ) C’3 — .
Ai\fQ C§Ng—1)Ng
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Global Newton step

The 8x8 fully implicit two phase global Jacobian system:

" A 0 Ay 0 0 Ay 0 0 7| U, " A, ]
O By 0 By, 0 By 0 0 5[7“, Ay,
C; O 0 0 Cy 0 (O35 Oy oU, D,

0 D; O 0 Dy D3 Dy Ds oUw | Dy,

0 0 E 0 0 Ey 0 0 5P, | | B,

0 0 0 F F, F; 0 0 5N, By

o O Ly O O 0 0 O O\ H,
0 0 0 Ly 0 0 0 0 ]| sA, H, |
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Velocity elimination

« We first eliminate the 4 velocities to form 15t Schur complement:

Joo Joa 00 | | Re
Jre  JAA oA R
Subdomain 50 — 5PO Mortar SA — 5A1
unknowns N, unknowns 02
[ Jp,p, JP.N [ Jp.A, JpoA
J — ol o oiVo J — o{}1 0432
o0 IN,P,  JINoN, ] o4 INoA:r  INoAs ]
[ Jn e, JAN  JaA, JALA
J — 1o 14{Vo — 14\1 1412
Ao JAQPO JAQNO ] JAA JA2A1 JAQAQ
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3 Schur complements

« Starting from the saddle point system, we can form 3 different
algorithms with different character by taking Schur complements:

1. Can eliminate velocities to form (©,A)-Schur complement

J@@ J@A 5@ . R@ ) )
JA@ JAA 5A T RA GJ method

2. Can eliminate subdomain unknowns to form A—Schur complement

_ _ : ~1

(Jan — JA@J@(})J@A) 0N = Ry — JA@J@(})R@ Here, the action of Joo
requires solving linear
“GJS method” subdomain problems.

3. Can eliminate mortar unknowns to form ©-Schur complement

. o7—1
Here, the matrix J, 5. can be
-1 _ —1 ’ AA
(J@@ - J@AJAAJA@> 00 = Rg — J@AJAAR/\ computed with Sparse LU or
mass lumping.
Center for
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Sparsity Pattern of GJ Matrices

Unknowns Unknowns Unknowns
(6P,,6N,,6A,,6A,) (6P,,6N ) without (6P,,86N ) with
mass lumping mass lumping

500 : 500

= 500F NN
oy : = NN
‘°°°\\ : 1000[: 1000 "N\
: . é::::::::‘ pans 3
1500 N N\ 8
N\ u| 1800 ~ 1500
\\ .
2000 < 3
. v 2000 2000

H 2500

AQNE
- N\\.C

3000

nnz=41505 NNz=63642 nnz=44075
We will precondition this
system in this work.
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Choice of interface unknowns

Flexibility in choosing physical meaning of Lagrange multipliers.
Changes entries and condition number of GJ matrix.

(Choice A1 = pL, Aoy = pl).

(Céd)jz — <77§d7,vr£€ ) nk>kl’ (Cid)]z — 07

7

(D)5 =0, (D)ji = (ofl ok - mk)

(Choice A1 = p., Ao = pl). With this choice, pL, = A\ — \o.

(CZISCZ)]’L — <77;'€l7’v7]l€ ) nk>kl’ (Cz]fl)jz — O,

ki __ kl ..k k kl . Ll k k
(D4)ji_<77j’vi'n> , (D5')ji = —nj,vi-n> :
kl kl
SCenterfor
bsurf.
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. (Choice A1 = p., A3 = nl). Using p,, we have sy, = 1 — \a/p,, hence
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U,
o — o
Dy i
Ap, = pX — pt
mE. if Ap, <0
mup — 0 o
o R .
{ m,, if Ap, >0
mo uo ° uO I. % m - -
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hR
2 hy, h.

)
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<

R o 'L’h”"",
& h .
SRanaE
. pl:qujE:«g(
o
‘[“1"': ¢ TERN "

R
u’ u,
[ ) —3 [ ) —3 [ )
L A R
P, Py P,
L A L R _ R A
Apo %po — Do Apo ~ Do — Do
L - L A - R
unL _ my, it Ap; <O R _ m,, it Aplt <0
o m), if Apl >0 o mi if Apl >0
m,u” - utde ~ mPl x h£ m, u’ - ulde ~ m"ht x hﬁ
[ U S 2h,h, [ 01V 2hyh.
Center for
Subsurface
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« EXxcessive time step cuts
« Singular linear systems
« Loss of nonlinear convergence

* Loss of mass conservation

— No guarantee that
pL< p)\ < pR or pL> p)\ > pR

— May create artificial sources/sinks
on interfaces

Ben Ganis | GJ Mortar Algorithms | bganis@ices.utexas.edu
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Upwinding “block-to-block”™

ul ul This technique was used in enhanced
o Y | . > velocity method and IMPES models.
Py Po Py It is new for the fully-implicit model.

Ap, ~ pt —pL by directly projecting Q|r +— QF|p

Important consequences:

L .
m if Ap, <0 o _
miP = { . A 0 0 + No saturation info. is
Mo, 1 Po > needed on interfaces.
* No longer need Pc" with
hft extra “interface Newton”.
meul - ullde ~ m" x (—x .
ER T™ 2hyh, « Sw is allowed to be
Bl discontinuous even when
L . .
meul - ubde = miP x (2 hxh ) using a continuous mortar.
EL y Itz
Center for
Subsurface
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Heterogeneous Case

o

A
&
&

%, o7
£y »
15y o 7EnbS

» Challenging SPE10 industrial » Two-phase flow with gravity,
benchmark case, layer 1 compressibility, capillary pressure
« 8 subdomains, matching PO mortars
Qil Velocity

Water Magnitude
Saturation B

logYPERM

hdbihawa
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Two Rock Type Example

P1 mortar
H=h2/3

Two Rock Types

pd A K ¢
rock type 1 | 135 psi 2.49 504 md 0.2
rock type 2 | 37.7 psi 3.86 52.6 md 0.2

Capillary Pressure

Water Saturation PdS. s it 0 < s¢ < 8¢1
—1/A .
pC(S’w) — Pd Se / , if Scl < Se < Sc2
—1/X 1— .
Pd Seo / 11_386627 if Se2 < Se S 1
| - Aa
Effective Saturation Relative Permeability
S L Sw - Srw krw — 0.9 82
o =
I — S — Sro kro =0.5(1 — 86)2
Center for
Subsurface
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Saturation Errors

. - Accurate integration of phase mobility can
° Yo ¢ Yo o improve mass conservation and solvability
Py Py Py of linear and nonlinear systems.

Upwind using adjacent subdomain values

Max. Pointwise Error = 0.37 Max. Pointwise Error = 0.07

Center for
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a' Global Jacobian compared to Forward

Difference Algorithm

Ben Ganis | GJ Mortar Algorithms | bganis@ices.utexas.edu

z/x?\v Z/?\v z/f\v
FD Method
Perm. Intf. Newton Intf. GMRES Subdom. Newton CPU
Tot. Avg.1 | Tot. Avg.1 Avg.2 | Tot. Avg.1l Avg.2| Time
Barrier | 331 1.66 | 6,355 31.78 19.20 | 20,662 103.31  3.25 | 161.49
Heterog. | 241 1.21 | 2,629 13.15 10.91 | 9,212  46.06 3.50 71.18
GJ Method FD: best preconditioned
Perm. Global Newton | CPU GMRES and loose inner
Tot. Avg.1 | Time tolerances
Barrier | 342 1.71 11.80
Heterog. | 212 1.06 7.71 GJ: direct solver
Center for
Subsurface

Modeling



multiphase models, because the linear systems have both elliptic and
hyperbolic behaviors.

We applied the following preconditioner to the global Jacobian multiscale
mortar system:

« Lacroix, S., Vassilevski, Y., Wheeler, M.F., 2001. Decoupling
preconditioners in the implicit parallel accurate reservoir simulator
(IPARS). Numerical linear algebra with applications, 8 (8), pp. 537-549.

— Four decoupling approaches are discussed:
» Constrained Pressure Reduction (CPR)

 Householder Reflection Decoupling € \We followed this
approach.
* Quasi-IMPES Decoupling

« True IMPES Decoupling

Center for
_ _ N Subsurface
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Vassilevski, P.S., 1984. Fast algorithm for solving a linear algebraic
problem with separable variables. Dokladi Na Bolgarskata Akademiya
Na Naukite, 37 (3): 305-308.

Wallis, J.R., Kendall, R.P., and Little, T.E., 1985. Constrained residual
acceleration of conjugate residual methods. In SPE Reservoir
Simulation Symposium, SPE 13536.

Cao, H., Tchelepi, H.A., Wallis, J.R., et al. 2005. Parallel scalable

unstructured CPR-type linear solver for reservoir simulation. In SPE
Annual Technical Conference and Exhibition. SPE 968009.

Han, C. et al., 2013. Adaptation of the CPR preconditioner for efficient
solution of the adjoint equation. SPE Journal, 18(02), pp. 207-213.

Center for
Subsurface

Ben Ganis | GJ Mortar Algorithms | bganis@ices.utexas.edu Modeling



Two-Stage Preconditioning for GJ

Begln with the Schur complement system for subdomain unknowns.
J? 60 = (Joo — JoaJarJre) 6O = Rg — JoaJaaRa = R°.
» Perform Householder (QR) factorization to diagonal 2x2 blocks.
(P~1QTP J3) 60 = P—lQTP R3

H H 5P b
— H 50 = ’HPoPo HPoNo 0 [ Po] — b
NoPg NoNg 5N0 bNo

 Inside the outer gmres, get action Y = M-1Z in a three step process:

1. Solve the pressure equation Y, = gmres(Hp,p, ,Zp,) With
preconditioner M, <" to a specified tolerance.

2. Update the linear residual R = Z - H[Yp,,0].

3. Solve the second stage equation Y = gmres(H,R) + [Yp,,0] with
preconditioner M,¢""to a specified tolerance.

Center for
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gmple 1: The full SPE10 benchmark prob| gl
"~ with mortars in two-phase model &

Total Avg. Outer

CPU cores/ Total CPU N GMRES Iter.| Time Step
! ! ewton

Subdomains time per Newton Cuts
Steps Taken

1x1x1=1 8331.79 91 4.88 0

1x1%x2=2 4675.22 51 5.00 0

1x1x4=4 3102.14 52 5.65 1

1%2x4=8 2727.95 91 5.04 0

1x2x8=16 1216.14 52 5.71 1

1x4x8=32 517.69 51 5.02 0

1x4%x16=64 618.41 109 5.71 2

1st Stage: GMRES(20), 1e—6 tolerance, 100 max iterations, M,s"= AMG V-
cycle, 1 sweep ILU(0) smoother, coarse solve 1000x1000 with Sparse LU.

2nd Stage: GMRES(20), 1e-3 tolerance, no restarts, M,s" =M, .

Center for

_ _ N Subsurface
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Example 2: A multiscale problem on
non-matching subdomain grids

1st Stage: GMRES(20), 1e-3 tolerance, no restarts, M, 5" = AMG V-cycle, 1

sweep ILU(0) smoother, coarse solve 1000x1000 with Sparse LU.
2nd Stage: GMRES(1), M,s" = 5 Gauss-Seidel iterations.

Center for
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"ﬁ"',,__;f"mple 3: A heterogeneous 10M Cell Probl *'l
{* 7"with mortars on 1024 Processors

Total time steps 1007 Matrix assembly time 86.04
Total Newton iterations 1007  Outer GMRES time 8459.16
Total outer GMRES iterations 2449 Aouserolaer ceeepling i S
Pressure solve GMRES time 1394.55
Average GMRES iterations 2.43
per Newton step Second Stage GMRES time 334099
Average Newton iterations per 1.00 Mass lumping time 0.05
AMEStEp Matrix-matrix multiply time 1206.87
Total time step cuts 0 Total CPU time 8571.76

1st Stage: GMRES(20), 1e-3 tolerance, no restarts, M.’ = AMG V-cycle, 1
sweep ILU(0) smoother, coarse solve 1000x1000 with Sparse LU.

2nd Stage: GMRES(20), 1e-3 tolerance, no restarts, M,s" =M, .

Center for
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Conclusions

 We have developed new mortar algorithms using global linearization
for single and two phase flow.

— Easy to implement, fewer nested iterations and tolerances.

— Inexpensive, showed parallel scalability for nonlinear problems.
— Changed upwinding near interfaces for better fluid transport.

— Applied two-stage preconditioner for parallel scalability.

Center for
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