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Curvilinear Systems of Coordinates

A.1 General Formulas

Given a nonlinear transformation between Cartesian coordinates x;,¢ = 1,...

coordinates u;,j =1,...,3,
z; = x(uy),

we introduce the basis vectors as,

or a(xkek) o 8a:k

= =—e.

4= B_uJ a’LLj an

The corresponding cobasis vectors are given by:

Indeed,

The following general formulas can be easily derived and remembered.
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A.2 Cylindrical Coordinates

In the cylindrical coordinates (r, 6, z),

x =rcosf
y =rsinf (A4
z=2z.
The corresponding basis vectors are :
or
a, =—=e,
or
0
ag = 8_;; =rey (A.5)
or
a,=—=e,
0z
with the unit vectors e,., ey, e, given by:
e, = (cosf,sinf,0)”
ey = (—sinb, cosd, O)T (A.6)
e. = (0,0,1)T.

As the system is orthogonal, the calculation of the cobasis vectors reduces to a scaling only,

a" =e,
o_1 (A7)
a = —€y .
T
a® =e,

Recording the derivatives of the unit vectors with respect to 6,

oe,
00

deq
00

= (—sin6,cos6,0)T = ey = (—cosf,—sinh,0)" = —e, , (A.8)
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we specialize easily general formulas A.3 to the cylindrical case.
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Utilizing the integration by parts formula,
/v -Vordrdddz = — /(V -v)¢ rdrdfdz ,
we can derive the formula for the divergence of a vector field in the divergence form,
10 10vg Ov,
o= - — . A.l
Vo= Ta o)+ i s (A.10)

By the same token, we can utilize the corresponding identity for tensors,

/0' : Vo rdrdfdz = — /(diva) ~vrdrdfdz ,
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to derive the formula for the divergence of the tensor field o,
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Finally, a similar exercise stemming from the formula,
/E~ (V x F)rdrdfdz = /(V x E) - Frdrdfdz ,

yields an equivalent formula for the curl in a slightly different form,

I (1 O, @) . (6ET _ 13(r&)+%) eo+ (%%(TEQ)_ 1%) ..

r 00 0z 0z ror r 00
(A.12)
|
A.3 Spherical Coordinates
In the spherical coordinates (r, v, §),
r = rsiny cosf
y =rsinysinf (A.13)
Z=rcosiy.
The corresponding basis vectors are :
or
ay = —— = €
or
0
ay = i = rey (A.14)
0
ayg = a—g = rsinyey
with the unit vectors e,., ey, g given by:
e, = (sin cos @, sin ) sin 6, cos1p)”
ey = (costcosf,cosysinb, —siny)T (A.15)
ep = (—sinf,cos0,0)" .
As the system is orthogonal, the calculation of the cobasis vectors reduces to a scaling only,
a =e,
¥ 1
a’ = ;e¢ (A.16)
1
(19 = €y .

rsiny
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V-v:2

Vu:2
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Recording the derivatives of the unit vectors with respect to (r, 1, 6),

oe, de, e, .
5 =0 90 = ey 50 =siny ey
8e¢ - 8ew - (961/; -
o =0 oy e, 20 =cos ey (A.17)
%:0 %—29:0 %:—sinwer—coswew7
we specialize easily general formulas A.3 to the spherical case.
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Utilizing the integration by parts formula,
/ v - Vnr?sindrdipdd = — / (V - v)n r?sinapdrdipdd
Q Q

we can derive the formula for the divergence of a vector field in the divergence form,
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By the same token, we can take advantage of the integration by parts formula for tensors,

/ o : Vo r’sinydrdpdd = — / (dive) - v r? sinydrdydd
Q Q

to derive the formula for the divergence of the tensor field o,
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Finally, a similar exercise stemming from the formula,
/ E - (V x F) r?sinvpdrdypd = / (V x E) - Fr?sinedrdydd
Q Q

yields an equivalent formula for the curl in a slightly different form,
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