
A

Curvilinear Systems of Coordinates

A.1 General Formulas

Given a nonlinear transformation between Cartesian coordinates xi, i = 1, . . . , 3 and general curvilinear

coordinates uj , j = 1, . . . , 3,

xi = xi(uj),

we introduce the basis vectors as,

aj =
∂r

∂uj

=
∂(xkek)

∂uj

=
∂xk

∂uj

ek . (A.1)

The corresponding cobasis vectors are given by:

ai =
∂ui

∂xl

el . (A.2)

Indeed,

aj · a
i = (

∂xk

∂uj

ek) · (
∂ui

∂xl

el)

=
∂xk

∂uj

∂ui

∂xl

δkl =
∂xk

∂uj

∂ui

∂xk

= δij .

The following general formulas can be easily derived and remembered.

∇w =
∂w

∂uj

aj

∇ · v =
∂v

∂uj

· aj

∇×E = −
∂E

∂uj

× aj

∇v =
∂v

∂uj

⊗ aj

(A.3)
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A.2 Cylindrical Coordinates

In the cylindrical coordinates (r, θ, z),






x = r cos θ

y = r sin θ

z = z .

(A.4)

The corresponding basis vectors are :






ar =
∂r

∂r
= er

aθ =
∂r

∂θ
= reθ

az =
∂r

∂z
= ez

(A.5)

with the unit vectors er, eθ, ez given by:






er = (cos θ, sin θ, 0)T

eθ = (− sin θ, cos θ, 0)T

ez = (0, 0, 1)T .

(A.6)

As the system is orthogonal, the calculation of the cobasis vectors reduces to a scaling only,






ar = er

aθ =
1

r
eθ

az = ez .

(A.7)

Recording the derivatives of the unit vectors with respect to θ,

∂er

∂θ
= (− sin θ, cos θ, 0)T = eθ

∂eθ

∂θ
= (− cos θ,− sin θ, 0)T = −er , (A.8)
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we specialize easily general formulas A.3 to the cylindrical case.

∇w =
∂w

∂r
er +

1

r

∂w

∂θ
eθ +

∂w

∂z
ez

∇ · v =
∂

∂r
(vrer + vθeθ + vzez) · er

+
∂

∂θ
(vrer + vθeθ + vzez) ·

1

r
eθ

+
∂

∂z
(vrer + vθeθ + vzez) · ez

=
∂vr

∂r
+

vr

r
+

1

r

∂vθ

∂θ
+

∂vz

∂z

∇×E = −
∂

∂r
(Erer + Eθeθ + Ezez)× er

−
∂

∂θ
(Erer + Eθeθ + Ezez)×

1

r
eθ

−
∂

∂z
(Erer + Eθeθ + Ezez)× ez

=

�
1

r

∂Ez

∂θ
−

∂Eθ

∂z

�

er +

�
∂Er

∂z
−

∂Ez

∂r

�

eθ +

�
∂Eθ

∂r
−

1

r

∂Er

∂θ
+

Eθ

r

�

ez

∇u =
∂

∂r
(urer + uθeθ + uzez)⊗ er

+
∂

∂θ
(urer + uθeθ + uzez)⊗

1

r
eθ

+
∂

∂z
(urer + uθeθ + uzez)⊗ ez

=

�
∂ur

∂r
er +

∂uθ

∂r
eθ +

∂uz

∂r
ez

�

⊗ er

+

�
∂ur

∂θ
er + ureθ +

∂uθ

∂θ
eθ − uθer +

∂uz

∂θ
ez

�

⊗
1

r
eθ

+

�
∂ur

∂z
er +

∂uθ

∂z
eθ +

∂uz

∂z
ez

�

⊗ ez

=
∂ur

∂r
er ⊗ er +

∂uθ

∂r
eθ ⊗ er +

∂uz

∂r
ez ⊗ er

+
1

r

�
∂ur

∂θ
− uθ

�

er ⊗ eθ +
1

r

�
∂uθ

∂θ
+ ur

�

eθ ⊗ eθ +
1

r

∂uz

∂θ
ez ⊗ eθ

+
∂ur

∂z
er ⊗ ez +

∂uθ

∂z
eθ ⊗ ez +

∂uz

∂z
ez ⊗ ez

(A.9)

Utilizing the integration by parts formula,
�

v ·∇φ rdrdθdz = −

�

(∇ · v)φ rdrdθdz ,

we can derive the formula for the divergence of a vector field in the divergence form,

∇ · v =
1

r

∂

∂r
(rvr) +

1

r

∂vθ

∂θ
+

∂vz

∂z
. (A.10)

By the same token, we can utilize the corresponding identity for tensors,
�

σ : ∇v rdrdθdz = −

�

(divσ) · v rdrdθdz ,
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to derive the formula for the divergence of the tensor field σ,

divσ =

�
1

r

∂

∂r
(rσrr) +

1

r

�
∂σrθ

∂θ
− σθθ

�

+
∂σrz

∂z

�

er

+

�
1

r

∂

∂r
(rσθr) +

1

r

�
∂σθθ

∂θ
+ σrθ

�

+
∂σθz

∂z

�

eθ

+

�
1

r

∂

∂r
(rσzr) +

1

r

∂σzθ

∂θ
+

∂σzz

∂z

�

ez .

(A.11)

Finally, a similar exercise stemming from the formula,
�

E · (∇× F ) rdrdθdz =

�

(∇×E) · F rdrdθdz ,

yields an equivalent formula for the curl in a slightly different form,

∇×E =

�
1

r

∂Ez

∂θ
−

∂Eθ

∂z

�

er +

�
∂Er

∂z
−

1

r

∂

∂r
(rEz) +

Ez

r

�

eθ +

�
1

r

∂

∂r
(rEθ)−

1

r

∂Er

∂θ

�

ez .

(A.12)

A.3 Spherical Coordinates

In the spherical coordinates (r, ψ, θ),





x = r sin ψ cos θ

y = r sin ψ sin θ

z = r cos ψ .

(A.13)

The corresponding basis vectors are :





ar =
∂r

∂r
= er

aψ =
∂r

∂ψ
= reψ

aθ =
∂r

∂θ
= r sinψeθ

(A.14)

with the unit vectors er, eψ, eθ given by:





er = (sin ψ cos θ, sin ψ sin θ, cos ψ)T

eψ = (cos ψ cos θ, cos ψ sin θ,− sin ψ)T

eθ = (− sin θ, cos θ, 0)T .

(A.15)

As the system is orthogonal, the calculation of the cobasis vectors reduces to a scaling only,





ar = er

aψ =
1

r
eψ

aθ =
1

r sinψ
eθ .

(A.16)
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Recording the derivatives of the unit vectors with respect to (r, ψ, θ),

∂er

∂r
= 0

∂er

∂ψ
= eψ

∂er

∂θ
= sin ψ eθ

∂eψ

∂r
= 0

∂eψ

∂ψ
= −er

∂eψ

∂θ
= cos ψ eθ

∂eθ

∂r
= 0

∂eθ

∂ψ
= 0

∂eθ

∂θ
= − sin ψ er − cos ψ eψ ,

(A.17)

we specialize easily general formulas A.3 to the spherical case.

∇w =
∂w

∂r
er +

1

r

∂w

∂ψ
eψ +

1

r sinψ

∂w

∂θ
eθ

∇ · v =
∂

∂r
(vrer + vψeψ + vθeθ) · er

+
∂

∂ψ
(vrer + vψeψ + vθeθ) ·

1

r
eψ

+
∂

∂θ
(vrer + vψeψ + vθeθ) ·

1

r sinψ
eθ

=
∂vr

∂r
+ 2

vr

r
+

1

r

∂vψ

∂ψ
+

vψ

r tan ψ
+

1

r sinψ

∂vθ

∂θ

∇×E = −
∂

∂r
(Erer + Eψeψ + Eθeθ)× er

−
∂

∂ψ
(Erer + Eψeψ + Eθeθ)×

1

r
eψ

−
∂

∂θ
(Erer + Eψeψ + Eθeθ)×

1

r sinψ
eθ

=

�
1

r

∂Eθ

∂ψ
−

1

r sin ψ

∂Eψ

∂θ
+

Eθ

r tan ψ

�

er +

�
1

r sin ψ

∂Er

∂θ
−

∂Eθ

∂r
−

Eθ

r

�

eψ +

�
∂Eψ

∂r
−

1

r

∂Er

∂ψ
+

Eψ

r

�

eθ

∇u =
∂

∂r
(urer + uψeψ + uθeθ)⊗ er

+
∂

∂ψ
(urer + uψeψ + uθeθ)⊗

1

r
eψ

+
∂

∂θ
(urer + uψeψ + uθeθ)⊗

1

r sin ψ
eθ

=

�
∂ur

∂r
er +

∂uψ

∂r
eψ +

∂uθ

∂r
eθ

�

⊗ er

+

�
∂ur

∂ψ
er + ureψ +

∂uψ

∂ψ
eψ − uψer +

∂uθ

∂ψ
eθ

�

⊗
1

r
eψ

+

�
∂ur

∂θ
er + ur sinψeθ +

∂uψ

∂θ
eψ + uψ cosψeθ +

∂uθ

∂θ
eθ + uθ(− sin ψer − cos ψeψ)

�

⊗
1

r sinψ
eθ

=
∂ur

∂r
er ⊗ er +

∂uψ

∂r
eψ ⊗ er +

∂uθ

∂r
eθ ⊗ er

+
1

r

�
∂ur

∂ψ
− uψ

�

er ⊗ eψ +
1

r

�
∂uψ

∂ψ
+ ur

�

eψ ⊗ eψ +
1

r

∂uθ

∂ψ
eθ ⊗ eψ

+
1

r sin ψ

�
∂ur

∂θ
− uθ sin ψ

�

er ⊗ eθ +
1

r sin ψ

�
∂uψ

∂θ
− uθ cosψ

�

eψ ⊗ eθ

+
1

r sin ψ

�

ur sinψ + uψ cosψ +
∂uθ

∂θ

�

eθ ⊗ eθ

(A.18)
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Utilizing the integration by parts formula,
�

Ω

v ·∇η r2 sinψdrdψdθ = −

�

Ω

(∇ · v)η r2 sinψdrdψdθ ,

we can derive the formula for the divergence of a vector field in the divergence form,

∇ · v =
1

r2

∂

∂r
(r2vr) +

1

r sin ψ

∂

∂ψ
(vψ sin ψ) +

1

r sinψ

∂vθ

∂θ
. (A.19)

By the same token, we can take advantage of the integration by parts formula for tensors,
�

Ω

σ : ∇v r2 sin ψdrdψdθ = −

�

Ω

(divσ) · v r2 sinψdrdψdθ ,

to derive the formula for the divergence of the tensor field σ,

divσ =

�
1

r2

∂

∂r
(r2σrr) +

1

r

�
1

sin ψ

∂

∂ψ
(σrψ sin ψ)− σψψ

�

+
1

r

�
1

sin ψ

∂σrθ

∂θ
− σθθ

��

er

+

�
1

r2

∂

∂r
(r2σψr) +

1

r

�
1

sin ψ

∂

∂ψ
(σψψ sin ψ) + σrψ

�

+
1

r

�
1

sin ψ

∂σψθ

∂θ
−

σθθ

tanψ

��

eψ

+

�
1

r2

∂

∂r
(r2σθr) +

1

r

�
1

sin ψ

∂

∂ψ
(σθψ sin ψ) + σrθ

�

+
1

r

�
1

sin ψ

∂σθθ

∂θ
+

σψθ

tanψ

��

eθ .

(A.20)

Finally, a similar exercise stemming from the formula,
�

Ω

E · (∇× F ) r2 sinψdrdψdθ =

�

Ω

(∇×E) · F r2 sin ψdrdψdθ ,

yields an equivalent formula for the curl in a slightly different form,

∇×E =
1

r sin ψ

�
∂

∂ψ
(sin ψEθ)−

∂Eψ

∂θ

�

er +
1

r

�
1

sin ψ

∂Er

∂θ
−

1

r

∂

∂r
(r2Eθ) + Eθ

�

eψ

+
1

r

�

−
1

sinψ

∂(sin ψEr)

∂ψ
+

Er

tan ψ
+

1

r

∂

∂r
(r2Eψ)− Eψ

�

eθ

=
1

r sin ψ

�
∂

∂ψ
(sin ψEθ)−

∂Eψ

∂θ

�

er +
1

r

�
1

sin ψ

∂Er

∂θ
−

∂(rEθ)

∂r

�

eψ +
1

r

�
∂(rEψ)

∂r
−

∂Er

∂ψ

�

eθ .

(A.21)


