EM311M Notes

1 Kinematics of a particle

Definitions

position vector

r =r(t)
velocity vector
) dr
vV=r = —
dt
speed
v
acceleration vector
a=v="

tangential and normal acceleration vectors

(o)
a,=|a — |
[v[/ o]

a,=a— a;

Cartesian coordinates
r=zt+yj+zk
v:r:(:m+y,7+zk)':\x/z+\y/,7+\z/k
Vg vy Uy

Soa, =0, =1,....



Rectilinear motion

Vi=U, =2 =3§

a:=0; =0=2§

d d
a:d—z, v:d—i:>ad5=vdv
Cylindrical coordinates
x =rcosf
y =rsinf
2=z
cylindrical unit vectors
a, = — = (cos#,sinb, e, = = (cosf,sin b,
gr la,|
ap = g—z = (—rsinf,rcosf,0) ey = % = (—sin#, cosf,0)
r a,
z:_:()aoal Z:—:070:1
a.= 50 = (0,01 .= o = (0,0.1)
derivatives of unit vectors
oe, )
é?e@ = (—sin#,cosf,0) = ey
% = (—cosf,sinh,0) = —e,
de, .
6 = ai) 0 = fe
¢ = 2% — _je
7 90 — r



position, velocity and acceleration vectors

r =re,+ ze,

v =7=(re, +z2€,) =re +1 T +ie, + X3
' bey =0
=l etllet f e
vp . Ve Uz
a = (e, + rfey+ ze,)
= (fe, + 7 €, —l—f“é@g + Téee + 6 €y +Ze,)
~~ ~
. beo ; . —oe;
= gr — 7“02)Je,« + \(r& + 27'“9)}39 + \'Z;_/ez

~"

~
ap €9

Gz

Frenét coordinates

path - oriented curve with an origin O,

+
position (natural parameter) of a particle - — distance from the particle to origin O*, mea-
sured along the path,

No representation for the position vector.

Velocity vector

_dr_dr ds_ .
T W T ds dt T =~
\e,-/ v
t

e; - unit vector, tangent to the path, with orientation consistent with the path

Acceleration vector

v se, 1+ g6 se, 1+ .de;
a=— =35e + s€ = Se; + §—35§
dt ds
2 . . det _ . det . . .
e; = 1 implies 2e; - °* = 0, i.e. % is perpendicular to the tangent line.
Introducing:
e curvature p = [4€¢|,
d€;
e unit (principal) normal vector e, = &

e radius of curvature p = pu 1,



we get,

. §?

a=_s e + ; e,
at ~~
an

Vectors ey, e,, and binormal unit vector e, = e; X e, define Frenét system of coordinates.
Velocity has only tangential component, and acceleration has only tangential and principal
normal components.
For a planar curve y = y(z),
Il|

_ly
1+ ()7

2 Equations of motion

ma = F
Cartesian coordinates
ma, =mi =F,
ma, =my =F,
ma, =mz F,
Cylindrical coordinates
ma, = m(i —rf®) =F,

ma, = m(rf +270) = F,

ma, = mz = F,
Frenét coordinates
ma; = mS =F,
52
man, = m- = Iy
0 F,



3 Principle of Work and Energy

Work of a force (field) F' along curve AB

U12=/ F-dr:/u2 <F dR) du
AB u1 du

where r = r(u),u; < u < ug,r(u;) = A, r(uy) = B is a parameterization for the curve.
Single particle
dv ds
-, V= —
dt dt
mv dv =ma; ds = Fids = F - dr
~—~~
Fy

v2 ’r2
/ mv dv = F -dr
v1 T

ap = = a;ds = vdv

muy _mvy "
2 2 T
SN~ M~
T2 Tl U12
T+ Up="1T
System of particles
2
m, z 1 miV; o

Z + Z Uzait?lve Z Uzreiz;ctlve _ Z 2 s
For particles connected Wlth inextensible cables or links, the work of reactive forces can be
neglected.

Case of two particles connected with a rigid link
AB AB
Ry=—-R——, Rgp=R———
! RIABI’ "7 7AB|

AB? = (rg —r4)* = const

2AB - (drp —dry) =0

AB AB

2 V) drs =0
RaB| ‘“’”( |AB|)> ra
R; R,

4 Conservative Forces

A force field F is conservative if the work done by F' along any closed path is zero. If F' is
defined in a simply connected domain then the following conditions are equivalent to each
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other.

i F is conservative,

ii There exists a potential (energy) V such that
F—--VV
iii Vx F =0.

Cartesian coordinates

ov. V. 8Vk

VV =—it+ — —
8x1+ dy * 0z
0F; O0F, 0Fy, O0F; 0Fy, OF,
VX F = — — _
% <8x2 8:1:3 ’ 8333 6371 ’ 83:1 83:2)
Polar coordinates oy LoV
VV=grer e
Examples of conservative forces
Weight
F =(0,0,—-W)
V=Wz+c
Gravitational force
GMmr
F=— -
r2 r
GM
v=""o
Spring force
F = kAL~
r
EALZ
V= 5 +c

Here r = (z,y, z) is position vector, r = |r|, and A = r — [y is the stretch of the spring (lo
denotes the unstretched length).



5 Principle of Linear Impulse and Momentum

Single particle

mv =F
2
mvy — Mo, = F dt
t1
to
muv; + F dt = muvy
~—— t1 ——
initial momentum “—~~—" final momentum
impulse
Frenét coordinates version
mv =F
t2
Mmuy — muvy = F, dt
t1
t2
mu; + F.dt = MUy
N~ t1 N~
initial momentum —— final momentum

tangential impulse

System of particles

to .
active _
E m;v; 1 +/ F dt = E m;v; 2
S— t1 N—

initialmomentum . final momentum
impulse

6 Principle of Angular Impulse and Momentum

Single particle A. Point O fixed, r = OA
mv = F
rxmv=rxF

But
(rxmv) = 7 Xmo+rXmd=rxmv,
v



SO
(r x mo) = px F
N——— N——
angular momentum H o moment NV o

t2
r X mv; + | Mop(t)dt = X mvy
—_—— t —_——
initial angular momentum  “>———-— final angular momentum
angular impulse

System of particles. Point O fixed, r; = OA;

(znxm ) Srocr

/

H o, M °
Hiéﬁtial i / Mo(t) dt = ngnal

t1

System of particles. Point O - fixed, C - center of mass

=CO x Zmivi + ZOAZ X m;vV;

From the definition of center of mass, M = Z m,; - total mass,
i
_ ximiOA;
M

ocC

M v, :imivi
So p
He =COxMvc+Ho /-
H: =—-ve x Mvc+ CO x Mve+ Ho
—COXZF +ZOA x F;
—Z CO+OA)XF
:ZCAixFZ-:Mc



7 Kinematics of a Rigid Body

For arbitrary points P and A on the rigid body

Vp =Vy + w xAP
P A A ,
angular velocity vector

ap=au+ Q@ XAP +w X (wx AP)

angular acceleration vector

8 Moving Frame of Reference

The frame of reference is identified with a Cartesian system with origin at point A, angular
velocity vector €2, and unit vectors e;.

Time derivative of a vector-valued function f(¢) =>_ f;(t)e:(?).

f ZZfiei-i-Zfi &

. ’ Qxei
= Zfiei +Q x (Z fie:)
= f|rel +Q X f
—~

relative time derivative

Velocity and acceleration
OP =0A+ AP

vp =va+ AP|q+Q x AP
N——

UP,rel
ap =as+ UP,re1|re1 +£ x VPp,rel +Q2x AP+ QX (UP,rel + Q x AP)
—
X a’P,rel
:CLA+QXAP+QX(QXAP)+ Q p rel + QQX'UP,rel
N ~ s ————r ———
rigid body acceleration relative acceleration = Coriolis acceleration



9 Rigid Body Kinetics

Tensor(matrix) of inertia. For O fixed, or O = C, center of mass,

HO: w

Io
~—~
inertia tensor

Equation of rotational motion for a rigid body. For O fixed, or O = C, center of

mass,
HO = MO implies (Iow) = Mo

In a system of coordinates rotating with angular velocity vector €2, in which Io =0,

Iow‘rel-i-g X (Iow) = Mo

In 2D, Iow = (0,0, [ow), Mo = (0,0, Mp) imply

Ioa = MO

10 Kinetic Energy of a Rigid Body
Arbitrary motion
T - %Zmi(vc +wx CP;)?
_ %émz (vE +2vc 0 (w x CP;) + (w x CP;)?)

== lZmivé—i—vcow X ZmZCPZ—F%ZmZ(w XCP.L')2

2
—————
0
In 2D,
(wx CP;)* = (:zcz2 + yf)w2
S0,
> mi(w x CP;)? =Y mi(a] +y7)w’
N ~ _

and,

T = 1M 24 11 2

= 9 ’Uc 5 cw
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Rotation about a fixed point O, d = |OC|.

1 1
T = iné + §ICw2
1

1
= §M(wd)2 + 510w2

1

Io
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