The outgoing expansion

Let 7 be a box (green).
Let ¢, be the center of 7 (black).
Let y; be source locations in 7 (red).

Let g; be the strength of source j.

Let x; be targets well separated from 7 (blue).

Let u denote the potential

u(x;) = qu log(x; — y;).

The outgoing expansion of T is a vector ¢ = [y

(1) u(@) = do log |z — e+ 4y
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p=0 of complex numbers such that
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The outgoing expansion is a compact representation of the sources inside 7

(it encodes both the source locations and the magnitudes).




The incoming expansion

Let 7 be a box (green).
Let ¢, be the center of 7 (black).

Let y; be sources well-separated from 7 (red).

Let g; be strength of source j.
Let x; be targets inside 7 (blue).
Let u denote the potential

u(x;) = qu log(x; — y;).

The incoming expansion of T is a vector & = [ﬂp]f;o of complex numbers such that
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The incoming expansion is a compact representation of the sources well-separated from 7
(it encodes both the source locations and the magnitudes).




The outgoing-from-sources translation operator Tl

Let 7 be a box (green).
Let ¢, be the center of 7 (black).
Let {yj}ij be source locations in 7 (red).

Let g; be strength of source j.

The operator TgOfS) constructs the outgoing expansion directly from the vector of charges.
g, _ -I-S_ofs) q
(P+1)x1 (P+1)x N N;x1
f .
T =1 1<j< N
(ofs) 1 p
Tij— _<yj CT) 1§p§P ]-S.]SNT



The outgoing-from-outgoing translation operator TS?}EO)

Let 7 be a box (green).
Let ¢, be the center of ¢, (black).
Let o denote a box contained in 7. .\.

Let ¢, denote the center of o (red).

Let g, be outgoing expansion of o.

T§?f,0> constructs the outgoing expansion of 7 from the outgoing expansion of o

~ ofo A
qr — TS’,O') qds
(P+1)x1 (P+1)x(P+1) (P+1)x1

With d = ¢, — ¢, TS?f,O) is a lower tridiagonal matrix with entries

(ofo)
TT,O’,O,O =1

ofo 1
T(f) — —d 1<p<P

7-70-7pa0 — —

Tlolo) = <p>dpq 1<qg<p<P

T,O‘,p,q o q



The incoming-from-outgoing translation operator Tg{f;’)

Let o be a source box (red) with center c,.
Let 7 be a target box (blue) with center ¢;. /

Let g, be the outgoing expansion of o.
Let w, represent the potential in 7 caused by /

sources in o.

Tgi,f((,)) constructs the incoming expansion of 7 from the outgoing expansions of o:

~ if A
Ur — T7('1,<;)> qs

(P+1)x1 (P+1)x(P+1) (P+1)x1

With d = ¢, — ¢, Tgiff) i1s a matrix with entries

Tlofo)

T,O-,p,q o



The incoming-from-incoming translation operator Tgf,)

Let 7 be a box (green) with center ¢, (black).
Let o be a box (blue) containing 7 with center ¢, . .\.

Let 1, be an incoming expansion for o.

ifi . . . . . .
T&,(,) constructs the incoming expansion of 7 from the incoming expansion of o

'a'T — Tg'l,{g) '&o
(P+1)x1 (P+1)x(P+1) (P+1)x1

With d = ¢, — ¢, Tgif,) is a matrix with entries

TG 9

T,O-,p,q o



The targets-from-incoming translation operator Tgﬁ)

Let 7 be a box (green).
Let ¢, be the center of 7 (black).
Let {wz}fVT be target locations in 7 (blue).

Let w, be the incoming expansion of 7.

Tgtﬁ) constructs the potentials in 7 from the incoming expansion

T (¢6) .

Ur — U+

N; x 1 N x(P+1) (P+1)x1

(tfi) —(iBi — ¢, )P 1 << N,

T,%,p - -

T



How do you compute the expansions of a box?



Computing the outgoing expansion of a leaf

Let 7 be a box (green).
Let ¢, be the center of 7 (black).
Let {yj}j.vT be source locations in 7 (red).

Let g; be strength of source j.

There is an analytic formula:

N, | N
o= q dp=—— D 4
j=1 P
We write the formula compactly as
qr = Tq(-OfS) qr.




Computing the outgoing expansion of a parent

Let 7 be a box (green).

Let ¢, be the center of 7 (black).

Let ESChﬂd) denote the children of 7.

Let ¢, be the center of child o.

Let g, be the outgoing expansion of child o.

The outgoing expansion of 7 can be computed from the outgoing expansions of its children:

qr = Z Tg-?ffo) Qo -

O_Eﬁg_child)



Computing the incoming expansions on level 2

;
»

Let 7 be a box on level 2 (green).

Let ¢, be the center of 7 (black). \

The well-separated boxes on level 2 are red.

o o

The incoming expansion of 7 is computed from the outgoing expansions of boxes in its

Z -I—(1f0

Eﬁs-lnt)

interaction list



Computing the incoming expansions on level ¢/ when ¢ > 2

Let 7 be a box on level ¢ = 3 (green).
Let v be the parent of 7 (blue). x x x

Let u! denote the potential caused by charges

that are well-separated from 7 — these are

charges in the boxes marked with red dots and x x .\\ ‘ /

’

crosses. We have

T

v
Uiy — Uiy —|-?),

r
\

|

where u; is the incoming field for 7’s parent

(caused by the boxes with red crosses), and v ./

is the field caused by boxes in the interaction y y

list of 7 (boxes with a red dot). / 0/

The field ui, was computed on the previous level and is represented by w,.

The field v is computed by transferring the outgoing expansions ¢, for o € C(Tint).

G - TWa, + Y T,

O'E,Cg-int)



THE CLASSICAL FAST MULTIPOLE METHOD IN R2

. Construct the tree and all “interaction lists.”

. For each leaf node, compute its outgoing expansion directly from the charges in the box

via the outgoing-from-sources operator.

. For each parent node, compute its outgoing expansion by merging the expansions of its

children via the outgoing-from-outgoing operator.

. For each node, compute its incoming expansion by transferring the incoming expansion
of its parent (via the incoming-from-incoming operator), and then add the contributions

from all charges in its interaction list (via the incoming-from-outgoing operator).

. For each leaf node, evaluate the incoming expansion at the targets (via the

targets-from-incoming operator), and compute near-field interactions directly.



Construct the tree and all interaction lists.

BETEETEE
sunzans

Let L denote the number of levels in the tree.



Set all potentials to zero:

For all boxes 7

Set the potential to zero:



Compute the outgoing expansion on each leaf via application of the

outgoing-from-source operators:

loop over all leaf nodes 7
qr = TS'OfS) Q<J7')

end loop




Compute the outgoing expansion of each parent by merging the expansions of its children via

application of the outgoing-from-outgoing operators:

loop overlevels { =L —1, L —2,...,2
loop over all nodes 7 on level £
. fo) -
qr = Zaeﬁ(Tchild) Tg(,)ao) ds
end loop

end loop




Add contributions from boxes in the interaction list of each box via the

incoming-from-outgoing operators:

loop over all nodes 7

~ ~ ifo) -
’U,T — ’U,7- + ZJEﬁ(int) T’S’,O') qO"

end loop




Add contributions from boxes in the interaction list of each box via the

incoming-from-outgoing operators:

loop over all nodes 7

~ ~ ifo) -
’U,T — ’u,7- + ZJEﬁ(int) T’S’,O') qO"

end loop
Al
o| o e
o o e
o /T\
V éd|le|e |




Add contributions from the parent of each box via via the incoming-from-incoming operators:

loop over levels ¥ =2, 3,4, ..., L—1
loop over all nodes 7 on level £
loop over all children o of 7
Gy = Ty + TS Gy
end loop
end loop

end loop




Compute the potential on every leaf by expanding its incoming potential via the

targets-from-incoming operators:

loop over all leaf nodes 7
u(J;) =u(J,) + T g,

end loop




Add to the leaf potentials the interactions from direct neighbors:

loop over all leaf nodes 7
w(J;) =u(J;)+ A J-)q(J:) + Zaecgneg A(J:, J5)q(Js)

end loop

...............
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Set w, = 0 and g, = O for all 7.

loop over all leaf nodes 7
qr = T7('Ofs> q(J7)

end loop

loop over levels ¢ =L, L —1, ..., 2

loop over all nodes 7 on level £

A

A ofo
qr — deﬁ(child) Tg-,g ds
end loop

end loop

loop over all nodes T

~ ~ (ifo) 4
Ur = Ur + Zaeﬁ(int) TT,O qs-

end loop

loop over levels ¥ =2, 3,4, ..., L—1
loop over all nodes 7 on level ¢
loop over all children o of 7
Gy = Gy + TOD 4, .
end loop
end loop

end loop

loop over all leaf nodes 7
w(J;) =T 4.

end loop

loop over all leaf nodes 7
w(J;) =u(J;)+ A, Jr) q(J;)
+ ZUEE(Tnei) A<J7'7 Ja) q(Ja)

end loop




Now let us consider a non-uniform tree.



Construct the tree and all interaction lists.
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Let L denote the number of levels in the tree.




Set all potentials to zero:

For all boxes 7

Set the potential to zero:



Compute the outgoing expansion on each leaf via application of the

outgoing-from-source operators:

loop over all leaf nodes 7
qr = TS'OfS) Q<J7')

end loop




Compute the outgoing expansion on each leaf via application of the

outgoing-from-source operators:

loop over all leaf nodes 7
qr = TS'OfS) Q<J7')

end loop




Compute the outgoing expansion of each parent by merging the expansions of its children via

application of the outgoing-from-outgoing operators:

loop overlevels { =L —1, L —2,...,2
loop over all nodes 7 on level £
A fo) -
qr = Zaecg_child) Tg(,)ao) qdos
end loop

end loop




Add contributions from the parent of each box via via the incoming-from-incoming operators:

loop over levels ¥ =2, 3,4, ..., L—1
loop over all nodes 7 on level £
loop over all children o of 7
o = g + T5Y iy
end loop
end loop

end loop

\




New: Some leaves 7 (e.g. the green one below) must collect contributions to their potentials

from outgoing expansions on boxes o (red) on finer levels via the targets-from-outgoing operator:

loop over all nodes leaf 7
(tfo) 4
w(Jy) = w() + 5, o T g

end loop




New: Some leaves 7 (e.g. the green one below) must collect contributions to their potentials

from outgoing expansions on boxes o (red) on finer levels via the targets-from-outgoing operator:

loop over all nodes leaf 7
(tfo) 4
w(Jy) = w() + 5, o T g

end loop




New: Some boxes 7 (e.g. the green one) must collect contributions to their incoming expansions

directly from the sources in some leaves o (red) via the incoming-from-sources operator:

loop over all nodes 7
. . if
Ur = Ay + 3 T g(,).

end loop




New: Some boxes 7 (e.g. the green one) must collect contributions to their incoming expansions

directly from the sources in some leaves o (red) via the incoming-from-sources operator:

loop over all nodes 7
. . if
Ur = Ay + 3 T g(,).

end loop




Add contributions from the parent of each box via via the incoming-from-incoming operators:

loop over levels ¥ =2, 3,4, ..., L—1
loop over all nodes 7 on level £
loop over all children o of 7
Gy = Ty + TS Gy
end loop
end loop

end loop




Compute the potential on every leaf by expanding its incoming potential via the

targets-from-incoming operators:

loop over all leaf nodes 7
u(J;) =u(J,) + T g,

end loop




Add to the leaf potentials the interactions from direct neighbors:

loop over all leaf nodes 7
w(J;) =u(J;)+ A J-)q(J:) + decsnei) A(J:, J5)q(Js)

end loop




Add to the leaf potentials the interactions from direct neighbors:

loop over all leaf nodes 7
w(J;) =u(J;)+ A J-)q(J:) + decsnei) A(J:, J5)q(Js)

end loop

i .:\ ¥




Set ., = 0 and g, = 0 for all 7.

loop over all leaf nodes 7
G, = T q(1.)

end loop

loop over levels { =L, L —1, ..., 2
loop over all nodes 7 on level ¢
. fo) 4
qr — Z oeclohild) Tgoa()) do
end loop

end loop

loop over all nodes T
Uy =ur +)

end loop

ifo) A
e int) T8 o

loop over all nodes T
Ur = Uy + Z e TS%) q(Js).

end loop

L—1

loop over all nodes 7 on level /¢

loop over levels ¢ =2, 3, 4, ...,

loop over all children o of 7
Gy = Gy + ToW 4.
end loop
end loop

end loop

loop over all leaf nodes 7
w(J;) =T a,

end loop

loop over all nodes T

u(Jr) = u(Jr) + 2,

end loop

(tfo) -
£(3) TT o ) qo-

loop over all leaf nodes 7
w(J;) =u(J;) + A, Jr) q(Jr)
+ ZUEE(Tnei) A<J7'7 Ja) Q(Ja)

end loop




A summary of the lists needed:

bl Phe children of T

£§parem) The parent of 7.

LS“G” For a leaf box 7, this is a list of the leaf boxes that directly border 7.
(nei)

For a non-leaf box, £;  is empty.

L’Sm) A box o € LS““ iff o and 7 are on the same level,
o and 7 are well-separated,

but the parents of 0 and 7 are not well-separated.

ﬁg’) For a leaf box 7, a box o € ES’) iff o lives on a finer level than 7,
T is well-separated from o, but 7 is not well-separated from the parent of o.

(3)

For a non-leaf box 7, L7’ is empty.

L’g) The dual of LS’). In other words, o € 5(74) if and only if 7 € E((;?’).



A summary of the translation operators:

57




