
Homework 11 
 

11.12) Prove that if 2ns > , then ( ) ( )nns RCRH 0⊂ , and there is a constant C  such that 
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where the inequality denoted by “CS” uses Cauchy-Shwarz. 
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Note that nC  is the area of the unit sphere in nR . 

This integral is finite if 121 −<−− sn , which will hold if 2ns > . 
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Continuing from above we now have ∞<≤≤ Mff sHL
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Now the Riemann-Lebesgue lemma implies 0Cf ∈ . 

Combining (1) and (2) we now obtain 
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11.19) Give a counterexample to show that the Riemann-Lebesgue lemma does not hold for all 

functions in 2L .  That is, find a function ( )RLf 2∈  such that f̂  is not continuous. 

 

We can easily do this by “working backwards.” 
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Then ( )RLf 2∈  and f̂  is not continuous. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

11.20) Show that ( )ns RH∈δ  if and only if 2ns −< . 

 

( )( ) ( ) ( ) ( )

2112

1111ˆ

0

1222
22

ˆ

2
22

nsns

drrrdttLtLttH nsnn
Polars

n
s

n
s

s

n

−<⇔−<−+⇔

⇔∞<+⇔∞<+⇔∈+⇔∈+⇔∈ ∫∫
∞

−
=

αβββδδ
βδ

Note that the iff denoted by “Polar” switches to polar coordinates and the iff across the line break 
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11.21) Show that the integral equation ( ) ( ) ( )xfdyyuexu yx =+ ∫
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solution ( )RLu 2∈  for every ( )RLf 2∈ , and give an expression for u  in terms of f . 

 

 

 

Existence 
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We need to verify that 2Lu∈  when 2Lf ∈ .  Since F is an isometry we obtain: 
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Note that the equality denoted by “*” uses ( ) ( )tt nn φβφβ −− =ˆ  for this specific ( )tφ . 
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Uniqueness 

Assume vu,  both solve the original problem. 

Then fuu =∗+φ  and fvv =∗+φ .  Subtraction yields ( ) ( ) 0=−∗+− vuvu φ .  Taking the 

Fourier transform of this yields ( )( ) ( ) ( )( ) 0ˆˆˆ1 =−+ tvtutnφβ , which implies that ( ) ( )tvtu ˆˆ =  almost 

everywhere. 


