Homework set 8 — APPM5450 Spring 2007 — Solutions/Hints

Problem 11.1: For (b) prove that all the elements of the sub-base are convex just as you proved
that balls in an NLS are convex. Then prove that any intersection of convex sets must be convex,
which shows that the base must be convex. For (c), pick any =,y € X. Since (po)aca separates
points, there is a § € A such that pg(z — y) is non zero. Set ¢ = pg(z — y)/3. Then the sets
Qp={2z€X: pg(x—2) <e}and Qy ={z € X : pg(y— 2) < ¢} are open disjoint neighborhoods
of z and y, respectively.

Problem 11.2: [Note: It is necessary to assume that (pn)o2, separates points.]

First prove that for any non-negative numbers a, b, and ¢ such that a < b+ ¢ we have
a b c
< + .
l+a - 1+b 1+c¢
This is easily done by just multiplying both sides by (1 + a)(1 + b)(1 + ¢). This shows that if p is
a semi-norm, then

p(z —y) p(x —2) p(z —y)
1+p(x —y) = L+p(x—2) ” 1+p(z—y)

, Vr,y,z € X.

Then
d(x,y)zziw 52;( pa(r=2) . palz—y) >:d(a:,z)+d(z,y).
n=1

27 1+ pp(z —y) l+pp(z—2) 14+pu(z—vy)

n=1

So d satisfies the triangle inequality.

We next need to prove that d(z,y) = 0 iff x = y. Suppose z = y. Then p,(x — y) = 0 for all
n, so d(x,y) = 0. Suppose next that x # y. Then for some ng we have p,,(z —y) > 0, and so

d(z,y) = 27" pug(x — y) /(1 + pno(z — y)) > 0.

It remains to prove that the metric 73 induced by d equals the topology T induced by the family
of semi-norms.. Suppose z; — x in 7. Fix € > 0. Pick IV such that Z?:NH 27" < e. Then

o0
1 pp(z— Dn az—x]) .
d j ——<e+ —_ — 00.

(z,25) = Z o1 pn(x $j Z M1+ pp(x — ;) & as j

Since € was arbitrary, d(z,z;) — 0 and so z; — z in T5. Now suppose z; does not converge to
x in 7. Then for some seminorm p,,, there exists a ¢ > 0 and a subsequence (xj, ) such that
Pno (x5, —x) > €. Then

(2, ©) > 270 png (25, — ) /(1 + pno(x —y)) > 27 e/(1 +¢)

so x; does not converge to x in 7y either.

Problem 11.6: We find that

(D(loga]) @) = —({log 2] &) = - /R log |z] /() dz
= _;j_r)% {/_: log(—x)¢'(z) dx + /:O log(z)¢' () da:} .

— (log |z| ¢') = — hm{[log( z)p(x)] "5, — /_E _ixcp(x) dx+

—0o0

[log()p ()] + / L@ r)
= (PV(1/x), ¢) + lim {log(e) (12(e) — ¢(-€)) }

Partial integrations yield



2

Since

< 2¢||ell1,0

/ 7) do

and hm{slog e} = 0, we find that lim {log ) ((e —e))} =0.

lo(e) —

Problem 11.7: First prove that z-§(z) = 0 and that - PV(1/z) = 1 (using the regular rules for
the product between a polynomial and a Schwartz function). Suppose that - is distributive and
can pair any two distributions. Then on the one hand we would have

O(z) -z -PV(1l/z) =6(x) - (x-PV(1/z)) = () - 1 = 0(x).
But we would also have
d(z) -z -PV(1/z) = (z-6(x)) - PV(1/z) =0-PV(1/z) = 0.

This is a contradiction.

Problem 11.8: Fix ¢ € S. Set o = [ ¢, and define

1) via) = [ (o) - aw(a) da
—00
Obviously, ¢ € C*°, and
(2) p(z) = aw(x) + /().
Moreover, we find that if n > 1, then
18]Ik = [1(1+ [22)* 2],
=11+ 22" — aw™ )|y < |lelln-1k + o] [|0]ln—1,5-
It remains to prove that for any k,
sup(1 + |z[*)*?[¢h(2)| < oo

First consider x < 0. Then for any k, we have

sup(1 + |z[*)*/2[¢(x)|
<0

1
< k)2 o
imsup [(1-+ o) /- i o do

1
+lal(1+ [+ /_OO WHWHO,I@—W dy| < oo.

To prove the corresponding estimate for x > 0, we use that since

/x (¢(2) — aw(z)) dz —|—/Oo (¢(2) — aw(z)) dz =0,

—00

=y(x)
we can also express 1 as

Then proceed as in the bound for x < 0.



Problem 11.10:
(a) Fix h. We need to prove that if ¢, — ¢ in S, then 7,0, = T in S.

Suppose that ¢, — ¢ in S. Fix a, k. Then
k/2 | Ao k/2 qa
Pa k() = sup(1+ [y2)"* [0%p(y — B)| = sup(1 + [z + B*)"/* |0%¢(x)|
Y T
2 2\k/2 | qa
<sup(1+42|z]* 4+ 2|h]*)"7 [0%(x)|.
Now use that 1+ 2|h|? + 2|z]? < 2(1 + |h[?)(1 + |z|?) to get
k/2
Pak(mnp) < sup(2(1+ |2[2)(1+ %)™ 0% ()]
= 221 4 ()2 sup (1 + o) "2 0% ()| = 25/2(1 + |B2) 2 pa ().
Now we can easily prove that 74, — ¢ in S. We have

Pak(Thon — ) = Pak(Th(pn — ©)) < 262(1+ [1[)* 2 pa k(o0 — ©).

Since pq i (¢n — ©) — 0 by assumption, it follows that p, i (Then — The) — 0, and since «, k were
arbitrary, it follows that 7,0, — Thp in S.

b) Fix ¢ € S. We will first prove that 7,¢ — ¢ in S when h — 0 in R%.
®

Fix o and k. We need to prove that p, (7,9 — ¢) — 0 as b — 0. To this end, fix a real number
R (to be determined) and observe that

Pak(The — @) = Sl;p(l + [2)*210%(p(x — h) — p(@))|

< sup (1+ [2[*)*?|0%(x)| + sup (1 + [[*)*|0% (@ — k)| + sup (1 + [z[*)*"*|0%(p(x — h) — ¢(x))] .
|z|>R |z|>R |z|<R

=:c1 =:ic2 =:c3

Fix € > 0. Since 0%p decays faster than any polynomial, we can find a number R such that
c1 + ¢ < e. To handle c3, we observe that

1
/h'V(ﬁaw(w—th))dt <l|hli sup 107w = Ihli sup le
0 1Bl=lal+1 1Bl=lal+1

0%(p(z = h) — p(x))] =

076'

It follows that

e3 < (1+RH2|h)y sup  ||gllos-
18I=lal+1

Taking the limit as h — 0, we find that

lim sup pa k(The — @) < limsup(ci + ¢2 + ¢3) < limsup(e + (1 + Rz)k/2 |hl1  sup ||¢llog) =e.
h—0 h—0 h—0 |B8|=]a|+1

Since € was arbitrary, it follows that
li —p)=0
lim pa,k(Thy — )
which completes the first part of the proof.

It remains to prove that for any 1 € S it is the case that 77,19 — 7, in S when b/ — h in R%. But
this is easy due to group property. Simply set ¢ = 7,9 and g = ' — h. Then g — 0, so 750 — ¢
in S. But 759 = T/_p, T Y0 = TH Y s0 we are done.
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Problem 1:

<Df’s0>:_<fas0/>:_/

—00

0

(—x)¢' () dx — /0 x'(x) dx
0 0
— @)~ [ plw)do - frp@lF+ [ ow)de = (g,

—c0 — —0o0

=0 =0

() = -1 <0

9T =911 x> 0.

So D f = g. (Note that the value of g(0) is irrelevant, any finite value can be assigned.) Further-
more,

where

0 o)
(D f,0) = (Dg,g) = —(g.¢) = / o () di — /0 o () dx

= [p(@))° o — [(@)]5° = ©(0) — (—¢(0)) = 2¢(0) = (26, ¢),
so D?f = 24.

Problem 2: Assume that f satisfies the given assumptions. We will prove that for any « and k,
there exists a number C' and a finite integer N such that

1 llak <C D lellsa

IBI<N

This immediately proves both that f¢ € S, and that f ¢, — f ¢ whenever ¢, — ¢ in S.
Fix o and k. Then

1 llak = sup(1 + [2%)72(0% (f ()¢ ()]
ol
= sup(1 + EREIDY W(mf(w))(a%(m))\-
Bty=a
Now using that for each v there exist finite numbers N, and C, such that
07 F(2)] < Cy(1+ |/
we obtain

[1£ @llak < sup(L+ a2 >
T
Bty=a

ol

GO+ 22 (0 (a))]

a!
= Z WCVHSOHB,HNT
Bry=a



Problem 3: Define for n =1,2,3,..., the functions

Lon
W@ ={ § "

otherwise,

and set
oo
= Z 2" Xn (f)
n=1

Now (2) clearly holds for any k. To prove (3) note that for any given k, we have

/G+MWW W—Z/ (14 22| f ()| de

o0

<Z/ (14 n2)F/22m dy :22%(1+n2)’f/2<oo.

n=1



