Applied Analysis (APPM 5450): Midterm 3
5.00pm — 6.25pm, April 23, 2007. Closed books.

Problem 1: Pick out the true statements from the list below. One point each, no
motivation required.

a) If ¢, = ¢ in S, then ¢, — ¢ in S.

b) If ¢, =& ¢ in S, then ¢, — ¢ in S*.

¢) If f € LY(RY), then f € Cp(RY).

d) If f € H*(R?%) and s > 1/2, then f € CL(R?).
e) If f € Cy(R%), then f € L2(R%).

) If f,g € LA(RY), then (f, g) 2y = (f, ) 12(ra)-

Problem 2: Suppose that (a,)32; are real numbers such that > > |an| < co. Set
f(@) =300 an €™, Is it necessarily the case that ["_ f(z)dz = 0? Motivate your
answer. (4p)
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Problem 3: For n =1,2,3,..., set T,(x) = sin(nz) x[—,,n)(z). Does the sequence
(T5,)52, converge in S*(R)? Motivate your answer. (4p)

Problem 4: Let f and h be functions in L?(R). Suppose that (f,)5; is a sequence
of functions in L?(R) that converges pointwise to f. Set

an—/fn and a:/Rf(x)h(x)da:

(a) Give examples of functions f, h, and (f,)s2; as described above such that the
numbers «, do not converge to a. (3p)

(b) Suppose that |f,(x)| < 1/(1+ |z|) for all x. Prove that then a,, — a. (3p)

Problem 5 is deliberately given only a small number of points. It’s probably only
worth attempting if you have time to spare.

Problem 5: Let X be a set and let d be a metric on X. We define a collection &
of subsets of X by saying that ) € § if and only if for every x € () there exists an
e > 0 such that B.(z) C Q, where B.(z) = {y € X : d(x,y) < }.

The following questions are 1p each. Motivate your answers to (b) and (c) briefly.
(a) State the axioms that a o-algebra must satisfy.

(b) Give an example of an uncountable set X and a metric d such that S is a
o-algebra.

(c) Give an example of an uncountable set X and a metric d such that S is not a
o-algebra.



