
Applied Analysis (APPM 5450): Midterm 2
5.00pm – 6.20pm, Mar 19, 2007. Closed books.

Problem 1: Consider the function f ∈ S∗(R) defined by

f(x) =
{ −1 for x ≤ 0,

1 for x > 0.

Compute the distributional derivative of f . (4p)

Problem 2: Consider the Hilbert space H = l2(N), and the operators L,R ∈ B(H)
defined by

L (x1, x2, x3, . . . ) = (x2, x3, x4, . . . ),

R (x1, x2, x3, . . . ) = (0, x1, x2, . . . ).

In the questions below, λ is a complex number,

(a) Prove that if |λ| < 1, then λ ∈ σp(L). (2p)

(b) Prove that if |λ| < 1, then λ ∈ σr(R). (2p)

(c) Prove that if |λ| = 1, then λ ∈ σ(L). (2p)

Problem 3: Let H be a Hilbert space with an ON-basis (ϕn)∞n=1. Let (λn)∞n=1

be a sequence of complex numbers such that |λn| < 1 for every n, and let for
N = 1, 2, 3, . . . the operator AN ∈ B(H) defined by

AN u =
N∑

n=1

λn 〈ϕn, u〉ϕn.

(a) Prove that there exists an operator A ∈ B(H) such that AN → A strongly as
N →∞. (2p)

(b) Prove that if some λn is not purely real, then A is not self-adjoint. (1p)

(c) Specify when, if ever, it is the case that AN converges to A in norm. (1p)

(d) Suppose that the sequence (λn)∞n=1 has the cluster point λ and that λ 6= 0. Prove
that then A cannot be compact. (2p)

Problem 4: Prove that the map F : S(R) → S(R) : ϕ 7→ ϕ2 is continuous. (4p)


