
Homework set 12 — APPM5450, Spring 2006

From the textbook: 12.8, 12.13, 12.14.

Problem 1: Let (fn)∞n=1 be a sequence of real-valued measurable functions
on R such that |fn(x)| ≤ 1 and limn→∞ fn(x) = 1 for all x. Evaluate

lim
n→∞

∫

R
fn(cosx) e−

1
2 (x−2πn)2 dx.

Make sure to justify your calculation.

Problem 2: Let λ be a real number such that λ ∈ (0, 1), and let a and b
be two non-negative real numbers. Prove that

(1) aλ b1−λ ≤ λa + (1− λ) b,

with equality iff a = b.

Hint: Consider the case b = 0 first. When b 6= 0, change variables to t = a/b.

Problem 3: [Hölder’s inequality] Suppose that p is a real number such
that 1 < p < ∞, and let q be such that p−1 + q−1 = 1. Let (X, µ) be a
measure space, and suppose that f ∈ LP (X,µ) and g ∈ Lq(X,µ). Prove
that fg ∈ L1(X, µ), and that

(2) ||fg||1 ≤ ||f ||p ||g||q.
Prove that equality holds iff α|f |p = β|g|q for some α, β such that αβ 6= 1.

Hint: Consider first the case where ||f ||p = 0 or ||g||q = 0. For the case
||f ||p ||g||q 6= 0, use (1) with

a =
∣∣∣∣
f(x)
||f ||p

∣∣∣∣
p

, b =
∣∣∣∣
g(x)
||g||q

∣∣∣∣
q

, λ =
1
p
.

Problem 4: [Minkowski’s inequality] Let (X,µ) be a measure space, and
let p be a real number such that 1 ≤ p ≤ ∞. Prove that for f, g ∈ Lp(X, µ),

||f + g||p ≤ ||f ||p + ||g||p.

Hint: Consider the cases p = 1,∞ separately. For p ∈ (1,∞), note that

(3) |f(x) + g(x)|p ≤ (|f(x)|+ |g(x)|) |f(x) + g(x)|p−1, ∀ x ∈ X.

Then integrate both sides of (3) and apply (2) to the right hand side.
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