Homework set 12 — APPM5440, Fall 2006

Problem 1: Let X denote the linear space of polynomials of degree 2 or
less on I = [0, 1]. For f € X, set ||f|| = sup,¢; |f(z)|. For f € X, define

1
901(f)=/0f(x)dwa p2(f) = f(0),  @s(f) = f'(1/2), wa(f)=f'(1/3).

Prove that ¢; € X* for j = 1,2,3,4. Prove that {¢1, 2, 3} forms a basis
for X*. Prove that {¢1, p2,p4} does not form a basis for X*.

Hint: Any f € X can be written f(z) = a+bx +ca? for unique a, b, and c.

Problem 2: Let X = /2. What is X*? Set D = {z € £? : ||z|| = 1}. Prove
that the weak closure of D is the closed unit ball in ¢2. (Hint: To prove that
the closed unit ball is contained in the weak closure of D, you can for any
element x such that ||z|| < 1 explicitly construct a sequence (™), C D
that weakly converges to z, such that ||z(™|| = 1.)

Set Y = ¢3. What is Y*? Prove that the weak closure of the surface of the
unit ball in 3 is the closed unit ball in ¢3.

Problem 3: Let X be a normed linear space, let M be a closed subspace,
and let & be an element not contained in M. Set

d = dist(M, z) = inf ||y — 2||.
ist(M.) = inf Iy — ]

Prove that d > 0. Prove that there exists an element ¢ € X™* such that
p(&) =1, ¢(y) =0 for y € M, and [[¢]| = 1/d.

Hint: Set Z = Span(M, &). Prove that any z € Z can be written z = y+a &
for a unique @ € R and a unique vector y € M. Define ¢ as a suitable
functional on Z, and then extend it to X using the Hahn-Banach theorem.

Problem 4: Let X be a normed linear space with a linear subspace M.
Prove that the weak closure of M equals the closure of M in the norm
topology. Hint: Use Problem 3.

Problem 5: Prove that the following statements follow from the Hahn-
Banach theorem:

(a) For any x € X, thereis a ¢ € X* such that ||¢|| = 1 and ¢(x) = ||z||.
(b) For any x € X, [[z[| = supjg =1 [¢()]-
(c) If z,y € X and x # y, there is a ¢ € X* such that ¢(z) # ¢(y).
)

(d) For z € X, define F, € X** by setting F(¢) = p(z).
Prove that the map = +— F} is a linear isometry from X to X**.



