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Outline of Presentation

» Old way of doing business: Asymptotic stability and weak coupling:
(visco)elasticity coupled with acoustics.
e Bone conduction of sound in the human head (subwavelength regime)
e Sonic logging (0 - 50 wavelengths)
e Sonars (50 - 3000 wavelengths)
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Outline of Presentation

» Old way of doing business: Asymptotic stability and weak coupling:
(visco)elasticity coupled with acoustics.

e Bone conduction of sound in the human head (subwavelength regime)
e Sonic logging (0 - 50 wavelengths)
e Sonars (50 - 3000 wavelengths)

» A new paradigm: DPG method with optimal testing

e model acoustic, Maxwell and elastodynamic problems
o Pekeris problem
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Asymptotic Stability (Mikhlin)

FE classics:
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Asymptotic Stability (Mikhlin)

FE classics:

> If the bilinear form is symmetric (hermitian) and positive-definite,
b(u,v) = b(v,u), b(v,v) >0

u,v € a Hilbert space V,
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Asymptotic Stability (Mikhlin)

FE classics:

> If the bilinear form is symmetric (hermitian) and positive-definite,
b(u,v) = b(v,u), b(v,v) >0
u,v € a Hilbert space V,

» then

{ wevV - { uev
J(u) == 2b(u, w) — {(u) = min b(u,v) =1l(v),veV
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Asymptotic Stability (Mikhlin)

FE classics:

> If the bilinear form is symmetric (hermitian) and positive-definite,
b(u,v) = b(v,u), b(v,v) >0

u,v € a Hilbert space V,

> then
{ uevV - { uwevV
J(u) == 2b(u, w) — {(u) = min b(u,v) =1l(v),veV

» and, Bubnov-Galerkin method delivers the best approximation error in the
energy norm,

{uhEVhCV {UhEVh
b(up,vp) = U(vp), vn € Vi lu — up||g — min

where |[v]|% = b(v, v).
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Asymptotic Stability (Mikhlin)

You cannot do better*

*In terms of energy norm.
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Asymptotic Stability (Mikhlin)

Compact perturbation:

D, Computers & Mathematics with Applications, 27(12),69-84, 1994
D, J.T. Oden, Comput. Methods Appl. Mech. Engrg., 133 (3-4), 287-318, 1996.
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Asymptotic Stability (Mikhlin)

Compact perturbation:

> If we perturb b(u, v) with a compact contribution,
b(u,v) + c(u, v)

(le(w, 0)| < Cllulallolly, V<= H),

D, Computers & Mathematics with Applications, 27(12),69-84, 1994
D, J.T. Oden, Comput. Methods Appl. Mech. Engrg., 133 (3-4), 287-318, 1996.
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Asymptotic Stability (Mikhlin)

Compact perturbation:

> If we perturb b(u, v) with a compact contribution,
b(u,v) + c(u, v)

(&
(le(u, )| < Cllullallvllv, V = H),
> then the best approximation error property is achieved asymptoticallyt,

[v = unpll
infu,, lu— w5

—>Oasﬁ—>0
p

D, Computers & Mathematics with Applications, 27(12),69-84, 1994
D, J.T. Oden, Comput. Methods Appl. Mech. Engrg., 133 (3-4), 287-318, 1996.
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Asymptotic Stability (Mikhlin)

Compact perturbation:

> If we perturb b(u, v) with a compact contribution,
b(u,v) + c(u, v)

(&
(le(u, )| < Cllullallvllv, V = H),
> then the best approximation error property is achieved asymptoticallyt,

lu — ungll
infay 10— w2

—>Oasﬁ—>0
p

> Is h/p small enough to observe this in practice ?

D, Computers & Mathematics with Applications, 27(12),69-84, 1994
D, J.T. Oden, Comput. Methods Appl. Mech. Engrg., 133 (3-4), 287-318, 1996.
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Pollution (Babuska, lhlenburg)
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Vibrations of an elastic bar, kK = 32 (5 wavelengths). FE and best approximation
(BA) errors for uniform h- (p = 2) and p-refinements.
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Pollution
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Vibrations of an elastic bar, k¥ = 160 (25 wavelengths). FE and best
approximation (BA) errors for uniform h- (p = 2) refinements.
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Bone Conduction of Sound in Human Head*

L. Demkowicz, P. Gatto, M. Paszynski, W. Rachowicz

FCMAME, 2011, in print
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=
Air Force Project Overview 1ees/N

> Investigate bone conduction of sound in the human head in environments
with extremely high sound pressure levels (about 120 dB).

» Quantify the physiological effects of bone conduction of sound.
» Develop strategies to prevent hearing impairment.

Main Challenges

Acoustics/elasticity coupled problem.
Modeling of thin-walled structures.

Geometry modeling: surface reconstruction from scan data.

vV V. v VY

Choice of appropriate material data and qualitative validation.
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Acoustics

Governing Equations

linearize

d Qo
continuity eq. —Q+gdivv =0 . +Q0d|vv—0

dt ot
d linearize 6
momentum eq. +Vp=0 \Y% 0
¢ oG TVP= o T VP
stateeq.  p=p(o) Inearize,  p=c?e
frequency domain %p + 00 diveo =0 : iwgo'v T Vp —0
C

Variational Formulation
w . w 1 \
0= —p+oodivy g = —pq+ —Vp-Vq|+ 0o v - ng
Q, \¢ Q, \C W o9,
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Elasticity

Governing Equations

d
momentum eq. gsd—'g =divo+ f
1
strain def. €= E(VU + vaul)
constitutive rel. o=FLF¢

frequency domain

—wzgsu—diva:f : o=FEVu

Variational Formulation
/ f-v:/ (7w2gsu7diva>~v:
Q. Q.

/Qe(w2gsu~v+(EVu):V'v)+/ (on)-v Vo

00,
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Weak Coupling

primary: secondary:

secondary: primary:
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Weak Coupling

primary:

secondary:
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Boundary Conditions
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Boundary Conditions

on+iwfBu=g
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o . R
Variational Formulation oes /X /

Findw € ap +V, p € pp + V such that

elasticity bee(u,v) +  bue(p,v)
acoustics bea(w,q) + baa(pyq) =

|
ST o
s
<
SN—r
<
)
m
=

I —
> Test spaces: V = H&rDye(Qe)S, V=Hyr, ()

> Symmetric forms be.(-,-) and by (-, ).

v

Divide acoustics formulation by —w?py, then:

bea(vv(J) = /F V-ng = bae(Q7 ’U)
I

Symmetric form b(-, ) = bee(: ) + bae(- ) + bea(: ) + baal:, )
Fredholm operator of the second type.

v

v
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Perfectly Matched Layers (PML)

R3

\VAVAV
AVAVA

head model
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Perfectly Matched Layers (PML)

1ces/ K

head model
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Perfectly Matched Layers (PML)

head model

PML layer
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Element Routine

Variational Formulation

elem E —  bee(u,v)
elem A —  beo(u,q)

Elasticity

bee(u,v) = /Q ((EVu) : Vo—pw’u - v)—i—zw/rae (Bu) v
bea(u, q) =/ (u-n)q

rr

le(v)=/ f~v+/ g-v
Q. I'n,eUlc,e

Compact perturbations in red.
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elem_E
elem_A

Element Routine

Variational Formulation

elem E —  bee(u,v)
elem_ A —  beq(u,q)

Acoustics

bae(p, v) = /rI p(v-n)

1
baap,q—/< pq —
(p;q) =

a

1 i
5 Vqu)—/ dpq
w Qf w rC,a
i

la(q) = —— / o0
W JTn,eUloa

Compact perturbations in red.
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elem_E
elem_A

Head model Cross-section

ossicles

Model is generated by NETGEN
and Geometry Modeling Package:

— cochlea

tympanic
membrane

» 16004 tetrahedra
membrane » 3228 prisms
» 56 pyramids
Middle ear » 1070190 dof's for p =5
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1(1;s/\/

Numerical Results

material E [MPa] v olkg/m3] ¢, [m/s] ¢ [m/s]
tissue (brain) 0.67 0.48 1040 75 15
skull (bone) 6500 0.22 1412 2203 1374
cochlea (water) 1000 1500
air 1.2 344

Material constants.
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Numerical Results

Total acoustic pressure (incident and scattered) on skull, w = 400
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Numerical Results

0=m7/6

6=m/3 0=m/2

Total pressure (elastic and acoustic) on upper half of cochlea, w = 4007.
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Simulation of Sonic Measurements in the Borehole

P. Matuszyk, C. Torres-Verdin, |I. Muga., L. Demkowicz,
D. Pardo, A. Mora, V.M. Calo
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Modeling of Long Range, Shallow Water
Acoustic Wave Propagation

J. Zitelli, L. Demkowicz
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A New Paradigm:
DPG Method with Optimal Testing

L. Demkowicz, J. Gopalakrishan, . Muga, J. Zitelli, J. Bramwell,
D. Pardo. V. Calo, O. Ghattas 8

§Zite|li, Muga, D, Gopalakrishnan, Pardo, Calo, J.Comp. Phys., 230, 2406-2432, 2011,
D, Gopalakrishnan, Muga, Zitelli, “Wavenumber Explicit Analysis for a DPG Method for the
Multidimensional Helmholtz Equation” ,in preparation.
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Kos, Jun 22, 2011

Petrov-Galerkin Method
with Optimal Test Functions

¢

Least Squares (with a Twist)
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Least squares and optimal test functions
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Least squares and optimal test functions

» Variational formulation:

uelU N Bu=1l B:U—=V
b(u,v) =1l(v) veV < Bu,v >= b(u,v)
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Least squares and optimal test functions

» Variational formulation:

uelU N Bu=1l B:U—=V
b(u,v) =1l(v) veV < Bu,v >= b(u,v)

» Least squares: U, C U,

3 Bun =ty = min
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Least squares and optimal test functions

» Variational formulation:

uelU N Bu=1l B:U—=V
b(u,v) =1l(v) veV < Bu,v >= b(u,v)

» Least squares: U, C U,

3 Bun =ty = min

» Riesz operator:
Ry :V = V' < Ryv, v >= (v,0v)y

is an isometry, |

Ryolly: = [|v]lv.
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Least squares and optimal test functions

» Variational formulation:

uelU N Bu=1l B:U—=V
b(u,v) =1l(v) veV < Bu,v >= b(u,v)

» Least squares: U, C U,

3 Bun =ty = min

» Riesz operator:
Ry :V = V' < Ryv, v >= (v,0v)y

is an isometry, |

Ryvlv: = [lvllv.
> Least squares reformulated:

1 p-1 2 i
%”Buh - ZHV’ = §||RV (Buh - l)”V - uhmenl}h
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Least squares and optimal test functions

Taking Gateaux derivative,

(Ry'(Bup, — 1), Ry," Bouy)y =0 Sup, € Uy,
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Least squares and optimal test functions

Taking Gateaux derivative,
(Ry'(Bup, — 1), Ry* Bouy)y =0 Sup, € Uy,

or
< Buy, =, R;'Bouy, >=0 Sup, € Uy,
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Least squares and optimal test functions

Taking Gateaux derivative,
(Ry'(Bup, — 1), Ry," Béuy)y =0 Sup, € Uy,

or
< Buy, — l, R;' Bouy, >=0 Sup, € Uy,
N—_——

Uh

Kos, Jun 22, 2011 Coupled Problems



Least squares and optimal test functions

Taking Gateaux derivative,
(Ry'(Bup, — 1), Ry* Bouy)y =0 Sup, € Uy,

or
< Bup —l,vp, >=0 v, = R;-chSuh
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Least squares and optimal test functions

Taking Gateaux derivative,
(Ry'(Bup, — 1), Ry* Bouy)y =0 Sup, € Uy,

or
< Bupvp >=<l,vp, > v = R‘_/IB(Suh
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Least squares and optimal test functions

Taking Gateaux derivative,
(RN (Bup, — 1), Ry' Béuy)y =0 duy, € Uy,
or
b(uh, ’Uh) = Z(Uh)

where

vp €V
(vp,0v)y = b(dup,dv) dv eV
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Least squares and optimal test functions

» Stiffness matrix is always hermitian and positive-definite.
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Least squares and optimal test functions

» Stiffness matrix is always hermitian and positive-definite.

> The method delivers the best approximation error (BAE) in the “energy
norm"”:

b(u,v
[ulle := [|Bullv: = sup 1w v)]
veV ”'U”V
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Least squares and optimal test functions

» Stiffness matrix is always hermitian and positive-definite.

> The method delivers the best approximation error (BAE) in the “energy

norm": b, )
U,V
lullg = [|Bully: = sup =——=
vev lvllv
> The energy norm of the FE error u — u;, equals the residual and can be
computed,
lu—unlle = |1Bu— Bup|v: = Il = Bunllv: = | Ry (I = Bun)|lv

(no need for a-posteriori error estimation, note the connection with implicit
a-posteriori error estimation techniques...)
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Least squares and optimal test functions

> A lot depends upon the choice of the test norm || - ||y; for different test
norms, we get get different methods.
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Least squares and optimal test functions

> A lot depends upon the choice of the test norm || - ||y; for different test
norms, we get get different methods.

» Banach Closed Range Theorem —
If B : V — V' is injective, and we choose

b(u,v
uelU ||u||U

then

Kos, Jun 22, 2011
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Least squares and optimal test functions

> A lot depends upon the choice of the test norm || - ||y; for different test
norms, we get get different methods.

» Banach Closed Range Theorem —
If B : V — V' is injective, and we choose

b(u,v
uelU ||u||U

then

> the energy norm coincides with the original norm in U,

lulle = llullv
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Ultraweak Variational Formulation

and

Discontinuous Petrov-Galerkin Method

1TOriginal idea due to C. Bottaso, P. Pausin, S. Micheletti, R. Sacco, 2004-2008
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DPG method

Linear acoustics in frequency domain:
wu+Vp =0
iwp+divu =0

with, e.g. hard boundary condition:

Un =g
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DPG method

Elements: K

Edges:e

Skeleton:l', = J OK

Internal skeleton:[9 =T}, — 9Q
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DPG Method

Take an element K. Multiply the equations with test functions
v € H(div, K),q € HY(K):

{ iwu-v+Vu-v =0

iwpq+divug =0
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DPG Method

Integrate over the element K:

{ iw[ru-v+ [ Vu-v =0

iw [ pa+ [divug =0

Kos, Jun 22, 2011 Coupled Problems



DPG Method

Integrate by parts (relax) both equations:
{ iw [ru-v— [u-divo+ [ju, =0
iw [ pq— [ew-Va+ [oungsgn(n) =0

where u,, = u - n. and

-1 ifn=-n,

1 fn=n,
sgn(n) =

Kos, Jun 22, 2011 Coupled Problems



DPG Method

Declare traces and fluxes to be independent unknowns:

{ iw [rw-v— [u-divo+ [ dv, =0

Ww [ pq— [eu-Vq+ [op U, gsgn(n) =0

Kos, Jun 22, 2011 Coupled Problems



DPG Method

Use BCs to eliminate known fluxes
{ iw [pu-v— [u-divo+ [ dv, =0

iw [opq = [ Va+ [y lngsgn(n) = [yxr94
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DPG Method

Sum up over all elements,
{ iw(u,v)q — (u,divo)g, + < @,v, >r, =0

@W(p, q)Q - (U, VQ)Qh+ < ﬁmq >r‘}1 =<g,9>r
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Trace and Flux Spaces

M =g 0K (skeleton)
M =T, —09Q (internal skeleton)

HY2(y) ={dqlr, : ¢ € H(Q)}

with the minimum extension norm:

gz, = inf{llQlm : Qlr, =4q}
A2 = {v,|r, : v € Ho(div,Q)}
with the minimum extension norm:

loallzvagey = EIV Iy V-l = ou)
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Functional Setting

Group variables:
Solution U = (u,p, {in, P):

Ui, U2,~p & Lz(Qh)
t, € H=Y2(19)
pe HY2(y,)

Test function V = (v, q):

vE H(diV,Qh)
qc Hl(Qh)
Sesquilinear form
bU,V) =—(u,iwv+ Vq)a, — (p,iwg + divo)q,

+ < tn,q >ro + < D,vn >r,
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Punchlines

Local invertibility of Riesz operator

Due to the use of "broken” Sobolev spaces (discontinuous test functions), the
Riesz operator is inverted elementwise! Given any (linear) problem, and any trial
shape functions, we compute the corresponding optimal test functions on the fly.

Approximate optimal test functions

The locally determined optimal test functions still need to be approximated. This
is done using standard Bubnov-Galerkin method and an enriched space. If
polynomials of order p are used to approximate the unknown velocity and pressure,
the approximate optimal test functions are determined using polynomials of order:

p+ Ap
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Quasi-optimal test norm

Trial norm:
(2w, py i, D) = lluallZ2 + lIplIZ2 + 1217 + 115113

Optimal test norm (unfortunately, non-local ):
1, )120 = lliwv + Vg3, + [liwg + divoll3,

|<On,g>+<P,vn>|

SUp, -~ ~ ~
T SUPa, 5 ([l [P TA2)/2

Quasi-optimal test norm (local):

(v: a)lI2pe = lliwo + Valig, + lliwg + divo||g, + o] + q]®
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Robust stability result

Theorem: (Gopalakrishnan, Muga, D, Zitelli, 2011)
Assume: € contractable, impedance BC
Use: the quasi-optimal norm to define the minimum energy extension norms for

fluxes 4, and traces p.
Then

||(vvq)|‘§pt ~ ||(v7q)||3opt (uniformly in k and mGSh)

Consequently, we get the robust stability in the desired norm:

1

(e = wnll? + llp = pall? + llan — i pll + 1D — Bnll?) 2
S ||(Iu’7pa ﬁnaﬁ) - (uhaphaﬁ'n,haﬁh)”E
= BAE of (u, p, @i, p) in energy norm

< BAE of (u, p, @i, p) in desired norm
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No pollution in 1D case

In 1D, traces and fluxes and just numbers. Thus, the BAE of fluxes and traces is
zero. We get,

1
(Ilw = wnll® + Ip = pall? + 120 — @l + 115 — Pr]1?)2

1
Sinfuy, i, ([u—wnll? +[lp — ral?) 2

The BAE of u, p in L?-error is pollution free.
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Numerical Experiments
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Ansatz in time e™?,

Exact solution: u = p = e~*** (going to the right)
BCs:

hard boundary at z = 0: u(0) =1

impedance BC at = = 1: u(1) = p(1)

enriched space: Ap =6
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DPG vs. Standard FEs, 6 wavelenghts

n=6.0,p=1, test p =7, energy error = 0.0568935128026, Z = 1.0

— J (exact)
— mp (L, projection), |[p—p||,, = 0.0402331827305
—1.5] e pgy ('), [lp=py, Iz, = 1.19609127505

© Puensca (H', blended), [Ip

1, = 0.133789956382
2367970062

== ppre (DPG), [Ip~pproll, =

0.70 0.75 0.80 0.85 0.90 0.95 1.00

The standard H' conforming solution py,, quickly exhibits excessive phase error; it
is reduced but still present in ppjended
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Four linear elements per wavelength

Four linear elements per wavelength

1.00059)
1.00058|
1.00057|

1.00056|

>
[lp=vp Iz, + [y Iz,

- 1.00055

inf,

1.00054]

1.00053f

1.0005
10° 10" 10 10° 10*

k

Adhering to a fixed number of elements per wavelength is sufficient to control
error
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One quartic element per wavelength

One p=4 element per wavelength

1.
1.00045]
1.00040)
)
] 1=
= || T 100033
SIE
Tl
2|+
Ene
*+ ||= 1.00030]
ad|| =
=1| I
HIE
& | > 100025
= =
E
1.00020
1.000154
L 0 T 9 g o
10 10 10 10 10

k

Adhering to a fixed number of elements per wavelength is sufficient to control
error
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2D experiments

Discretization:
> field variables are discretized using isoparametric L?-conforming quads of
order p,
u1, ug,p € PP @ PP,
> traces are discretized using H'-conforming elements of order p + 1,
> fluxes are discretized using L?-conforming elements of order p + 1

» optimal test functions are approximated with polynomials of order

p+1+Ap, ie ve (PPHAPHL @ Priar) i (PrHap g prtaptl)
q € PPHAPTL @ priiptl
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2D experiment A

Exact solution: horizontal plane wave

Enriched space: Ap = 2.

impedance BC

Kos, Jun 22, 2011
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impedance BC
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impedance BC
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2D experiment A

DE/BAE with four bilinear elements per wave (0=0)

—— Standard FEM
+ - Blended Quadrature
—&— DPG method
+
10} : 1
e
@
=] ¥
5 L -
+
+
4o
1F © = = < =2 = = =2 o -
10' 10° 10°

Wavenumberw (on log scale)
Ratio of L? discretization error vs BAE as a function of wave number. DPG vs
standard FEs and Ainsworth-Wajid underintegration scheme.
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2D experiment B

Exact solution: plane wave along diagonal
Enriched space: Ap = 2.

impedance BC

impedance BC

impedance BC

impedance BC
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2D experiment B

DE/BAE with four bilinear elements per wave (}=n/4)

—— Standard FEM
+ - Blended Quadrature
—&— DPG method
10 . -
¢
a]
w
=)
sk + ]
¥
+ + + +
1t © = = < =2 = = < o -
10' 10° 10°

Wavenumberw (on log scale)
Ratio of L? discretization error vs BAE as a function of wave number. DPG vs
standard FEs and Ainsworth-Wajid underintegration scheme.
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2D experiment C

Exact solution: plane wave along diagonal

Enriched space: Ap = 2.

hard boundary

Kos, Jun 22, 2011
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2D experiment C

DE/BAE with four bilinear elements per wave (}=n/4)

15 T T T
—— Standard FEM
+ - Blended Quadrature
—&— DPG method
10} -
+
¢
@
w
o
5 * -
4
4 + +
1t G = = =2 = € 4
10' 10° 10°

Wavenumberw (on log scale)

Ratio of L? discretization error vs BAE as a function of wave number. DPG vs
standard FEs and Ainsworth-Wajid underintegration scheme.
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2D experiment D

Exact solution: outgoing cylindrical wave (Hankel functions...)
Enriched space: Ap = 2.

impedance BC

hard boundary

pedance BC impec

impedance BC

Boundary conditions, real part of pressure, initial mesh for & = 4x.
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Pekeris problem, £k =50 - 27

Visualization Toolkit - OpenGL

[ jzitelli@waffles: ~ & emacs23@waffles m Visualization Toolkit - ..

Exact solution (real part of pressure).
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Pekeris problem, £k =50 - 27

Visualization Toolkit - OpenGL

-0.300 -0.100 0.100 0.300
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Pekeris problem, £k =50 - 27

Visualization Toolkit - OpenGL

[ jzitelli@waffles: ~ & emacs23@waffles m Visualization Toolkit - ..

Exact solution (real part of pressure).
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Pekeris problem, £k =50 - 27

Visualization Toolkit - OpenGL

-0.300 -0.100 0.100 0.300

T : & ContactList © Debate & Discussion - .. & emacs23@waflles [ jaitelli@waffles: ~/res... |miViSUaliZaton ToOIKIEa)

Ainsworth-Wajid quadrature, four biquadratic elements per wavelength.
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Pekeris problem, £k =50 - 27

Visualization Toolkit - OpenGL

[ jzitelli@waffles: ~ & emacs23@waffles m Visualization Toolkit - ..

Exact solution (real part of pressure).
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Pekeris problem, £k =50 - 27

Visualization Toolkit - OpenGL

m Visualization Toolkit -

DPG method, four b|||near eIements per wavelength.
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Pekeris problem, £k =50 - 27

Visualization Toolkit - OpenGL

m Visualization Toolkit - ...

Error for the DPG method.
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Pekeris problem, £ = 100 - 27

Visualization Toolkit - OpenGL

:o‘&ml’“‘ HLHITE

A AL RTINS

S §

m Visualization Toolkit - ..

Exact solution (real part of pressure).
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Pekeris problem, £ = 100 - 27

Visualization Toolkit - OpenGL

Lo) (0 {op}, 0
”'31}‘“"“

-0.300 - -0.100 0.100 0.300

8. | Visualization Toolki..| = Bl il

Alnsworth Wajid quadrature, four blquadratlc eIements per wavelength.
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Pekeris problem, £ = 100 - 27

Visualization Toolkit - OpenGL

:o‘&ml’“‘ HLHITE

A AL RTINS

S §

m Visualization Toolkit - ..

Exact solution (real part of pressure).
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Pekeris problem, £ = 100 - 27

r occurring ‘Contact List

DPG method, four bilinear elements per wavelength.
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Pekeris problem, £ = 100 - 27

Visualization Toolkit - OpenGL

Error for the DPG method.
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Pekeris problem, £ = 200 - 27

- Visualization Toolkit - OpenGL

m Visualization Toolkit -

Exact solutlon (real part of pressure).
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Pekeris problem, £ = 200 - 27

- Visualization Toolkit - OpenGL =)

-0.300 - -0.100 0.100 0.300

& emacs23@waflles [ jzitelli@waffles: ~, cg_results.txt (~/D. [Terminal] W dpg pekeris - File B... |[miVisualizationiooiiny ) Bl il

Ainsworth-Wajid quadrature, four biquadratic elements per wavelength.
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Pekeris problem, £ = 200 - 27

- Visualization Toolkit - OpenGL

m Visualization Toolkit -

Exact solutlon (real part of pressure).
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Pekeris problem, £ = 200 - 27

Visualization Toolkit - OpenGL

@ emacs23@waffles ed Document 1.

DPG method, four biline

m Visualization Toolkit - ...

ar elements per wavelength.
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Pekeris problem, £ = 200 - 27

Visualization Toolkit - OpenGL

m Visualization Toolkit -

Error for the DPG method
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2D elastodynamics

Pressurized cylindrical cavity problem with PML layer. Radial component of
velocity.
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2D elastodynamics

Pressurized cylindrical cavity problem
60 T T T : :

—&—Standard H1
—DPG 1
+ L2 projection

o
o
T

=
[=
T

Relative error
w
o
T

20r

Wavenumber

Pressurized cylindrical cavity problem with PML layer. Comparison of relative L?
error for standard FEs and DPG with the BAE for increasing wave numbers.
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2D acoustics (electromagnetics) cloaking problem

|
|
|

Exact solution (pressure or magnetic field)

K

Kos, Jun 22, 2011 Coupled Problems



2D acoustics (electromagnetics) cloaking problem

T e
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B my o= i |
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i
e
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HH L=

An hp mesh (4 bilinear elements per wavelength)
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[ o amm

Numerical solution (pressure or magnetic field)

=
=
o]
o
o
o
70}
A=
<
(9]
e
O
—~
2]
O
4+
(5}
c
e}
(g°]
€
o
=
+
(9]
o
(]
~—
0
O
4
w0
3
o}
O
(gV]
Q
(Q\|



Advertisements:

» Two day short course on DPG method. Cracow University of Technology,
Cracow, June 25-25, 2011, (preeceding HOFEIM 2011).

» One day short course on DPG method. US Congress on Computational
Mechanics, Minneapolis, July 24, 2011.

Thank You!
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