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Abstract We consider the linear degenerate elliptic system of two first order equa-
tions u = −d(φ)2(∇p − g) and ∇ · u + φp = φ1/2f , where d satisfies d(0) = 0 and
is otherwise positive, and the porosity φ ≥ 0 may be zero on a set of positive mea-
sure. This model equation has a similar degeneracy to that arising in the equations
describing the mechanical system modeling the dynamics of partially melted ma-
terials, e.g., in the Earth’s mantle and in polar ice sheets and glaciers. In the
context of mixture theory, φ represents the phase variable separating the solid
one-phase (φ = 0) and fluid-solid two phase (φ > 0) regions. After an appropriate
scaling of the pressure and velocity, we obtain a well-posed mixed system, and
we develop a cell-centered finite difference method based on lowest order Raviart-
Thomas elements. The scheme is both stable and locally mass conservative. We
present numerical results that show optimal rates of convergence and that super-
convergence is attained for sufficiently regular solutions.
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1 Introduction

Flow in the Earth’s mantle is modeled as a mixture of fluid melt and matrix solid
[20,1,16,15,14,2]. Both phases are assumed to exist at each point in the domain,
and the porosity φ ≥ 0 represents the relative volume of the melted fluid to the
bulk volume. This quantity is very small (a few percent) within the mantle. The
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matrix solid is deformable and modeled as a highly viscous Stokes fluid. Some of
the solid may melt. If it does, it will do so between rock crystal boundaries [26],
forming a porous medium, and so the interstitial fluid velocity vf is governed by
Darcy’s law.

Over the entire domain Ω ⊂ Rn, n = 1, 2, or 3, we have quantities for fluid
(subscript f) and matrix solid (subscript s). These include the pressures pf and
ps, velocities vf and vs, viscosities µf and µs, and densities ρf and ρs. Darcy’s law
takes the form

φ(vf − vs) = −K(φ)

µf
(∇pf − ρfg̃), (1)

for the permeability K(φ) and downward gravity vector g̃. The fluid and solid
stresses are

σσσf = −pfI and σσσs = −psI + 2µs
(
Dvs − 1

3∇ · vsI
)
,

where Dvs = 1
2 (∇vs +∇vTs ) is the symmetric gradient, and the mixture obeys the

Stokes equation

∇ ·
(
φσσσf + (1− φ)σσσs

)
=
(
φρf + (1− φ) ρs

)
g̃. (2)

Conservation of mass, assuming constant and equal phase densities (or a Boussi-
nesq approximation), gives the mixture equation

∇ ·
(
φvf + (1− φ)vs

)
= 0, (3)

and a compaction relation is given as

µs∇ · vs = φ(pf − ps). (4)

The system (1)–(4) describes the mechanics of flow. In addition to this system, the
full problem requires equations describing the thermodynamics, phase behavior,
and component mass equations to define the porosity φ itself. In this paper, we
study only the mechanics of the flow; that is, we will assume that the porosity
φ : Ω → [0, φ∗], 0 < φ∗ <∞, is given as a differentiable function.

Because the Darcy and Stokes systems have been combined using mixture
theory, we have a single, two-phase model that holds at every point of space even
when the fluid phase disappears. The free boundary between the one and two
phase regions need not be determined. Similar mixture models arise in modeling
two-phase flow within a non-deformable porous medium [7,17,8,11] and in the
modeling of partially melted ice, e.g., in glacier dynamics [13,6,24].

The system (1)–(4) is degenerate in φ in the absence of fluid melt. Since there
is always matrix rock present at each point of space, the Stokes part is well-posed,
(i.e., φ ≤ φ∗ < 1). In this paper we will focus on the degenerate Darcy part of the
system. In fact, we generalize this part of the system. In terms of a Darcy velocity
u = φ(vf − vs) and a pressure p = pf, we consider the linear degenerate elliptic
boundary value problem

u = −d(φ)2(∇p− g) in Ω, (5)

∇ · u + φ p = φ1/2f in Ω, (6)

u · ννν = φ1/2gN on ΓN, (7)
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where ΓN = ∂Ω, ννν is the outward unit normal vector and gN is a given function.
We assume that d lies in C1([0, φ∗]) with d(0) = 0 and d positive on (0, φ∗]. To
connect back to (1) and (4) minus µs times (3), we would take µs = 1, f = φ1/2ps,
d(φ) =

√
K(φ)/µf, and g = ρfg̃. In place of the Neumann boundary condition (7),

we could impose a Dirichlet or Robin boundary condition of the form

φp− κ2u · ννν = φ1/2gR on ΓR, (8)

where now ΓN = ∅, ΓR = ∂Ω, and κ ≥ 0 and gR are given functions. Moreover, we
set ΓR = ∅ when ΓN = ∂Ω.

Many works describe approximation of degenerate elliptic equations, e.g., [12,
19,5,18,9], using weighted Sobolev spaces and least squares techniques. But the
degeneracies are always required to lie on a set of measure zero. It is important in
this application that φ may vanish on a set of positive measure.

The system (5)–(6) with either (7) or (8) was studied in [3]. After a change
of dependent variables, the system was shown to be well-posed under suitable
hypotheses. Moreover, a mixed finite element method was defined and shown to be
optimally convergent. In this paper, we will develop a cell-centered finite element
method that is easier to implement, much easier to solve numerically, locally mass
conservative, and exhibits better convergence behavior (i.e., superconvergence) in
the numerical examples. The method will be applied to the simulation of the full
set of mechanics equations of the mantle dynamics problem in [2] with Professor
Marc A. Hesse.

In the rest of the paper, we recall the theory developed in [3] in the next section.
We include a description of the scaled equations and scaled variational formulation
of the problem. In Section 3, we define our cell-centered finite difference method,
discuss implementation, and prove local mass conservation and stability. One and
two dimensional numerical results are presented in Section 4, where we show that
the scheme achieves superconvergence when the solution has sufficient regularity.
We provide concluding remarks in the last section.

2 A scaled formulation and review of theoretical results

Let (·, ·) denote the L2(Ω) inner-product or possibly duality pairing, and 〈·, ·〉
denote the L2(∂Ω) inner-product or duality pairing. In fact, denote the latter
form by 〈·, ·〉N or 〈·, ·〉R in the cases of Neumann or Robin boundary conditions,
respectively, where the form is interpreted as zero in the contrary case. Let ‖·‖r,p,S
denote the norm of the standard Sobolev space W r,p(S), wherein we omit p if it is
2 and then also r if it is 0, and we omit S if it is Ω. Recall that Hr(S) = W r,2(S).

Let the scaled velocity and scaled pressure be defined formally as

v = d(φ)−1u, (9)

q = φ1/2p, (10)
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respectively. At least when φ > 0, the system (5)–(8) becomes

v = −d(φ)
(
∇(φ−1/2q)− g

)
in Ω, (11)

φ−1/2∇ · (d(φ)v) + q = f in Ω, (12)

d(φ)v · ννν = φ1/2gN on ΓN, (13)

q − κ2φ−1/2d(φ)v · ννν = gR on ΓR. (14)

The mathematical structure of this system is easily seen if one defines the operator
A = φ−1/2∇ · (d(φ)(·)). Neglecting terms coming from the boundary conditions,
the formal adjoint of A is A∗ = −d(φ)∇(φ−1/2(·)). Thus (11)–(12) is

v −A∗q = d(φ)g in Ω,

Av + q = f in Ω,

and so the operator of the system is the sum of the identity and an antisymmetric
operator.

2.1 The space Hφ,d(div)

To ensure that the differential operators in (11)–(12) make sense, we note that

φ−1/2∇ · (d(φ)v) = φ−1/2∇d(φ) · v + φ−1/2d(φ)∇ · v, (15)

d(φ)∇(φ−1/2q) = −1
2φ
−3/2d(φ)∇φ q + φ−1/2d(φ)∇q. (16)

We therefore make the following assumption on φ.

Assumption 1 The function φ : Ω → [0, φ∗], 0 < φ∗ < ∞, is differentiable and

satisfies

1. φ−1/2∇d(φ) ∈ (L∞(Ω))n,

2. φ−1/2d(φ) ∈ L∞(Ω),

3. φ−3/2d(φ)∇φ ∈ (L∞(Ω))n.

Since in (16), we take q ∈ H1(Ω) and require the resulting function to be in
(L2(Ω))n, we can relax point 3 using the Sobolev Embedding Theorem to require
only that

φ−3/2d(φ)∇φ ∈


(L2(Ω))n if n = 1,

(L2+ε(Ω))n if n = 2 (any ε > 0),

(Ln(Ω))n if n ≥ 3.

As in [3], we can now define the space

Hφ,d(div;Ω) =
{
v ∈ (L2(Ω))n : φ−1/2∇ · (d(φ)v) ∈ L2(Ω)

}
. (17)

This space admits a normal trace operator γφ,d : Hφ,d(div;Ω) → H−1/2(∂Ω) for

w ∈ H1/2(∂Ω) extended to w ∈ H1(Ω) defined by the integration by parts formula

〈γφ,d(v), w〉 =
(
φ−1/2∇ · (d(φ)v), w

)
+
(
v, d(φ)∇(φ−1/2w)

)
. (18)
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We can interpret γφ,d(v) = φ−1/2d(φ)v ·ννν. Finally, we can apply the homogeneous
Neumann boundary condition to define the space

Hφ,d,0(div;Ω) =
{
v ∈ Hφ,d(div;Ω) : γφ,d(v) = φ−1/2d(φ)v · ννν = 0 on ∂Ω

}
, (19)

and we can define the image space of the normal trace operator by

H
−1/2
φ,d (∂Ω) = γφ,d

(
Hφ,d(div;Ω)

)
⊂ H−1/2(∂Ω). (20)

The following result is proved in [3].

Lemma 1 If Assumption 1 holds, then Hφ,d(div;Ω) is a Hilbert space with the inner-

product

(u,v)Hφ,d(div) = (u,v) +
(
φ−1/2∇ · (d(φ)u), φ−1/2∇ · (d(φ)v)

)
. (21)

Moreover, the normal trace operator γφ,d : Hφ,d(div;Ω)→ H−1/2(∂Ω) is well defined

by (18), and there is a constant C > 0 such that

‖γφ,d(v)‖−1/2,∂Ω = ‖φ−1/2d(φ)v · ννν‖−1/2,∂Ω ≤ C‖v‖Hφ,d(div;Ω) (22)

for any v ∈ Hφ,d(div;Ω).

We remark in passing that H(div;Ω) =
{
v ∈ (L2(Ω))n : ∇ · v ∈ L2(Ω)

}
⊂

Hφ,d(div;Ω) for any admissible φ and d.

2.2 A scaled weak formulation and unique existence of the solution

To unify the treatment of boundary conditions, let V be Hφ,d,0(div;Ω) when ΓN =
∂Ω and let V be Hφ,d(div;Ω) when ΓR = ∂Ω. In the case of Neumann boundary

conditions, suppose that gN ∈ H
−1/2
φ,d (∂Ω). Then there is some vN ∈ Hφ,d(div;Ω)

such that
γφ,d(vN) = φ−1/2d(φ)vN · ννν = gN. (23)

When using Robin conditions, let vN = 0.
The weak formulation of (11)–(14) is: Find v ∈ V + vN and q ∈ L2(Ω) such

that

(v,ψ)−
(
q, φ−1/2∇ · (d(φ)ψ)

)
+ 〈κ2φ−1(d(φ))2v · ννν,ψ · ννν〉R (24)

= (d(φ)g,ψ)− 〈gR, φ−1/2d(φ)ψ · ννν〉R ∀ψ ∈ V,(
φ−1/2∇ · (d(φ)v), w

)
+ (q, w) = (f, w) ∀w ∈ L2(Ω). (25)

The following result is proved in [3].

Theorem 1 Let Assumption 1 hold, f ∈ L2(Ω), and d(φ)g ∈ (L2(Ω))n. If ΓN = ∂Ω,

let gN ∈ H
−1/2
φ,d (∂Ω) and vN ∈ Hφ,d(div;Ω) be defined by (23), and if ΓR = ∂Ω, let

gR ∈ H1/2(∂Ω) and vN = 0. Then there is a unique solution to the problem (24)–(25),

and the following energy estimates hold:

‖v‖+ ‖q‖+ ‖φ−1/2∇ · (d(φ)v)‖+ ‖κφ−1/2d(φ)v · ννν‖0,ΓR
(26)

≤ C
{
‖f‖+ ‖d(φ)g‖+ ‖vN‖+ ‖φ−1/2∇ · (d(φ)vN)‖+ ‖gR‖1/2,ΓR

}
.
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The system (24)–(25) is equivalent to our original system (5)–(8) on the support
of φ, but it remains well posed wherever φ = 0. Assumption 1 appears to be
necessary for the variational formulation to be well-defined. It is unclear if this
assumption holds for the full mantle dynamics problem. As noted after (4), there
are several additional equations needed to describe the dynamics of φ itself. There
is currently no existence and uniqueness result for this larger system, much less a
theory of the regularity of φ.

3 A cell-centered finite difference method based on RT0

We now give our discrete version of the scaled system (24)–(25). We assume that
Ω is a rectangle (n = 2) or brick (n = 3), and impose a rectangular finite element
mesh Th over the domain of maximal spacing h. Let Eh denote the set of element
edges (n = 2) or faces (n = 3). We use the notation |E| for the measure (area or
volume) of E ∈ Th and |e| for the measure (length or area) of e ∈ Eh. Let Pr be
the set of polynomials of total degree r and let Pr1,r2,r3 (omit r3 if n = 2) be the
set of polynomials of degree ri in xi for each i = 1, . . . , n.

To develop our cell-centered finite difference method, we relate it to the lowest
order Raviart-Thomas (RT0) finite element space Vfull

h ×Wh [21,10,22]. On an
element E ∈ Th, Vh(E) = P1,0,0 × P0,1,0 × P0,0,1 (omit the last component if
n = 2) and Wh(E) = P0. To handle the boundary condition, define the space
V0
h = {vh ∈ Vfull

h : vh · ννν = 0 on ∂Ω}, and finally let Vh be V0
h when ΓN = ∂Ω

and Vfull
h when ΓR = ∂Ω.

We will make use of the usual projection operators associated with RT0. Let
PWh

= ·̂ : L2(Ω) → Wh denote the L2(Ω) projection operator, which projects a
function into the space of piecewise constant functions. Moreover, let π : H(div;Ω)∩
L2+ε(Ω)→ Vh (any ε > 0) denote the standard Raviart-Thomas or Fortin opera-
tor [21,22] that preserves element average divergence and edge normal fluxes [10,
Section III.3.3].

3.1 The method

Denote the local average of φ over element E ∈ Th by

φE =
1

|E|

∫
E

φdx = φ̂|E . (27)

Let the trapezoidal quadrature rule be denoted by (·, ·)Q , i.e., if xE,j denotes a
vertex of element E ∈ Th, then

(vh,ψ)Q =
∑
E∈Th

|E|
2n

2n∑
j=1

vh(xE,j) ·ψ(xE,j). (28)

In variational form, our method is: Find vh ∈ Vh + vN and qh ∈Wh such that

(vh,ψ)Q −
(
qh, φ̂

−1/2∇ · (d(φ)ψ)
)

+ 〈κ2φ−1(d(φ))2vh · ννν,ψ · ννν〉R (29)

= (d(φ)g,ψ)− 〈gR, φ−1/2d(φ)ψ · ννν〉R ∀ψ ∈ Vh,(
φ̂−1/2∇ · (d(φ)vh), w

)
+ (qh, w) = (φ̂−1/2φ1/2f, w) ∀w ∈Wh, (30)
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with the convention that on an element E when φ̂|E = φE = 0, we set the diver-
gence terms to zero, and in that case, φ̂−1/2φ1/2f = f . The use of quadrature and
the replacement of φ by φ̂ allows us to reformulate the method as a cell-centered
finite difference method [23,4], as we will see below.

We easily recover the discrete pressure ph ∈Wh by setting for all E ∈ Th

ph|E =

{
0 if φE = 0,

φ
−1/2
E qh|E if φE 6= 0,

(31)

where we have arbitrarily set ph|E to zero when φE = 0, since it is otherwise
ill-defined. The discrete velocity uh ∈ Vh + vN is defined by setting for all e ∈ Eh

uh · ννν|e =
1

|e|

∫
e

d(φ) dsvh · ννν|e, (32)

so that πuh = π(d(φ)vh).

3.2 Implementation

We now discuss in detail implementation of the method. The degrees of freedom
for Vh are the constant normal values on the edges or faces, and the degrees of
freedom of Wh are the average values over the elements. Let bases be defined,
respectively, by{

ve : ve · ννν|f = δe,f ∀e, f ∈ Eh
}

and
{
wE : wE |F = δE,F ∀E,F ∈ Th

}
,

where δi,j is the Kronecker delta function for indices i and j. (In the case of Neu-
mann boundary conditions, we omit the basis functions with degrees of freedom
supported on ΓN = ∂Ω.)

In this basis, the linear system corresponding to the method (29)–(30) is(
A −B
BT C

)(
v

q

)
=

(
a

b

)
, (33)

wherein v and q represent the degrees of freedom for v and q, respectively. Because
of the quadrature rule, it is easy to compute

Ae,f = (ve,vf )Q + 〈κ2φ−1(d(φ))2ve · ννν,vf · ννν〉R (34)

=
(1

2
|Ee|+

∫
e∩ΓR

κ2φ−1(d(φ))2 ds
)
δe,f ,

CE,F = (wE , wF ) = |E| δE,F , (35)

where Ee is the support of ve (i.e., the one or two elements adjacent to e). More-
over,

ae = (d(φ)g,ve)− 〈gR, φ−1/2d(φ)ve · ννν〉R (36)

=

∫
Ee

d(φ)g · ve dx− ve · ννν
∫
e∩ΓR

gRφ
−1/2d(φ) ds,

bE = (φ̂−1/2φ1/2f, wE) =


∫
E

f dx if φE = 0,

φ
−1/2
E

∫
E

φ1/2f dx if φE 6= 0.
(37)
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The matrix B remains, but it is clear how it is defined because we have avoided
division by φ when φ = 0. It is

Be,E =
(
φ̂−1/2∇ · (d(φ)ve), wE

)
= 〈φ−1/2

E d(φ)ve · ννν, wE〉∂E ;

that is,

Be,E =

0 if e 6⊂ ∂E or φE = 0,

φ
−1/2
E ve · νννE

∫
e

d(φ) dx if e ⊂ ∂E and φE 6= 0.
(38)

The Schur complement of (33) for q is

v = A−1(Bq + a), (39)

(BTA−1B + C) q = b−BTA−1a. (40)

The matrix of the second equation can be formed easily as a 5- or 7-point finite
difference stencil for n = 2 or 3, respectively, because A is diagonal and positive
definite [23,4]. Thus we solve the second equation (40) relatively efficiently as a
cell-centered finite difference method for q, and then form v using q and the first
equation (39).

3.3 Local mass conservation

Lemma 2 The finite element method (29)–(30) conserves mass locally over each ele-

ment of the computational mesh, that is,∫
E

∇ · uh dx+

∫
E

φ ph dx =

∫
E

φ1/2f dx for all E ∈ Th, (41)

which is the mass conservation equation (6) integrated over E.

Proof In fact, the equation (30) alone implies that mass is conserved locally by the

method. We simply take the test function φ
1/2
E wE ∈Wh to see that

∫
E

∇ · (d(φ)vh) dx+

∫
E

φ
1/2
E qh dx =

∫
E

φ1/2f dx, (42)

which is the same as∫
E

∇ · π(d(φ)vh) dx+

∫
E

φφ
−1/2
E qh dx =

∫
E

φ1/2f dx.

Since (32) defines uh ∈ Vh such that π(d(φ)vh) = πuh and (31) defines ph ∈ Wh,
we have that (41) holds. ut
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3.4 Solvability

Lemma 3 There exists a unique solution to the finite element method (29)–(30).

Proof We recognize that (ψ,ψ)
1/2
Q is a norm on Vh equivalent to ‖ψ‖ with bounds

independent of h [25]. Substituting ψ = vh−vN ∈ Vh and w = qh+PWh
[φ̂−1/2∇·

(d(φ)vh)] ∈Wh into (29)–(30) and summing the two equations gives

(vh,vh)Q + (qh, qh) +
(
φ̂−1/2∇ · (d(φ)vh),PWh

[φ̂−1/2∇ · (d(φ)vh)]
)

+ 〈κ2φ−1(d(φ))2vh · ννν,vh · ννν〉R

= (d(φ)g,vh − vN)− 〈gR, φ−1/2d(φ)vh · ννν〉R + (vh,vN)Q −
(
qh, φ̂

−1/2∇ · (d(φ)vN)
)

+ (φ̂−1/2φ1/2f, qh + PWh
[φ̂−1/2∇ · (d(φ)vh)])− (qh,PWh

[φ̂−1/2∇ · (d(φ)vh)]).

After introducing PWh
in three places (term three on the left and terms four and

five on the right), this then gives the bound (for any ε > 0 and where C = C(ε) is
a generic positive constant)

(vh,vh)Q + ‖qh‖2 + ‖PWh
[φ̂−1/2∇ · (d(φ)vh)]‖2 + ‖κφ−1/2d(φ)vh · ννν‖20,ΓR

≤ C
{
‖PWh

[φ̂−1/2φ1/2 f ]‖2 + ‖d(φ)g‖2 + |〈gR, φ−1/2d(φ)vh · ννν〉R|

+ ‖vN‖2 + ‖PWh
[φ̂−1/2∇ · (d(φ)vN)]‖2

}
+ ε
{
‖vh‖2 + ‖qh‖2 + ‖PWh

[φ̂−1/2∇ · (d(φ)vh)]‖2
}

+ 1
2

{
‖qh‖2 + ‖PWh

[φ̂−1/2∇ · (d(φ)vh)]‖2
}
.

Setting ε = 1/4, we obtain the estimate

‖vh‖2 + ‖qh‖2 + ‖PWh
[φ̂−1/2∇ · (d(φ)vh)]‖2 + ‖κφ−1/2d(φ)vh · ννν‖20,ΓR

(43)

≤ C
{
‖PWh

[φ̂−1/2φ1/2 f ]‖2 + ‖d(φ)g‖2 + |〈gR, φ−1/2d(φ)vh · ννν〉R|

+ ‖vN‖2 + ‖PWh
[φ̂−1/2∇ · (d(φ)vN)]‖2

}
.

Uniqueness and, therefore, existence of the solution is established. ut

3.5 Stability

We would like to establish stability of the solution by going further with the
estimate (43). Unfortunately, we do not have a discrete version of the trace bound
(22) involving φ̂ to estimate the term |〈gR, φ−1/2d(φ)vh · ννν〉R|. By adding some
hypotheses, we can obtain the following stability bound directly from (43):

‖vh‖+ ‖qh‖+ ‖PWh
[φ̂−1/2∇ · (d(φ)vh)]‖+ ‖κφ−1/2d(φ)vh · ννν‖0,ΓR

(44)

≤ C
{
‖PWh

[φ̂−1/2φ1/2 f ]‖+ ‖d(φ)g‖+ ‖gR‖0,ΓR

+ ‖vN‖+ ‖PWh
[φ̂−1/2∇ · (d(φ)vN)]‖

}
.

This holds when we use Neumann boundary conditions (so ΓR = ∅) and also
when we have either homogeneous Robin conditions (so gR = 0) or uniform Robin
conditions, i.e., κ ≥ κ∗ > 0 for some constant κ∗.
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In the case of nonhomogeneous, nonuniform Robin boundary conditions, we
can guarantee stability if we modify the method, in particular the treatment of
gR in (29). We base our modification on a discrete version of the definition of
the normal trace (18). First, we require g̃R ∈ H1(Ω), which is any extension of
gR ∈ H1/2(∂Ω) to the interior of Ω. Then

〈gR, φ−1/2d(φ)vh · ννν〉R =
(
g̃R, φ

−1/2∇ · (d(φ)vh)
)

+
(
d(φ)∇(φ−1/2g̃R),vh

)
≈
(
ˆ̃gR, φ̂

−1/2∇ · (d(φ)vh)
)

+
(
d(φ)∇(φ−1/2g̃R),vh

)
.

The modified method uses (30) combined with

(vh,ψ)Q −
(
qh, φ̂

−1/2∇ · (d(φ)ψ)
)

+ 〈κ2φ−1(d(φ))2vh · ννν,ψ · ννν〉R (45)

= (d(φ)g,ψ)−
(
ˆ̃gR, φ̂

−1/2∇ · (d(φ)vh)
)
−
(
d(φ)∇(φ−1/2g̃R),vh

)
∀ψ ∈ Vh.

In this case, introduce PWh
in the second term on the right to obtain the stability

estimate (44) with the term ‖gR‖0,ΓR
replaced by ‖g̃R‖1.

Lemma 4 If ΓR = ∅, gR = 0, or κ ≥ κ∗ > 0 for some constant κ∗, then the solution

to the finite element method (29)–(30) satisfies the stability bound (44). Moreover, the

modified mixed finite element method (45) and (30) satisfies the stability bound

‖vh‖+ ‖qh‖+ ‖PWh
[φ̂−1/2∇ · (d(φ)vh)]‖+ ‖κφ−1/2d(φ)vh · ννν‖0,ΓR

(46)

≤ C
{
‖PWh

[φ̂−1/2φ1/2 f ]‖+ ‖d(φ)g‖+ ‖g̃R‖1

+ ‖vN‖+ ‖PWh
[φ̂−1/2∇ · (d(φ)vN)]‖

}
.

4 Some numerical results

In this section we test the convergence of our proposed cell-centered finite dif-
ference scheme (29)–(30) using Dirichlet boundary conditions (but without using
the stabilizing variant (45)). We fix the domain Ω = (−1, 1)n and use a uniform
rectangular mesh of m = 1/h elements in each coordinate direction. In some tests,
we randomly perturb each mesh point x = (x1, . . . , xn) not on the boundary. We
choose ξi randomly in the interval [−h/4, h/4], i = 1, . . . , n, and replace x by x+ ξ.
This results in a rectangular mesh with unequal spacings. We implement the tests
in terms of closed form and manufactured solutions. In the latter case, we give
closed form expressions for φ and p and from these we compute f and Dirichlet
boundary conditions (i.e., κ = 0). In all tests, g = 0 and d(φ) = φ (so u = v).

Since our method is cell-centered finite differences on a rectangular grid, we
might expect that our method achieves O(h) convergence and even O(h2) super-
convergence for sufficiently regular solutions, since this is the case for nondegener-
ate elliptic problems [25]. Indeed, we see evidence of this assertion in the numerical
results presented below.

We use discrete L2-norms to measure the relative errors. For p and q, we use the
midpoint quadrature rule applied to the L2-norm, which gives an approximation
to ‖q̂ − qh‖ and ‖p̂− ph‖. For v, we use the trapezoidal rule applied to the (L2)2-
norm, which is effectively like the norm ‖πv−vh‖. In both cases, these are norms
for which superconvergence might be expected.

Our test cases are similar to those in [3], where a mixed finite element approx-
imation to the system was proposed and analyzed.
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4.1 A simple Euler equation in one dimension

Let Ω = (−1, 1) and for the parameter β, let

φ(x) =

{
0, x < 0,

x2, x > 0.
and f(x) =

{
0, x < 0,

xβ+1, x > 0.

Assumption 1 holds for this porosity. As discussed in more detail in [3], our system
of equations (5)–(6) reduces to the Euler equation

−x2 p′′ − 4x p′ + p = xβ , 0 < x < 1, (47)

for which the Euler exponents are

r1 =
−3 +

√
13

2
≈ 0.3 > 0 and r2 =

−3−
√

13

2
≈ −3.3 < 0. (48)

If we impose homogeneous Neumann boundary conditions and restrict β 6= r1, r2,
the solution is

q(x) = x p(x) and p(x) =

0, −1 < x ≤ 0,

βxr1 − r1xβ

r1(β − r1)(β − r2)
, 0 < x < 1,

(49)

v(x) = u(x) =

0, −1 < x ≤ 0,

−β(xr1+1 − xβ+1)

(β − r1)(β − r2)
, 0 < x < 1,

(50)

wherein we arbitrarily set p = 0 for x < 0 since it is ill-defined there.
In terms of the potential singularity near x = 0, q ∼ u ∼ |x|1.3 + |x|1+β and

p ∼ |x|0.3 + |x|β , and so for any ε > 0,

q, u ∈ Hmin(1.8,3/2+β)−ε and p ∈ Hmin(0.8,1/2+β)−ε.

We consider four values of β, β = 1/2, −1/2, −1, and −3/2. The numerical
results are presented in Table 1. Based on the regularity of the solution, if the
solution exhibited superconvergence, we would expect the order of convergence for
q and u to be O(h1.8) for β = 1/2, O(h1) for β = −1/2, O(h1/2) for β = −1, and no
convergence for β = −3/2. These rates are seen, approximately, in the numerical
results. Moreover, the order of convergence for p should be O(h0.8) for β = 1/2
and no convergence for the other values of β, which we also see approximately.
The results show less error (even on coarser grids) and better convergence than
those in [3] for the mixed finite element method.

We remark that the convergence rate is slightly better if instead of using (37),
we simply set bE = (f, wE). This, of course, would lead to a loss of strict local
mass conservation.

If we perturb the computational meshes, we continue to see similar convergence
and superconvergence results. We show in Fig. 1 the relative error for q, u, and p

on a log scale versus m on a log scale. When β = 1/2, the errors in q and u show a
clear rate of superconvergence O(h1.8). The error in p bounces around due to the
randomness of the perturbation, but it appears to converge at the rate O(h0.8).
When β = −1/2 and −1, q and u appear to convergence at the expected rates
O(h1) and O(h0.5), respectively, although the errors bounce around a bit. There
is no apparent convergence for p when β = −1/2 and −1.
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Table 1 Euler’s equation. Shown are the relative discrete L2-norm errors of q, p, and u for
various number of elements m×m and for four values of β. The convergence rate corresponds
to a superconvergent approximation, restricted by the regularity of the true solution.

scaled pressure q pressure p velocity u
β m error rate err rate err rate

0.5 32 0.002043 — 0.006756 — 0.007438 —
64 0.000642 1.669 0.004341 0.638 0.002387 1.640

128 0.000199 1.691 0.002724 0.672 0.000754 1.663
256 0.000061 1.709 0.001681 0.697 0.000235 1.681
512 0.000018 1.723 0.001024 0.716 0.000073 1.695

−0.5 32 0.001913 — 0.040343 — 0.013276 —
64 0.000802 1.254 0.039971 0.013 0.006749 0.976

128 0.000358 1.166 0.039289 0.025 0.003426 0.978
256 0.000167 1.101 0.038474 0.030 0.001731 0.985
512 0.000080 1.060 0.037617 0.033 0.000872 0.990

−1.0 32 0.006379 — 0.155115 — 0.015402 —
64 0.004849 0.396 0.164987 -0.089 0.010550 0.546

128 0.003526 0.460 0.170768 -0.050 0.007338 0.524
256 0.002521 0.484 0.173955 -0.027 0.005142 0.513
512 0.001790 0.494 0.175645 -0.014 0.003618 0.507

−1.5 32 0.060245 — 0.273779 — 0.004816 —
64 0.059596 0.016 0.278083 -0.023 0.003470 0.473

128 0.058620 0.024 0.279416 -0.007 0.002856 0.281
256 0.057593 0.026 0.279819 -0.002 0.002507 0.188
512 0.056590 0.025 0.279939 -0.001 0.002281 0.137
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Fig. 1 Euler’s equation on perturbed meshes. Shown is the log-log relative error versus m
for the scaled pressure q (circles), velocity u (squares), and pressure p (diamonds with dashed
line). Also shown is the expected convergence rate for q and u (solid line) and p (dashed line).
These rates are 1.8, 1.0, and 0.5 for q and u when β = 0.5, −0.5, and −1.0, respectively, and
only 0.8 for the p when β = 0.5.

4.2 A smooth solution test in two-dimensions

For the next series of tests, we assume that p = cos(6xy2) is smooth and that φ is
given by

φ =

{
0 if x ≤ −3/4 or y ≤ −3/4,

(x+ 3/4)α(y + 3/4)2α otherwise.
(51)

We note that φ−1/2∇φ = α
(
(x+3/4)α/2−1(y+3/4)α, 2(x+3/4)α/2(y+3/4)α−1

)
is

in
(
L∞((−1, 1)2)

)2
if and only if α ≥ 2. Nevertheless, we consider the four values

α = 2, 1, 1/4, and 1/8. The singularity in x along x = −3/4 implies that for any
ε > 0,

q ∈ H(α+1)/2−ε and u ∈
(
Hα+1/2−ε)2.
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Table 2 Smooth p two-dimensional test. Shown are the relative discrete L2-norm errors of
q, p, and u for various number of elements m ×m and for four values of α defining φ. The
convergence rate is better than expected for low values of α.

scaled pressure q pressure p velocity u
α m error rate err rate err rate

2 32 0.012878 — 0.020996 — 0.029391 —
64 0.003260 1.982 0.007574 1.471 0.009392 1.646

128 0.000825 1.983 0.002655 1.512 0.002791 1.751
256 0.000209 1.979 0.000924 1.523 0.000795 1.811
512 0.000054 1.966 0.000322 1.521 0.000221 1.849

1 32 0.007507 — 0.008594 — 0.023786 —
64 0.001929 1.961 0.002941 1.547 0.007442 1.676

128 0.000493 1.966 0.001001 1.555 0.002182 1.770
256 0.000127 1.955 0.000343 1.545 0.000616 1.824
512 0.000034 1.924 0.000119 1.533 0.000170 1.858

0.25 32 0.007443 — 0.009351 — 0.019810 —
64 0.004953 0.588 0.006521 0.520 0.008355 1.246

128 0.003549 0.481 0.004687 0.476 0.004913 0.766
256 0.002528 0.490 0.003348 0.485 0.003429 0.519
512 0.001788 0.500 0.002380 0.493 0.002469 0.474

0.125 32 0.066864 — 0.082809 — 0.048566 —
64 0.053265 0.328 0.065477 0.339 0.038811 0.323

128 0.042347 0.331 0.051784 0.338 0.032259 0.267
256 0.033806 0.325 0.041165 0.331 0.026911 0.262
512 0.027147 0.317 0.032935 0.322 0.022434 0.263

The results given in Table 2 show good convergence for this problem for α = 2
and 1, and some degradation for the smaller values of α. Perhaps Assumption 1 is
stronger than needed for convergence. The results suggest that it may be enough

that φ−1/2∇φ ∈
(
L2((−1, 1)2)

)2
, which is true here if and only if α > 1. Again,

the results show some superconvergence and less error on coarser grids than those
in [3] for the mixed finite element method.

The solution p and q are shown in Figure 2. Although p is smooth, we show
p = 0 in the one-phase region, since it is ill-defined there. In this way, one can
clearly see that in fact p is not smooth on the boundary between the one and
two phase regions B = {x = −3/4, y ≥ −3/4} ∪ {x ≥ −3/4, y = −3/4}. The scaled
pressure q is, however, well behaved for α = 2 and degenerates near B as α decreases
(i.e., as φ1/2∇φ loses its regularity).

When the number of grid cells m is even, the one-phase/two-phase transition B
lies on a grid line. If we take an odd number of elements, we will avoid this. Results
are shown in Table 3. When α = 2, we see similar errors and rates of convergence
as for the case of B being resolved by the grid in Table 2. However, the errors are
worse for the more challenging case of α = 1/4, although the convergence rates
seem to settle to about the same values.

When we use perturbed rectangular meshes, the boundary B is not resolved.
We see similar convergence behavior as for uniform meshes, as can be seen in
Fig. 3.
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Fig. 2 Smooth p two-dimensional test. Shown are the pressure p and scaled pressure q for
four values of α defining φ. The pressure is smooth, except on the boundary of the support of
φ (i.e., x = −3/4 or y = −3/4). The scaled pressure becomes less regular as α decreases near
the boundary.

Table 3 Smooth p two-dimensional test. Shown are the relative discrete L2-norm errors of q,
p, and u for various odd numbers of elements m×m and for α = 2 and 0.25 defining φ. The
convergence is similar to the case of grids that resolve the boundary between the one and two
phase regions when α = 2, but not for α = 1/4.

scaled pressure q pressure p velocity u
α m error rate err rate err rate

2 33 0.012137 — 0.021447 — 0.028001 —
65 0.003171 1.980 0.007832 1.486 0.009146 1.651

129 0.000817 1.979 0.002769 1.517 0.002753 1.752
257 0.000210 1.971 0.000969 1.523 0.000790 1.811
513 0.000055 1.938 0.000339 1.520 0.000220 1.850

0.25 33 0.031315 — 0.047229 — 0.039155 —
65 0.020907 0.596 0.029933 0.673 0.024967 0.664

129 0.014105 0.574 0.019492 0.626 0.017147 0.548
257 0.009588 0.560 0.012969 0.591 0.012062 0.510
513 0.006566 0.548 0.008778 0.565 0.008545 0.499

4.3 A nonsmooth solution test in two-dimensions

For the final series of tests, we take φ as given by (51) with α = 2, and we impose
the nonsmooth pressure solution

p = y(y − 3x)(x+ 3/4)β , β = −1/4 or − 3/4. (52)

This pressure and the scaled pressure q = φ1/2p are shown in Fig. 4, where one
can see clearly the degeneracy in p near x = −3/4 and that q is better behaved.
In the case β = −1/4, q and u lie in H1.25−ε and are relatively smooth, whereas
when β = −3/4, q and u lie only in H0.75−ε, for any ε > 0.
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Fig. 3 Smooth p two-dimensional test on perturbed meshes. Shown is the log-log relative error
versus m for the scaled pressure q (circles), velocity u (squares), and pressure p (diamonds
with dashed line). Also shown is the assumed convergence rate for q and u (solid line), based
on the uniform mesh results. These rates are 2, 2, 0.5, and 0.25 when α = 2, 1, 1/4, and 1/8.
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Fig. 4 Nonsmooth p two-dimensional test. Shown are the pressure p and scaled pressure q for
two values of β in (52). The pressures is smooth, except on the boundary of the support of φ
(i.e., x = −3/4 or y = −3/4). The two pressures become less regular near the boundary as β
decreases.

Table 4 Nonsmooth p two-dimensional test. Shown are the relative discrete L2-norm errors
of q, p, and u for various odd numbers of elements m×m and for β = −1/4 and −3/4 defining
p in (52).

scaled pressure q pressure p velocity u
β m error rate err rate err rate

−1/4 33 0.005050 — 0.045199 — 0.002885 —
65 0.002193 1.231 0.034160 0.413 0.000786 1.918

129 0.000944 1.230 0.027326 0.326 0.000211 1.919
257 0.000402 1.239 0.022448 0.285 0.000056 1.925
513 0.000171 1.237 0.018661 0.267 0.000015 1.906

−3/4 33 0.004155 — 0.193534 — 0.004991 —
65 0.002554 0.718 0.184637 0.069 0.002113 1.268

129 0.001608 0.675 0.179129 0.044 0.000935 1.190
257 0.000991 0.702 0.175644 0.029 0.000432 1.120
513 0.000601 0.724 0.173380 0.019 0.000210 1.044

We use grids that do not resolve the interface between the one and two-phase
regions. The discrete errors and convergence rates are shown in Table 4. The scaled
pressure converges as expected, and the velocity seems to be converging a bit better
than expected. The pressure barely converges at all. Again in this test case we see
results that show some superconvergence and less error on coarser grids than those
in [3] for the mixed finite element method.

As can be seen in Fig. 5, perturbed rectangular meshes give similar conver-
gence behavior as for uniform meshes, although the convergence is not nearly as
consistent.
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Fig. 5 Nonsmooth p two-dimensional test on perturbed meshes. Shown is the log-log relative
error versus m for the scaled pressure q (circles), velocity u (squares), and pressure p (diamonds
with dashed line). Also shown is the assumed convergence rate for q and u (solid lines), based
on the uniform mesh results. These rates are 2 and 1 for u and 1.2 and 0.7 for q when β = −1/4
and −3/4, respectively.

5 Conclusions

We developed an easy to implement, locally mass conservative, and stable cell-
centered finite difference method (29)–(30) for the degenerate problem (5)–(8).
The method is an approximation of the scaled variational formulation (24)–(25),
which is well-posed provided Assumption 1 holds. This assumption allows φ to
degenerate on a set of positive measure. A straightforward finite element method
based on this formulation was given in [3]. Here, we further approximated the
problem by applying trapezoidal quadrature to one term (the velocity mass-matrix
(34)), approximated the divergence operator on an element of the mesh E as

φ−1/2∇(d(φ)v) ≈ φE−1/2∇(d(φ)v), (53)

where φE is the average of φ on E, and we modified the source term f ≈ φ̂−1/2φ1/2f

for local mass conservation.

The numerical tests in one and two space dimensions demonstrated that the
method can achieve superconvergent rates of convergence with respect to the reg-
ularity of the velocity and scaled pressure. Convergence of the true pressure was
generally relatively poor. In some tests, optimal convergence rates were observed
even when a weaker condition than Assumption 1 held, namely, φ−1/2∇φ ∈ L2

versus L∞. In some of the tests, the meshes did not match the boundary of the
one-phase region, and we observed no degradation of results from cases with meshes
that match this boundary.

Unlike the mixed finite element method in [3], our new cell-centered finite
difference method is locally conservative and easy to implement. Moreover, the
numerical tests suggest that the new method achieves better convergence rates
(superconvergence) and less error on coarse grids than the former method.
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