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ANALYSIS OF A TWO-SCALE, LOCALLY CONSERVATIVE
SUBGRID UPSCALING FOR ELLIPTIC PROBLEMS*

TODD ARBOGASTT

Abstract. We present a two-scale theoretical framework for approximating the solution of a
second order elliptic problem. The elliptic coefficient is assumed to vary on a scale that can be
resolved on a fine numerical grid, but limits on computational power require that computations
be performed on a coarse grid. We consider the elliptic problem in mixed variational form over
W x V C L? x H(div). We base our scale expansion on local mass conservation over the coarse
grid. It is used to define a direct sum decomposition of W X V into coarse and “subgrid” subspaces
We X Ve and 6W x 8V such that (1) V-V, =W, and V-6V = §W, and (2) the space §V is locally
supported over the coarse mesh. We then explicitly decompose the variational problem into coarse
and subgrid scale problems. The subgrid problem gives a well-defined operator taking W, x V. to
6W x 6V, which is localized in space, and it is used to upscale, that is, to remove the subgrid from
the coarse-scale problem. Using standard mixed finite element spaces, two-scale mixed spaces are
defined. A mixed approximation is defined, which can be viewed as a type of variational multiscale
method or a residual-free bubble technique. A numerical Green’s function approach is used to make
the approximation to the subgrid operator efficient to compute. A mixed method m-operator is
defined for the two-scale approximation spaces and used to show optimal order error estimates.
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1. Introduction. Many mathematical models and numerical schemes have ap-
peared in the literature that can capture fine-scale phenomena on coarse scales or
grids. This is the essence of upscaling. The change-of-scale problem goes back to
the beginning of mathematical modeling; however, research on it has recently seen a
renewed and widespread resurgence.

Among many approaches, numerical techniques have been developed and ex-
ploited. For second order elliptic equations, a certainly not exhaustive list includes
the multiscale finite element method [20], the residual-free bubble techniques [9], cer-
tain domain-decomposition techniques [27, 31], the two-grid techniques [30, 18], and
a posteriori modeling techniques [25, 26]. A scheme related directly to the work here
is the variational multiscale finite element method [21, 22, 23]. Each scheme can be
viewed as a subgrid technique in the sense that each attempts to resolve scales be-
low the coarse grid scale by incorporating local computations into a global problem
defined only on a coarse grid.

A new subgrid technique for upscaling an elliptic partial differential equation
based on a certain combination of low order mixed finite elements was introduced
in [5] and [1]. It involves the decomposition of the solution operator into two parts,
one representing the coarse scale and the other representing the subgrid scale. The
method is described in general terms, and numerical tests are given that demonstrate
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the overall speed and convergence properties of the method in [5, 1]. Applications
to groundwater contaminant transport and petroleum simulation are given in [3, 4],
wherein it is shown that the method has great potential to resolve fine-scale effects
in practical problems. Complete details of implementation are presented in [2], as
well as additional and more stringent numerical tests that apply the technique to
two-phase porous medium problems with significant heterogeneity and wells. An
advantage of this subgrid technique is that it needs no assumptions about the under-
lying physics. The data used in the simulation is to be provided directly on the fine
scale.

The goals of this paper are threefold. First, we present a theoretical framework
within which to understand the upscaling process. We achieve upscaling without the
need for an explicit closure assumption or a restrictive assumption such as periodicity
or the like. In general, it is difficult to analyze the errors introduced by a closure
assumption; however, this problem does not arise here. Rather the ability of the
upscaled model to capture fine-scale features in the solution becomes a question of
approximation theory: how well do we approximate the upscaled model? Second,
we generalize the mixed finite element technique of [5, 1] to essentially arbitrary
choices of mixed spaces. Because of the upscaling framework, these methods can
be implemented very efficiently and require the solution of a global problem defined
only on the coarse grid. Finally, we provide an error analysis showing optimal order
approximation.

Both an outline of the paper and a brief summary of results follow. After pre-
senting in the next section the elliptic problem in mixed variational form posed in
W x V C L? x H(div), we then proceed in section 3 to define our framework within
which we upscale the differential problem. We define the coarse grid we can ultimately
compute over and use it to define a direct sum decomposition of W x V into coarse
and subgrid subspaces W, x V. and §W x §V such that (1) the divergence constraints
V- -V.=W,and V-6V = §W, needed for local mass conservation over the coarse
and subgrid scales, and (2) the space §V is locally supported over the coarse mesh,
which is needed for upscaling the subgrid. This then leads to a decomposition of the
variational problem into coarse and subgrid scale problems, with solutions in W, x V
and 6W x 6V, although the two problems remain coupled.

We define in section 4 the é-solution operator as the solution of the subgrid
problem. It is used to relate the subgrid to the coarse solution, and it is a well-defined
operator that takes W, x V. to §W x §V. Since this operator is localized in space,
it can be used to control the fine scales. We use it in the coarse problem to remove
direct reference to the subgrid, resulting in the upscaled problem involving only the
coarse-scale solution.

In section 5 we exploit the two-scale structure of the solution to define an efficient
mixed finite element method. We use any of the usual mixed elements to approxi-
mate the d-solution operator and also any choice of mixed spaces to approximate the
upscaled coarse solution. This defines many families of two-scale, mixed spaces. Our
approximation can be viewed as a type of variational multiscale method [21, 22] or a
residual-free bubble technique [9]. A numerical Green’s function approach makes the
approximation to the subgrid operator efficient to compute.

In section 6 we analyze the approximation error. We show optimal order a priori
error estimates. Care must be taken, as the two-scale decomposition depends on the
coarse grid. We therefore analyze the combined system, showing approximation of the
full solution. The key development here is the definition of a suitable mixed method -
operator that preserves the L2-projection of the discrete divergence and approximates
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well in the two-scale context. Finally, in section 7 we apply the convergence theory
to the special cases defined in [5] and [1].

2. A second order elliptic equation. Let Q C R™, n = 2 or 3, be a convex
polygonal domain. Throughout the paper, for domain w, we denote by LP(w) the
usual Lebesgue space of index p, 1 < p < oo, and by W*?(w) the usual Sobolev space
of k weak derivatives in LP(w). We denote by (,-), the L?(w)-inner product (i.e.,
Lebesgue integration over w). Moreover, || - || is the norm of H*(w) = W*2(w). In
the notation we may suppress w when it is €.

Decompose 02 = I'y UT'g, where I'y and ' are disjoint open sets in 92, and
let v be the outer unit normal vector. The problem is to find the unknown functions
p (pressure) and u (velocity) satisfying

( ap+V-u=>b in (),
u=—-d(Vp—c) inQ,

u-v=gn on I'y,

NN NN
=W N =
N NG AN NI

(2.
(2.
(2. au-v=p—gr onlg,
wherein a € L°°(Q) is nonnegative, b € L?(Q), ¢ € (L*(Q))", and d is a second
order uniformly positive definite symmetric tensor in (L>°(£2))"*" (i.e., d and d~! are
both uniformly elliptic and uniformly bounded). The boundary conditions represent
Neumann and Robin (and Dirichlet, if & = 0) conditions for suitably nice functions
gN, gr, and o > 0. We assume that a unique and sufficiently regular solution to this
system exists and that the coefficients are sufficiently regular for the error analysis to
follow.

A special case arises if a vanishes identically on all of Q and I'y = 0. Then it
is well known and follows from the divergence theorem that solvability requires the
compatibility condition

(2.5) /Qb(x) dx = /89 gn(z) ds(x).

In this case, we obtain p only up to an arbitrary constant.
To enforce conservation of mass (2.1) locally, we base our method on a mixed
variational formulation. Let

H(div;Q) = {v e (L*(Q)": V-v € L*(Q)}
denote the usual space, with the inner product
(Vi,Vv2)H(@iv) = (V1,v2) + (V- v, V- vy)
and norm ||v|| g(aiv) = (v,v)gfdiv), and let
V={ve Hdiv;Q):v-v=0o0n Iy},

which is a closed subspace. To impose the Neumann boundary condition, we need to
extend gy to some fixed vector v,, € H(div;Q) such that

Vgy ' V=gyonl'y and vy, -v=0o0nTg.

Finally, let W = L?(Q), or let W = L*(Q)/R = {w € L*(Q) : [w(z)dz = 0} if p
will be defined only up to a constant.
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The mixed variational problem equivalent to (2.1)-(2.4) is to find u € V + v,
and p € W such that

(2.6) (ap,w)+ (V- -u,w) = (b,w) YweW,
2.7 (d'w,v)+ (au-v,v-v)r, — (p,V-V) = (¢,v) — (gr,v-V)r, VVvEV.

Note that (2.3) is imposed as an essential condition and (2.4) is imposed weakly as a
natural boundary condition.

3. Separation of scales. We recall that a Hilbert space H is the direct sum of
M and N if H= M + N and M and N are closed subspaces that intersect only at
the zero vector. We denote this fact by H = M & N. In this case, given x € H, there
is some unique m € M and n € N such that x = m+n. We note the following result,
which is an exercise in the application of the closed graph theorem [29].

ProposiTiON 3.1. If H is a Hilbert space and H = M @& N, then the operator
Prr i H — M defined for x € H by Pyx =m, where x =m+n, me M andn € N,
is a bounded linear (but possibly nonorthogonal) projection.

We expand functions in W x V uniquely according to a direct sum decomposition
of the spaces. We base our decomposition on our two primary requirements: that the
finer (i.e., “subgrid”) scales be localized and that mass conservation is maintained. To
do so we choose a coarse mesh partition 7z of ) of a finite number of convex elements
over which we will decompose the solution into coarse and local (i.e., “subgrid”) pieces.
The choice is mostly arbitrary at this point, but later the mesh will be used as the
coarse mesh we compute on. We do, however, need a nondegeneracy condition. We
assume that there is some universal fixed constant « > 0 such that any choice of 7y
satisfies

(3.1) msr(E.) > y(diam(E,.))" VE. € Ty,
where msr(E,.) is the measure of E. and diam(E,) is its diameter.

3.1. A two-scale decomposition of W x V. As is well known, the divergence
operator maps V onto W. The range of the divergence operator must be decomposed
into a direct sum decomposition W = W,.@®6W of closed subspaces. For our purposes,
the decomposition is arbitrary, except that we must insist on two properties. First,

oW c (WhHht, w!={w,eW :w,is constant ¥V coarse elements E, € Ty},

with respect to the L?()-inner product.
Second, we insist that there is a uniformity in the separation of W, and §W. We
define the possibly nonorthogonal projections

(3.2) 75Wc W =W, and Psw: W — W

with respect to the direct sum decomposition. By Proposition 3.1, these operators
are bounded but not necessarily uniformly so with respect to the coarse mesh 7y
selected. Our requirement is that in fact these are bounded uniformly: there is some
universal constant C, independent of the coarse mesh 7x, such that

(3.3) lwello + 16wl < Cllwllo,

where w = w, + 6w € W, ® 6W. We can easily achieve this property if, for example,
W. C W such that W} C W, is given arbitrarily and éW = W;,. However, we
maintain flexibility by not assuming strict orthogonality.
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To obtain a decomposition of V, we first define

Vi={veV:V.veW.},
SV ={6veV:V.-6veéWand év-v=00n 0E.V E. € Ty }.

ProprosITION 3.2. [t follows that

(a) VI and 6V are closed subspaces of V;

(b) V=V!+6VL;

() ViNnévi={veV:V.-v=0and v-v=00n9dE. Y E. € Ty };

(d) V- V=W, and V-5V = §W.

Proof. For (a), first note that each space is a linear subspace. The divergence
operator is continuous on V, so V! is closed. Finally, we note that V! is the
intersection of a closed subspace of V (the vectors év with V - év € §W) and the
kernel of a finite number of normal trace operators, so §V! is also closed.

To see (d), we consider an auxiliary elliptic problem. Given dw € éW, on each
E. € Ty let ¢ € HY(E,..) solve the linear problem

(3.4) Ap = bw in E,,
(3.5) Vo-v=20 on JF,.

This problem is solvable because 6w L W, so §w satisfies the compatibility condition.
Set 6v = V. It is easy to conclude that §v € V| since the normal traces match (in
fact vanish) on each side of 0FE. N Q VE, € Tg. Thus we conclude that év € §V?!,
and so 6W C V - §V!. The opposite inclusion holds by definition, so V - §V! = §W.
Similarly, given w. € Wy, let 1 € H*() solve the linear problem

(3.6) A = w, in Q,
(3.7 Vip-v=0 on I'y,
(3.8) =0 on I'g.

Then v, = Vi € V! allows us to conclude that V- V1 = W,.

For (b), we know that V. O V! + 6§V so consider any v € V and decompose
V.v =w,+ 6w for w, € W, and édw € 6W. Construct ¢ and é6v = V¢ from dw as in
(3.4)-(3.5) above. Then we conclude that v. = v —év € V! and so V C V! 4+ §VL%

Finally, (c) follows trivially from (d), since W, N éW = {0}. d

The proof above suggests the following Helmholtz decomposition. Let

VP = {vP € V! :vP = V4 for some w. € W, and ¢ satisfying (3.6)—(3.8)},
Vi={vieV:V.v:=0}CV%.

These spaces are clearly closed subspaces, and we claim that VEN'V® = {0}. Let v be
a member of both. Then there is some scalar potential function 1 such that v = V1,
and V - v = Ay = 0. Moreover, the boundary conditions from V? imply that ¢ is
constant (zero if I'gr # @), and so v = 0. Thus we conclude that in fact

Vi=VtgVs

is a direct sum of potential and solenoidal vector fields. Similarly, we have the closed
subspace

VP = {§vP € 6V : 6vP = Vi for some dw € §W and ¢ satisfying (3.4)-(3.5)}
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and the direct sum
SV =6VP @ 6VS, where 6V =VSN§vei

By similar reasoning, we conclude from W. N éW = {0} that V2N §V? = {0}, and
thus

(3.9) V=V!a§VP Ve,

THEOREM 3.3. There is some constant C, independent of Ty, and there exist
closed subspaces V. and 6V of V such that

(a) V=V_.36V;

(b) V- V. =W, and V-6V = W;

() 6V CoVi={6veV:V-6vedW andév-v=0 ondE.V E. € Ty };

(d) for v=v.+éveV DV given,

(3.10) IVell 2 (div) + 10V E(aiv) < ClIVIE(div)-
Moreover, a choice exists such that also the potential vector fields

(e) VEC V. and §VP C 6V.

That is, (d) says that the projection operators defined by the direct sum,
(3.11) Pyv,: V-V, and Psyv:V — 6§V,

are bounded independently of 7.
Proof. The troublesome part of (3.9) are the solenoidal fields V*. With respect
to the H(div)-inner product, let

V= (V)N Vi={viecVi:vi L6V
Then V°* = V: @ 6V?, and we can define
V.=VZ®V] and 6V =6VPHV?,
satisfying (a)—(c) and (e).
We need to examine the construction more carefully to conclude (d). Let v eV
be given, and decompose

V. v=w.+6w=PwV-v+PsywV- -veW.dW.

We then construct 6vP = Vi € 6V? from (3.4)-(3.5) using the given éw and note
that standard elliptic energy estimates show that on each F,. € Ty,

||6v?

(2),EC = ||V<PH(2),EC = (756Wv “V,0)E,
<|PswV - vlo.zll¢llo.z. < ClPswV - vlo.z Vel &,

where C is the Poincaré inequality constant [17] for E., which is proportional to

% and therefore universally bounded by the nondegeneracy assumption

(3.1). Thus, from (3.3),

167l 1 (aiv) < ClIPsw V- v]o < Cl|v]| raiv)-
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Similarly, we construct v2 = Vi € VP from (3.6)—(3.8) using the given w,. and
conclude that

VP £ (aivy < ClVI E(div)-

Now v =v2+6vP+v® € VEGIVPBV? by (3.9), and v° = vi+6v® € ViDHV?,
which is an orthogonal decomposition, so

||V§H12H(div) + ||6VS||§I(div) = ”VS”%I(div) =[v—-vi- 6vp||%1(div) < OHVH%I(diV)'

Finally,

Vel (aiv) = [IVE + Vil zaiv) < ClIVIE v
16V e (div) = [10VF + 6V || r(aiv) < ClIOVI m(div)

and the proof is complete. 0

Thus (a) gives us a unique decomposition of vectors in V, (b) allows us to en-
force mass conservation over 7x on both the coarse and subgrid scales, (c) gives us
a locality property of the space 6V that we can exploit later, and (d) gives us a
uniformity property of the decomposition independent of 7. The specific choice of
decomposition appears to be unimportant for our purposes, although we will revisit
this question later in section 5.1. In what follows, we fix a choice of V. and 6V
satisfying the properties (a)—(d) of the theorem.

3.2. Separation of scales in the equations. Recall that v,, € H(div;()
satisfies the Neumann boundary condition. Decompose the solution

p=pc+opc W, DWW,
u=u.+ou+vy, € V. ® 6V 4 vy,

Then we decompose (2.6)—(2.7) by choosing test functions restricted to the spaces
W, x V. or 6W x §V. This results in an equivalent system of the four equations
(3.12)—(3.15) below. For convenience, let

b*=b—-V vy,

*x —1
cF=c—d Vg,

Coarse-scale equations. Find u. € V. and p. € W, such that

(3.12)  (a(pe + 6p),we) + (V- (ue + 6u), w.) = (b*, we) Y w, € We,
(dt(u. + 6u),v.) + (au. - v,v. - V)r, — (pe +6p,V - v,)
(313) = (C*aVC) - (gRaVc : Z/)FR \ Ve € Vc-

Subgrid 6-scale equations. Find du € 6V and ép € §W such that

(3.14) (a(pe + 6p), 6w) + (V - (ue + 6u), dw) = (b*,6w) V bw € 6W,
(3.15) (d™H(ue + 6u),6v) — (pe + 6p, V - 6v) = (¢*,6v) ¥V év € 6V.

4. The d-solution operator and upscaling. The systems (3.12)—(3.13) and
(3.14)—(3.15) are coupled together, and as written they do not allow us to exploit the
locality of §V. Our goal now is to rewrite (3.12)—(3.13) independently of ép and éu.
To do so, we need to write these quantities in terms of p. and u..
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4.1. Solvability of the subgrid scale equations.

LEMMA 4.1. Given (pc,u.) € W, x V., there exists a unique solution (6p,éu) €
SW x 6V to (3.14)-(3.15). Moreover, there is some constant C, independent of the
coarse mesh Ty and the specific decomposition of W x 'V selected, such that

161l + 16wl (i) < C{lIbllo + llello + Van ll 2 aiv) + IPello + 1ae]l riaiv) }-

We can prove Lemma 4.1 using the theory of saddle point problems [6, 8, 13, 7].
We need a generalization of the theory developed in, e.g., [13]. Consider the following
abstract problem: Find p € W and u € V such that

(4.1) (p,w) + ( ) = F(w)
4.2 a(a,v) — (p,V-¥) = G¥)

<

ew,
vev,

¢
B¢
S(
S(
S<

’ : ﬁ» V
v
where W C L?(Q) and V C H(div;Q) are Hilbert spaces. The following result is a
simple corollary of the more general theory [13, pp. V44f47].

THEOREM 4.2. Suppose that W C L*(Q) and V C H(div; Q) are Hilbert spaces
such that V -V = W. Suppose that & and ¢ are continuous, symmetric, positive

semz;deﬁm'te bilinear fqrms on \:/ XV and W x W, respectively, and that  is coercive
on VNker(V:), Ge V' Fe W, and there exists § > 0 such that

(4.3) inf sup M > 03>0.

WEW veV HV”H(diu) l|@]lo
Then there exists a unique solution (p,0) € W x V to (4.1)-(4.2), and there is a
constant C' such that

1Bllo + [l aivy < C{IFN +1G[},

where C' is a nonlinear function of ||all, ||¢||, the reciprocal of the coercivity bound for
a, and 1/8 that is bounded on bounded subsets.

The key result is to prove the celebrated inf-sup condition (4.3). This condition
is known to hold over W x V, and the following corollary is well known and uses the
fact that for v € V,

(9r, vV - V)rg = (9r, V- V)aa < Cllgrll1 2,00V m(div),

where gr on 0f is any fixed bounded extension.
COROLLARY 4.3. There exists a unique solution to (2.6)—(2.7), and there is some
constant C' depending on a, d, and the inf-sup bound such that

Ipllo + 1l aiw) < CLlbllo + llello + 1Vgn Iz (div) + ll9R 12,00}

LEMMA 4.4. The inf-sup condition holds over both W, x V. and 6W x 6V, with
constants independent of the coarse mesh Ty and the specific decomposition of W x V.
selected.

Proof. For W, x V., we have the following argument. Given w. € W, solve for
¢ € H'(Q) satisfying (3.6)-(3.8), with [, ¢ dz = 0if Ty = 9Q. Set v = V¢. Then

VIS = 1VI5 = (we, ) < [lwelloll¢llo < CllwellolI V4 o,
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by Poincaré’s inequality [17], so || V|| g(aiv) < Cllwello. Let v = V. +6v, where v. € V.
and v € 6V. We note that w. =V -v =V -V, € W,.. Moreover,

Vel maiv) = IPv. Viim@iv) < ClIvIa@v) < Cllwelo.

Thus

. ) (V- ve,we) ) (V Ve, we)
inf sup > inf —
weew, veeVe Vel (aiv) lwello ™ weew, [IVellr(aiv) [[wello

1
g wello S 1
weew. [[Vellr(@iv) — C

The proof for §W x 6V is entirely similar and omitted. a

Proof of Lemma 4.1. We can rewrite the subgrid §-scale equations (3.14
in the form of the abstract problem (4.1)-(4.2) by taking V = 6§V and W =
by defining

)—(3.15)
6W and

¢(bdwr, bws) = (abwr, dws),

a(6vi,6vy) = (d1ovy, 6va),

F(bw) = (b* — ap. — V - u, dw),

G(6v) = (¢* —d tue, 6v) + (pe, V - 6v).
Easily, the bilinear forms @ and ¢ are continuous, symmetric, and nonnegative on 6§V,
and a is coercive on 6V Nker(V:), with constants depending on the coefficients a, c,
and d. Moreover, F' and G are continuous linear functionals. Lemma 4.4 gives us the

inf-sup condition (4.3), so the hypotheses required by Theorem 4.2 are satisfied by
the system, and so the conclusions follow. 0

4.2. The 6-solution operator. Lemma 4.1 allows us to define the solution
operator of the subgrid é-scale equations (3.14)—(3.15) in terms of the coarse-scale
solution. It is in fact an affine operator with constant and linear parts.

Constant part of the §-solution operator. Find 6p € 6W and éu € 6V such that

(4.4) (adp, bw) + (V - 61, dw) = (b*,6w) VY dw € §W,
(d=t61,6v) — (6p, V - 6v) = (c*,6v) VY év € §V.

We-linear part of the d-solution operator. For w. € W, find ép € 6W and é6u € 6V
such that

(4.6) (a(we + 6p), bw) + (V- 60, 6w) =0 VY dw € 6W,
(7161, 6v) — (we +6p,V-6v) =0 V év € §V.

V .-linear part of the §-solution operator. For v, € V., find ép € 6W and 6t € 6V
such that

(4.8) (adp,bw) + (V- (ve+60),0w) =0 Y dw € §W,
(d™Y(ve 4 610),6v) — (6P, V-6v) =0 V év € 6V.

The theory of saddle point problems allows us to conclude the solvability and bound-
edness of each system, so we have the following result.
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THEOREM 4.5. There exist bounded linear operators

op: W, — 6W and oéu:W.— 6V,
6p: V. —86W and éu:V.— 6V,
bounded independent of the coarse mesh Ty and the specific decomposition of W x 'V

selected, defined by (4.6)—(4.9), and functions 6p € 6W and éu € 6V defined by
(4.4)—(4.5) such that

6p = 6p(pe) + 6p(uc) + 6p,
ou = éu(p.) + 6u(u.) + ou.
Moreover, there is some constant C' such that
16Pll0 + 16| rr(ai) < C{llbllo + llello + 1V 1 (aiv) }-

Because 6V - v = 0 on each OFE, for E. € Ty, 6p, éu, 6p, and 6 are locally
defined operators. That is, the restriction to E. of the result is given by evaluating
the restricted operators, which are defined by restricting the integrals to E. in (4.6)—
(4.9). Symbolically, we might write

6p(pe)|E. = 0P|, (Pele.) and  du(pe)|r, = 6ulg, (PelE. ),
op(uc)|e, = 0ple, (uclp,) and oa(u.)|p, = 6l (ucls,)

These operators are well defined, linear, and bounded uniformly with respect to 7y
and the decomposition of W x V selected.

In upscaling theory, results like Theorem 4.5 allow one to close the equations.
That is, the fine scale is represented as an operator of the coarse scale. However,
usually such a result is either assumed or additional assumptions are added to restrict
the nature of the problem (such as assuming some kind of periodicity or ergodicity).
Hence such results are often called closure assumptions. We have closed our system
without the need of any additional assumptions.

4.3. The upscaled equation. If we substitute the d-solution operator into the
coarse-scale equations (3.12)—(3.13), we obtain the following problem.
Asymmetric upscaled equations. Find p. € W, and u. € V. such that

(a(pe + 6p(pe) + 0p(ue)), we)
+ (V- (ue + du(pe) + du(ue)), we)
(4.10) = (b* —abp— V- béu,w,.) YV w. € W,
(dil(uc + 6u(p.) + o6a(ue)), ve)
+ (auc VU, Ve V)FR - (pc + 6ﬁ(pc) + (Sﬁ(uc)v v : Vc)
(4.11) = (c" —d tou,v.) + (6p,V - ve) — (9r, Ve - V)rp YV ve. € V..
This system is posed entirely with respect to coarse-scale functions, so we say that
it has been upscaled from the fine scale. However, this system is not symmetric, even

though the original fine-scale system is symmetric. We can remedy this by noting
several equivalences. First, note that from (4.6) and then (4.7),

(a(pc + 6ﬁ(pc))’ 65(“’0)) = _(v : 5ﬁ(pc)7 (5ﬁ(wc))
= —(d~'éu(w.), 6u(p.)) + (we, V - sa(p.)),
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and similarly from (4.9) and then (4.8),

(™ (ue + 6a(u.)), 6a(ve)) = (8p(u.), V - su(ve))

= —(abp(ve), 6p(uc)) — (V- ve, 6p(uc)).
We also apply (4.9), (4.6), (4.7), and then (4.8) to obtain
(d™16u(pe), ve) = (85(ve), V - 8u(pe)) — (A~ 60(ve), 6u(pc))

= (pc + 6]5(])0))? 6]3(‘70)) - (d_léﬁ(vc)a 6ﬁ(pc))
= (pe + 6p(pe)), 0D(Ve)) — (pe + 6p(pe), V - 0(ve))
= —(apc, 0p(ve)) — (P, V - 6(ve)) + (V- ve, 65(pe))-

Combining, we obtain a symmetric form for our system.
Symmetric upscaled equations. Find p. € W, and u. € V. such that

(a(pe + 6p(pe)), we + 6p(w,)) + (d~161(p, ), 60 (we))
+ (V- (ue + 6a(ue)), we) + (adp(ue), we)
(4.12) =" —abp—V - bu,w.) vV w. € We,
(d~(u. + 6a(u,)), ve + 6t(ve))

—(a
—(a

+ (adp(u.), 6p(ve)) + (aue - v, ve - V)rp
= (pe; V- (Ve + 60(ve))) — (ape, 6p(ve))
(4.13) = (¢* —dtéu,v.) + (6p,V -ve) — (gr; Ve - V)1 ¥ Ve € V.
The final solution is given then by
(4.14) P = pe + 6D(pe) + 6p(uc) + 6p,
(4.15) u=u, + 6u(p.) + du(u.) + éu+ vy, .

It remains to show that indeed (4.10)-(4.11) or, equivalently, (4.12)—(4.13) has a
unique solution from which to construct the solution p and u.

THEOREM 4.6. There exists a unique solution to (4.10)—(4.11) or, equivalently,
to (4.12)—(4.13). Moreover, there is some constant C, independent of the coarse mesh
Ty and the specific decomposition of W x V selected, such that

[pello + el zaiy < C{Illo + llcllo + [Vgy |z (div) + lgR |1 2,00}

Proof. Rather than trying to show the inf-sup condition for the system (4.12)—
(4.13) with its bilinear form (V- (v.+6u(v.)), w.)+(adp(v.), w.), we use a more direct
route. From Corollary 4.3, we have (p, u) € W x (V+v,, ) solving the original system.
We uniquely decompose p =p.+6ép e W, @ O6W andu—vy, =u.+éuec V. doV.
By construction, (pe,u.) € W x V. is a solution to (4.12)—(4.13).

To demonstrate the uniqueness of the solution, consider the difference of two
solutions, which is equivalent to setting all constant terms to zero and showing that
there is only the trivial solution. Take the test functions w. = p. and v, = u. and sum
the equations to conclude that u. + éa(u.) = éu(p.) = 0 and, by the uniqueness of
the decomposition V. @ éV, that u. = 0 and thus also §p(u.) = 0. Since V-V =W,
equations (4.7) and (4.11) imply that p.+ 6p(p.) = 0, and thus p, = 0 and uniqueness
is established.

We use (3.3) and (3.10) to bound

[pello < Cllpllo and  [Jucllmaivy < Cllullaaiv)-
Finally, Corollary 4.3 bounds these terms as required. 1]
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5. Numerical approximation. In the previous section, we demonstrated that
the é-problems (4.4)-(4.9) and the upscaled problem (4.12)—(4.13) are well-posed,
uniformly with respect to 7. In this section, we construct an efficient computational
algorithm, exploiting the structure exposed in the previous two sections. Namely, we
exploit that the é-problems are local and thus easily solved computationally and that
the global upscaled problem on 7y is relatively small compared to the full fine-scale
problem (2.6)—(2.7) itself.

We present a class of discretizations based on standard mixed spaces. Our class of
discretizations includes the particularly pertinent low order discretization described
in [1, 2] and later in section 7.

We now consider 7y as a coarse mesh. For approximation purposes, we assume
that it is chosen of conforming simplexes, rectangular parallelepipeds, or prisms such
that, for simplicity, T'x is the union of coarse edges or faces. Let

H = max diam(E,).
E.€Thy
On each E. € Ty, let T;(E,) be a fine mesh sufficient to resolve the coefficients of the
problem, and define

h= max max diam(6F).
E.€Ty 6E€/TIL(EC)

Then Ty p = Ug,e1y; Tn(E.) is the full fine mesh. The meshes need not match across
boundaries of coarse elements.

5.1. Two-scale conforming approximation spaces. From among any of the
usual mixed finite element spaces for second order elliptic equations, such as those of
[28, 24, 12, 10, 11, 14, 13], we select the coarse space Wj; x Vi C W x V on the
mesh 7y, with V; satisfying the homogeneous Neumann boundary condition on I' .
In all the usual spaces,

V-V =W

and piecewise discontinuous constants W1 c W.

On each coarse element E. € Ty, we similarly select from among any of the usual
mixed finite element spaces the é-space §Wy(E.) x 6V (E.) C (W x V)|g, on the
mesh 75 (E,.), with 6Wp,(E.) L 1 and §V,(E,) satisfying the homogeneous Neumann
boundary condition on 0FE.. Merging these spaces results in §Wj x 6V}, over the
entire domain €. Then §W},, L W} and

V-6V = 6Wh,.

For simplicity, we take the same mixed space for each coarse element, although this
assumption could be relaxed.
The overall two-scale mixed spaces are then defined to be

WH,h = W;I + 6W; and VH,h = V*H + 6Vy,.

However, it is possible for general combinations of mixed spaces that the coarse and
o-spaces are not linearly independent. The following construction suffices to rectify
the problem. First, complete a basis for 6Wj, N W} to a basis for W}; and then define
W as the span of the extra vectors. Similarly, we complete a basis for 6V, NV} to
a basis for Vj; and use the extra vectors to define V.
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To summarize our construction, our two-scale finite element spaces are and satisfy

WH,h:Wz{JF(SWh =Wy @& oW, CW,
VH,h = V?—I +6V,=Vg oV, C V,

where
V- 5Vh = 5Wh and V- Vth = WH,h~

Our spaces are conforming in the sense that both Wy and §W}, are subspaces of
W, and Vg and 6§V, are subspaces of V and §V!, respectively, and thus have the
required H (div) smoothness and satisfy the requisite boundary conditions.

However, it is not necessarily the case that Wy C W, and 6W), C 6W nor that
Vg C V. and 6V, C V. In section 3.1, we made a few arbitrary choices. We
could, for example, have chosen Wy = W, and then defined 6W in such a way that
both éW;, C §W and (3.3) hold, perhaps after assuming the restriction on the grid
mentioned in section 6. We might similarly be able to decompose V* in such a way
that Vg C V. and 6V, C V. Then the mixed spaces would be fully conforming in
the two-scale sense. However, there appears to be no advantage to such a construction,
so we will not attempt it here.

5.2. The discrete equations in computable form. The key to efficient im-
plementation is to determine the §-operators’ actions only on the finite element basis
for V. We call such solutions numerical Green’s functions, since they give the
response of the system to a “unit” disturbance, which on the numerical level is a
coarse-scale basis function.

Let {wp;}; and {vy ;}; be finite element bases for Wy and Vg, respectively.
One property of a finite element basis is that the support of any basis function is
relatively small. Expand

(5.1) pH = Zpin’i and uy = ZUJ'VHJ’
i J

Then to compute, for example,

su(uy) = Z u;6u(vp,;)

requires only the numerical Green’s functions éa(vy ;) for each j.

The numerical scheme has three main steps. The first step is to compute the
solutions to the following problems.

Constant part of the approximate 6-solution operator. Find 6p, € 6W}, and duy, €
6V}, such that
(5.2) (abpp, (5wh) + (V- buy, dwy) = (b*, 6wh) Y bwy, € 6Wy,
(53) (d_léﬁh, 6Vh) — ((5}3}“ V- (SVh) = (C*, 6Vh) VY 6vy, € 6Vy,.

W -linear part of the approximate 0-solution operator. For wg; in a basis for
W, find 6py; € 6W), and éuy,; € 6V}, such that
(5.4) (a(wﬂ,i + (5ﬁh,i),6wh) + (V . 6ﬁh,,»,6wh) =0 Vow, € 6Wy,
(55) (d_léﬁh’i, 6Vh) - (UIH,,' + 5]5}1’1', V- 6Vh) =0 Vv, €b6Vy.
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V g-linear part of the approximate 0-solution operator. For vy ; in a basis for
Vg, find 6pp,; € OWp and 01y, ; € 6V, such that

(5.6) (aéﬁhm Swp) + (V- (Vij + 5ﬁh7j),5wh) =0 Y bwy, € bWy,
(5.7) (dil(VHJ' + 60y, ),6vn) — (8P, V - 6vy) =0 VY évy, € 6V,

These problems are quick and efficient to solve, since they are relatively quite
small due to their local nature. That is, we actually solve them on each coarse
element independently. For example, we know that for the standard mixed spaces,
vy ; is supported on at most two coarse elements, E! and E2. Thus, to evaluate
sa(vy,;), we solve (5.6)—(5.7) twice, with all spaces and integrals restricted to EX for
k =1,2. Then in fact 60(vy ;) is the combination of the two solutions 6| gk (Ve ;| x)
on E¥ k = 1,2. On each coarse element, each linear system in (5.2)-(5.7) has the
same matrix, and only the so-called right-hand side vector varies. Thus it is reasonable
to use a direct solver for these problems. Moreover, they parallelize trivially. Since
these are square linear systems, existence and uniqueness of a solution follow from
uniqueness, which follow in the usual way from the fact that V - §V;, = 6W,.

Then we have the implicit expressions

(5.8)  bpn = 0pn(pu) + 6pn(um) + 6Py = E DiODh,i + E 0Dk, ; + O,
% J
(6.9)  ouy = ouy(py) + dup(uy) + 6uy = g pidap; + g w60y, ; + oup,
% J

since at this stage of the computation p; and u; are not known.

The second main step is to compute the solution to the upscaled equation. We
approximate (4.12)—(4.13) in the symmetric case by restricting to the finite element
basis: Find py € Wy and uyg € Vg such that

(alps + 85(p)), wir + 65(wi)) + (A~ 6(pir), 55(wir)
+ (V- (ug + 6u(ug)),wy) + (adp(uy), wy)
(5.10) = (b* — abpp, — V - bup, wpr) YV wyg € Wy,
(d " ug + da(ug)), vy + da(vy))
+ (adp(up),0p(vi)) + (aun - v, vy - V)rg
= (pu, V- (v + 60(vy))) — (apu, 6p(vi))
(5.11) = (c* —d 'é6upn,vy) — (6pn,V -vu) — (gr, Ve - V)rp, ¥ vy € V.

By following the computations in section 4.3, we easily see that a similar finite element
approximation of the asymmetric formulation (4.10)—(4.11) is equivalent to (5.10)—
(5.11). Either problem is the same size as a full finite element approximation of
(2.6)—(2.7) over the coarse space Wy x V.

The final main step is to construct the solution using (5.8)—(5.9):

(5.12) Ph = pH + 0pn € Wi p,
(5.13) uy :uH+(5uh+vgN GVH,}L+VgN.

5.3. An equivalent form for the discrete equations. It should be noted
that our procedure is an efficient implementation of the algebraically equivalent mixed
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finite element method corresponding to (2.6)—(2.7), which is to find u, € Vg, + v,y
and pj, € Wy p, such that

(5.14) (apn,wp) + (V- up,wy) = (b, wp) YV wy € W p,
(d " ap, vi) + (qup v, vy V)r, — (P, V- Vi)
(5.15) = (¢, Vi) = (9r, Vi - V)T5 Vvy,E€Vay.

Existence and uniqueness of a solution follow from uniqueness, which follows from the
linear independence of Wy x Vg and 6Wj, x 6V}, and the fact that V- Vg, = Wg p.

From (5.14)—(5.15), we can conclude existence and uniqueness of (5.10)—(5.11),
since pp, = py + 6pr and u, = uyg + duy give py and uy, which satisfy the system.

6. Analysis of the approximation error. We begin this section with some
notation. For M, a subspace of L?, we denote by Pa; : L? — M the orthogonal
L2-projection, based on the decomposition L? = M @ M. We contrast this with
Py 2 L2 — M from Proposition 3.1, which was based on a possibly nonorthogonal
decomposition L2 = M @ N.

At this point, we require some uniformity of the discrete decomposition. Let
75WH : Wy n — Wpy and 755Wh : Wa.n — 6W}, be the projections associated with the
decomposition Wy, = Wy @ 6Wj,. We assume that there is a constant C' such that

(6.1) [Pswill < C:
Note that then also
(6.2) [Pwyll = I = Psw,, | <1+ C.

It is not difficult to ensure (6.1). The simplest possibility is that Wy L W}, so that
ﬁ&wh = Psw, and we can take C' = 1. This holds for certain choices of mixed spaces
but not for others. Another possibility is to enforce uniformity on the two-scale mesh
Tw,n. Suppose that as H — 0, we insist that H/h remains fixed. If we also assume
that the coarse and fine element shapes remain fixed, then it is clear by a scaling
argument that (6.1) will hold on each coarse element and thus globally. Moreover, we
can even allow the element shapes to change as long as they do not change too badly,
such as being the images of a reference element under a uniformly bounded family of
affine maps with uniformly bounded inverses.

Let K > 1 and L > 1 denote the approximation orders of the coarse spaces V7j;
and W}y, respectively. That is, for some constant C and for any v € V and w € W,

(6.3) inf ||lv—vglo<C|v||mH™, 0<m<K,
vHEVY

(6.4) inf |jw—wgllo < Cllw|; H, 0<i<L.
wg EW g

For all the usual mixed spaces, L = K or L = K — 1. It is also true that

(6.5) inf |[|(v—vg) v|ory, <C|v-V|[mr,H", 0<m<K.

VHEV}(.I

Similarly, let £ > 1 and ¢ > 1 denote the approximation orders of the é-spaces 6V},
and 6W}, respectively.
LEMMA 6.1. Given any w € W,

(6.6)  Jw—"Pw,,wlo < Clwllis;H'H, 0 <i<max(0,L—j), 0<j<L
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Proof. For each E. € Ty, we note that in all the usual mixed spaces W7, restricted
to E. consists of polynomials of full degree at least L —1 that are discontinuous across
OF.. Thus from standard polynomial approximation results, we compute

_ = inf inf — -4
lw = Pwy ,,wllo.z, L Mhlg&WhHW wy — dwylfo,E,

<C inf — g B
<O nf, llw—wnlle.

< Cllwlliyje H'W,

wherein 0 < j < ¢ and then 0 < ¢ < max(0, L — j). O
Approximation in Vg j is more delicate, as we need to preserve divergence prop-
erties.

6.1. A mixed method m-operator. All the usual mixed spaces Wn X Vn have
projection operators 7 : VN H'(2) — V,, such that

V-7v= PW”V-V,
Iv—av| < Clivilin', 1<i<m,

where C'is a constant independent of the mesh spacing n and m is the approximation
order of the space V,. Moreover, on 0f2,

(6.7) Tv-v="Py V-V
We have the associated operators
i VO HYQ) — Vi,
6TE,.h: OV(E)NHY(E,) — 6V(E.) V E. € Ty,
and also 67y, defined by combining the 67, 5. Then for any v € V and év € §V1,
V-mgv =Pw;V - v,
V - ompév = Psw, V - Ov.

Our goal now is to define a similar operator for the two-scale space Wgr p X Vg p.
Let ve VN HYQ). On each E, € Ty, let

dw = Psw, Py, V - V.

Define §vP = V¢, where ¢ € H'(E,) satisfies (3.4)—(3.5) with the given §w. Then,
because of (3.1), the Poincaré inequality constant is independent of H and h, so elliptic
regularity [19] gives us the bound

I¢ll2,. < CllPsw,Pwy., V- Vio,E.,

where a simple scaling argument shows that C' depends on the shape of E. but not
on its size. Thus also

(6.8) 16V )l1,5. < ClPsw, Pwun V- Vllo.E..

and we conclude that we can apply 67, to 6vP.
DEFINITION 6.2. Let m: VN HY(Q) — Vg, = Vi + 8V}, be defined by

v =7g(v — 6vP) + dmpévP,

where 6vP = Vi and ¢ satisfies (3.4)—(3.5) with dw = ,ﬁéwh,PWH,h,v V.
This operator, while well defined, is not a projection.
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PROPOSITION 6.3. It follows that

V.nv=Pw,,V-v on,

TV V=TV -V on 0.
Proof. Since Py, , = (Pw,, +756Wh)7DWH,h, and Pwy, Pwy , = Pwy,, we compute
V-rv=V-mg(v—~6vP)+ V. énpévP
=Pw; V- (v = 6vP) + Psw, V - 6vF
=PwpV v — ngﬁgthWH7hV -V + PﬁwhﬁéthWH,hV -V
=Pw;V-v— ,PWI’;(I - ﬁWH)PWH,hV -V + 'ﬁéwh'PwH’hv -V
= (Pwy + Psw, ) Pws, V- v
= PWH’hV - V.
By (6.7), we see that
av-v=mng(v—~06vP) v+ émpdvP v =mpv- v,

since 6vP - v = 0 on 9. 1]
LEMMA 6.4. If (3.1) and (6.1) hold, then for v.€ VN HY(Q),

lv—nvlo < Cllv[mH™, 1<m<K,
lorr SClVv-v[|mr,H", 0<m< K.

(v —mv) v
Proof. We construct 6vP € 6 VP as in the definition of 7. Then for 1 <m < K,

v —av]o=|[v—7mav+ mgdvP — émndvP|o
<|lv=muv|o+ [[radvP — 6vP|lo + ||6VP — émnévP]o
<cfivlnmm+ 3 (v
E.€Ty
< CUVIm H™ + [ Psws, Pws V- Vo H},

L&H+wwm@m}

by (6.8). The Bramble-Hilbert lemma [15, 7] implies that for any 0 <14 < L,
||756WhPWH,hv : V”U = H(I - ﬁWH)PWH,h,V : V”U < CHV : VHiHiv

since the operator (I — ’ﬁWH)PWH= . is uniformly bounded by (6.1), and it preserves
polynomials of the appropriate degree. With ¢ = m — 1, i is in the range 0 < ¢ < L
(L=K or L =K —1), and we obtain the required first estimate.

The second estimate follows from Proposition 6.3 and its approximation proper-
ties, (6.7) and (6.5). |

6.2. Error analysis. The equation for the error is given by (2.6)—(2.7) with test
functions in Wy, x Vg, minus (5.14)—(5.15), which is

(6.9 (alp—pn),w)+(V-(u—up),w)=0 Vwe Wy,
(6.10) (d'(u—wp),v)+ (c(u—wy)-v,v-V)r, =(p—pn,V-v) YVEVgy.
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THEOREM 6.5. If (3.1) and (6.1) hold, and a € W1>°(Q), then the two-scale
approzrimation satisfies the error bounds

IVa(Pwy, 0 = pr)llo + [0 —upllo + [Va(a —up) -v
< Cllpllirs HW ™+ (Ju = vgullm + (@ = vy ) - vllm,r ) H™},

[Pwy o0 = pallo < Cfllu—upllo + [[V(u —up) - vfor,},

I = pullo < C{IIPwy..p — prllo + Ipllis; H'A},

IV - (u—up)llo < C{IVa(Pw,, .0 — pr)llo + Ipllis; HWH + ||V - ulli; H' Y,

wherein 0 < i <max(0,L —j),0<j<¢ and 1 <m < K. Moreover, if « =0 or
Tr =0, and if h is sufficiently small, then

1Pwip = prllo < C{IIV - (= wp)lloh + [pllis; H W F + [lu — uplloH}-

Note that these are optimal order estimates, since L = K or L = K —1. Moreover,
| Pwy .2 — prllo is superconvergent if @ = 0 or T'r = () and A is sufficiently small.
Proof. For notational convenience, let us define

Tu=m(u—vgy)+ V-
The sum of the equations (6.9)—(6.10) with
w=Pwy,,p—pn € Wgn and v=mu—u,€ Vg,
because of Proposition 6.3 and the fact that V- Vg = Wgy p, results in

(a(Pwy P = Pn), Pwynp —pn) + (dH(u—up),u—uy)
+(a(u—up) -v,(u—up) V),
= (a(Pwy.,p — D), Pwy,p — pn) + (d" ' (u—up),u—ru)
)

+ (a(u—up) -v,(u—7u) - v)r,.

If a € Wy p, is the piecewise discontinuous constant average of a over the fine mesh
TH,ha then

(a(PWH,h,p - p)a PWH,h,p - ph) = ((a’ - d)(PWH,h,p - p)a PWH,h,p - ph)
< C”aHWL‘X’(Q)h HPWH,hp 7p||0||PWH,hp *ph”O'

Thus for any € > 0,

IVa(Pwy,,.p = pr)llo + [lu = unllo + [Ve(u —uy) -
< Cfllp = Pwy pplloh + [lu = mullo + [[(w = 7a) - vllo.rs } + €llPwi .2 — pallo-
Standard elliptic lift arguments can be used to estimate Py, ,p — pn. That is,

we solve (3.6)(3.8) for ¢ with w,. replaced by Pw,, ,p —pn and take v = 7V1. Then
Vv ="Pw,,.p—pnand

Ivllo < [IVebllo + IV = 7Vl < Cll¢pll2 < CllPwy,,.p — Prllo,
| <IVY-vlors + (VY = T2 V) - vlorg
< C||1/JH2 < OHPWth _ph||07
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using (6.7). Then (6.10) implies that
[Pwrp = palls = (A7 (w—up), v) + (a(u —wp) - v, v - v)r,
< C{llu=unfollvilo + [Va(u = un) - vlors v - vlor,
< C{llu—unflo + Vel —un) - vors HIPwy ,p = pallo,

and, with Lemmas 6.1 and 6.4, the first three estimates of the theorem follow.
If « =0 or T'r = 0, we replace (3.6)—(3.8) by

(6.11) a) =V -dVip = Pw, .0 — Pr in Q,
(6.12) —dVy-v=0 on I'y,
(6.13) =0 on I'g,

and we modify the argument as follows [16]:
||7DWH,hp - th% = (PWH,hp - ph,a) =V - de)
= (a(PWH)hp - ph)7 w) - (PWH,h,p — Ph, V- ﬂ—de)a
and, using (6.10),

(Pwy b — Ph, V- 1dVY) = (d~ ' (u — uy), mdVe)
u—uy, Vy) — (dH(u—uyp),dVy — mdVi))

= _(v ’ (11 - uh)ﬂﬁ) - (d_l(u - uh)a dViy — ﬂ—de)v

= (
= (

and, for w € Wy, arbitrary, by (6.9),

(V-(u—up), ) = (V- (u—up), ¥ —w) - (G(PWH,hP —Ph), W)
— (alp — Pwy,,p), w)
= (V- (u=wm),¥ —w) = (a(Pwy,,p — pn), ¥)
— (a(Pwy,,p — pr)yw —¥) = ((a — @)(p — Pwy ,p) w).

Since a good choice of w implies
lw =4l < CllYllhh and  [lwllo < Clle]s,

we have that

1Pws,p = pulld < CLUIV - (w=un)llo + Pwy,p — prllo + [P — Pwy,pllo)[¢]l1 2
+ lu—uaplloll¥ll2H}
< C{(IV - (u—=up)llo + [Pwy.,p — Prllo + I[P = Pwy P
+ lu = unlloH }H[Pw,, 2 — Prllo,

lo)h

and the final result of the theorem follows for h sufficiently small.
Finally, (6.9) with w = V - (7u — up,) € Wy, implies that
IV - (mu—up)|l§ = —(a(Pwy,p — 1), V - (mu — uy))
— (= )(p = Puwyy,p): V - (7 — wn).

Since V- (u—mu) = (I — Pw,,,, )V -u, which approximates as in (6.6), the divergence
estimate of the theorem follows. d
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In the special case a = o = 0, we obtain optimality of the finite element approxi-
mation uy to u in the energy norm subject to the appropriate divergence constraint.
THEOREM 6.6. Ifa =a =0 and (3.1) and (6.1) hold, then

ld="2(u —ap)llo < ,,nf ld=2(u = vgy = vi)llo < Cllu— vy llm H™,
V-V;L=PWHJLV)~(u—vgN)

V-u, =Pw,,V-u,

Pwy .0 = prllo < Cllu—unlo,

Pwynp —prllo < C{IV - (u—up)[loh + [[u —uplloH},
I = prllo < CLIPwy..p — pullo + lIplliv; H'A},

wherein 0 < i <max(0,L—3),0<j<{¢ and 1<m<K.
Proof. For any vy, € Vg j, such that V- v, = Py, , V- (u— vy, ), take

w = PWH,hp —Pn € WH,h,
v=(u—u,) — (u—vg, —Vvy) €V,

in (6.9)—(6.10). Then with a = o = 0, the sum of the equations implies that

(dil(u —up),u—uy) = (dil(u —up),u— Vg, — Vp)

< |2 (u—up)lolld™?(u = vgy —vi)llo
so that

712 (= wn)lo < inf [[d™2(u = vy = vi)llo < Cllu=voy = m(u=vgy)o,

since m(u — vy, ) satisfies the divergence constraint by Proposition 6.3. Lemma 6.4
gives the required approximation result for the first estimate of the theorem.

Now a = 0 and (6.9) imply that V - uj = Pw,, , V - u, giving the second result of
the theorem. The final estimates follow as in the previous proof. ]

The underlying assumption in the error analysis, and the tacit assumption in all
similar subgrid methods mentioned in the introduction, is that the finest grid, scale
h, resolves the fine-scale details of the solution. We see this here in the Sobolev norms
appearing in the error estimates. If h does not resolve the subgrid problems, then we
cannot expect a good approximation.

Under this tacit assumption, we proved two main results. First, in Theorem 6.6,
the solution is optimally approximated in the finite element space subject to the fine-
scale divergence constraint. Thus the approximation is no worse than using only a
coarse-scale approximation (up to questions of the scale of the divergence constraint).
It is presumably much better, as numerical results show [1, 2, 4]. Second, the pressure
is approximated on the finest scale, up to a higher order coarse H error term. This
is a strict improvement over merely solving on the coarse scale. Moreover, these
improvements are achieved for negligible additional numerical cost compared to the
coarse-scale solution and much less cost than the fine-scale solution itself [1, 4].
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The error estimates of this subsection appear to explain the numerical results that
have appeared elsewhere: that they are amazingly accurate for reasonable problems
where the fine grid resolves the coeflicients of the problem [1, 2, 4]. The error estimates
also explain why numerical results break down in certain difficult cases in which A does
not resolve the problem well. If h and H are relatively large compared to the Sobolev
norms of the solution, the method is not expected to work well. This appears to be
the main factor limiting the utility of the method in practice. As an example, in [2], a
numerical test was presented involving Darcy flow in a porous medium with a long thin
high permeability streak. This is a very difficult problem to resolve numerically on a
coarse grid. The streak introduces channelized flow, which means that the derivatives
of the solution are large, and so by Theorem 6.5 or 6.6, we neither expect nor see good
results. (It should be noted, however, that the upscaling technique of this paper is
not entirely unsuccessful in resolving the solution of even this very difficult problem.)

7. Two special cases. A particularly pertinent choice of spaces was studied nu-
merically in [1, 2]. On the coarse mesh, we approximate (p., u.) in the two-dimensional
BDM-1 or three-dimensional BDDF-1 mixed finite element spaces [12, 10]. The space
of scalars W7; consists of piecewise discontinuous constants, and the space of vectors
V7, is second order accurate and has linear fluxes on the edges or faces of coarse
elements.

On each coarse element E. € Ty, we approximate (6p,6a), (6p, éu), and (6p, 61)
in the RT-0 spaces [28]. These approximate with piecewise discontinuous constants
for 6W),(E.) and with constant fluxes on each interior edge or face for 6V, (E.).

In this case, Vi; N6V = {0}, so Vg = V7}; requires no attention. Also, Wg j, =
W, the space of piecewise discontinuous constants over the fine mesh 7z ;. We note
that W} L 6W, so Wy = W}, and condition (6.1) holds. However, it is not so
simple to compute with §Wj(E,), since such functions are supported in all of E..
Fortunately, a careful implementation of the scheme [2] allows one to avoid working
over 6Wj(E.) and instead work over the full space 6Wj(E.) + span{l1} of piecewise
discontinuous constants over 7, (E.). Now K =2 and L = k = { = 1, so Theorem 6.5
takes the following simple form.

THEOREM 7.1. If a € WH*(Q) and (3.1) holds, the BDDF-1(BDM-1)/RT-0
two-scale approximation satisfies the error bounds

IVa(Pw,, .0 — pn)llo + [[u = wnllo + [[Va(u —uy) - vlor,
< ClIpllih? + (o = vy ll2 + (@ = vgy) - vllar ) H*} < CH?,
[Pwnp = prllo < C{llu—upllo + [[Ve(a —up) - vlor,} < CH?,
Ip = pnllo < C{IIPwy..p — pullo + llpllih} < C(H? + h),
IV - (u—wp)lo < C{IVa(Pw, .0 — pn)llo + lIpll1h* + |V - ul A} < C(H? + h).

Moreover, if « =0 or T'r =0, and h is sufficiently small, then
[Pwsnp = prllo < CLIV - (u—wap)lloh + [Ipl1h* + lu —wploH} < C(H® + h2).

If H?> ~ h as H — 0, then p and u are resolved on the fine scale to order h. Hence
relatively good numerical approximation results have been obtained [1, 3, 4, 2].

A second special choice is to use RT-0 spaces on both scales. In this case, K =
L =k =/¢=1, and Theorem 6.5 would suggest that p and u are approximated only
on the coarse scale to order H. Although we retain the optimality of the solution
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in the energy norm under the appropriate conditions, the numerical approximation
results are not nearly as good as in the previous special case (see [5]).
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