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Introduction

Macroscopic microstructure models of dual-porosity type model, among other things, the flow of
fluids in highly fractured porous media; that is, media comprised of porous matrix rock divided
into relatively small blocks by thin fractures [7], [11], [1], [6], [9], [5], [3]- Mathematically, a dual-
porosity model is derived by homogenization of the mesoscopic equations (i.e., the Darcy-scale
description that explicitly models flow within the fractures and matrix). This results in a relatively
complex system of partial differential equations in seven variables, (¢, 2,y). At first glance, it may
not be apparent that there is any advantage to the macroscopic description versus the mesoscopic.
However, the dual-porosity model explicitly captures the length scales of the physical problem, and
is thus much easier to approximate computationally.

For example, single-phase flow is governed on the mesoscopic scale by a parabolic equation that
is relatively easy to approximate; however, the grid must be extremely fine to resolve the fractures.
Fractures are on the order of 100 micrometers wide, and matrix blocks are on the order of a meter
wide. In three space dimensions, a uniform grid would require about a trillion grid elements to
resolve the flow in a single matrix block. A graded grid would be more efficient, but would still
require over a thousand elements per matrix block. There may be many millions of matrix blocks
in an entire reservoir or aquifer, so many billions of grid elements are required to resolve the length
scales of the mesoscopic system. The enormous amount of computational resources required to
solve this time dependent problem render it intractable.

On the other hand, as we discuss in this paper, the homogenized, dual-porosity model requires
far less computational effort to solve numerically, and it approximates well the mesoscopic model.

1 Single-phase flow

In this section we consider the problem of approximating a linear dual-porosity model of the flow
of a single, compressible fluid phase in a naturally fractured reservoir or aquifer. Further details
can be found in the papers [1], [9], [6], and [5]. The numerical technique described here can be
extended to nonlinear problems, as we describe in the next section on two-phase flow.
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1.1 The mesoscopic and dual-porosity models

The single-phase model we consider is relatively simple so that we can illustrate our numerical
techniques. We restrict to a linear set of equations and ignore gravity. In practice, gravitational
effects are quite important, so we must include them [4]; this has been done in the computational
examples to follow.

As is usual in homogenization, € is the reservoir or aquifer domain, assumed to be periodic with
period ¢. To simplify the description of the physical scaling, we assume that ¢ is the dimensionless
fracture spacing, ¢ = 1in (2, and, as usual, homogenization takes ¢ — 0. The unit cell is ¥ = (0, 1)?
containing a single porous solid matrix block M and the surrounding fracture set F (M U F =Y,
FNM =0,and 9M CY'). The matrix and fracture parts of  are M* and F*, respectively, defined
by

N(e) N(e)
me=qan |J M, FF=an | I, (1.1)
=1 =1

where M7 and F; are the e-size copies of M and F' covering .
The reservoir  is periodic since its porosity ¢. and permeability k. are periodically discontin-
uous over ) as we go from matrix to fracture:

ke(z) = %kn,  ¢e(2) = o in M°, o
ké(x):kF7 ¢6(x):¢F in F’E7 ( . )

where ¢ar, ¢F are positive constants, and ks, kg are positive definite tensors (they could also
depend on z and y). To simplify the discussion, we restrict the model to be linear in the density p
by assuming the equation of state

p(p) = poe 7o), (1.3)

where p is the pressure, ¢ is the fluid (i.e., liquid) compressibility, and subscript 0 denotes a reference
quantity. The mesoscopic equation is then simply

ap* L
0.2~V <Evp > =f in(0,T)xQ, (1.4)

plus appropriate initial and boundary conditions, where p is the fluid viscosity and f represents
the injection and extraction wells.

Homogenization yields the dual-porosity model for the fracture density pr(¢,2) and the matrix
density pas(t, z,y) [6], [5]. Fractures flow is described by

*

Opr oM [ OPM gy, </%prF> =f in(0,T)xQ, (L.5)

Jt |Y| M Ot
where ¢* = (|F|/|Y])¢r and k* is the homogenized permeability tensor defined by its entries

1
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[ Er G+ V00 @ + V) d. (1.6)

where \;(y) are the unique periodic solutions in H!(F) (modulo constants) of the cell problems

kr (€ +VyXi(y))-v=0 on OM, ’
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with {€;}1<i<n the canonical basis of RN. Matrix flow is described by

apM kar .
OM—— — Vy - <Evpr> = f(t,z) in (0,7)x Qx M, (18)
pM(t7x7y) = pr(t,z) on (0,7)x Q@ x oM.

1.2 Numerical solution
To discretize time, we select a series of time levels
0=t"<t'<®<..<tV.

A backward Euler time approximation of (1.8) results in the semi-discrete equations

PnM—PnM_l kar ” .
on it = V- (g Vurhr ) = f(#2) i QM

(1.9)
Pz, y) = ph(z) on Q x M.

This is a linear partial differential equation in y for each fixed 2, and pj(2) is a single parameter
to the system. Therefore, we can express the solution as an affine operator of p% by computing the
derivative of the system with respect to p% and finding the solution for any particular choice of p7%
(such as 0) [1], [9]. That is, for fixed 2, we find the solution p%,(z,y) to

. .
¢M'07M—vy-<ﬂj‘gvy,5nM> =0 inQx M,

tn —gn=t (1.10)
vz, y)=1 on Q x OM,
and the solution p},(z,y) to
o= AL <ka >—f(t” ) inQx M
Mo et~ Vo e VP ) = S 2) i ; (1.11)
Pz, y)=0 on Q x M.
Then we have
pir(@,y) = pi(@) Pare, y) + P (2, y), (L12)

and the matrix equations have been decoupled from the fracture equations. Now (1.5) is approxi-
mated semi-discretely as

*pF P (om [ Phlzy) P, y) pM '(x, y)
¢ Tt —1 d
n _ gn— W Jart — 17 |Y| n _ fn—

. (1.13)
-V, - r " in Q.

(S5r) <
Altogether, (1.10)—(1.13) is simply a backward Euler, semi-discrete approximation of (1.5), (1.8)
written in a decoupled form.

To (1.10)—(1.13), we apply any appropriate spatial discretization (Galerkin finite elements, finite
differences, mixed finite element methods, collocation, finite volume methods, etc.). The solution
algorithm is then as follows.
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1. Find p% and p§; from the initial conditions.
2. Foreach n =1,2,..., N:

(a) Solve for 3%, and p7; from pi7 ! and (1.10)—(1.11) only at the z-points where the discrete
scheme requires a value;

(b) Solve for p% from pt, %, phry pip !, and (1.13);
(¢) Define pi, from p%., phs, pis, and (1.12).

We note that the matrix equations can be solved in parallel quite naturally. Also, if we consider
the discretization of the original equations (1.5), (1.8), then our decomposition is a simple and
parallel way to form the Shur complement system that arises when the matrix unknowns are
eliminated.

Recall that the mesoscopic equations would require the solution of a single coupled system
on a grid with perhaps billions of grid elements. In contrast, the dual-porosity system requires
the solution of a single large fracture system and many small, decoupled matrix problems. The
fracture equations can be solved on a grid with spacing much larger than the fracture spacing, say
on the order of 1 to 100 meters, so that perhaps 100,000 grid elements are needed. Depending
on the spatial discretization, we need to approximate matrix flow in roughly one matrix block
per grid element (not in every matrix block!). The two sub-problems on each matrix block are
small, physically symmetric, and uniformly parabolic; thus, a relatively coarse grid can be used of
perhaps less than 100 grid elements (in fact, good results are sometimes reported using as few as
one grid element per matrix block). The total number of grid points involved in the system is on
the order of 20 million, a considerable savings over the mesoscopic system. The real advantage of
the dual-porosity approach, however, is that the length scales have been explicitly modeled. We
have a relatively easy time solving the matrix flow (possibly even in parallel) and only need to
invest substantial computational resources in the coupled fracture calculation, which is thousands
of times smaller than the coupled mesoscopic problem.

2 Two-phase flow

We now consider the problem of approximating a highly nonlinear, dual-porosity model of the
flow of two completely immiscible, incompressible fluid phases in a naturally fractured reservoir or
aquifer. Further details can be found in the papers [3], [9], and [5].

2.1 The mesoscopic and dual-porosity models

Although the effects of compressibility can be taken into account [3], we will assume incompressible
media and fluids. In that case, the equations for the wetting fluid phase a and the non-wetting
fluid phase [ can be easily described when gravitational effects are taken into account.

Each fluid phase £ = a or 8 has its own pressure pg, (constant) density pg, viscosity pg, and
saturation S¢. We also define the phase potentials ®; as

b = pe — pe g 2(7),

where ¢ is the gravitational constant and z(z) is the depth of point z.
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The material properties are again discontinuous over the domain  as we go from matrix to
fracture. This includes the porosity ¢. and permeability k., but also now the functions giving the
relative permeability k¢ (54 ), &€ = a, 3, and the capillary pressure p, (.5, ). We must also scale the
absolute permeability by 2 as in Equation (1.2) and the gravitational terms by =1
as we describe below.

in the matrix

The mesoscopic equations consist of two phase conservation equations, the definitions of the
two phase potentials, a capillary pressure relation, and a volume balance equation. The two phase
equations are a combination of the two-phase generalization of the Darcy law and conservation of
mass (or volume). Since Darcy’s law gives the phase velocities as

kol (55) kol (55)
— : & V@E - — ’ = Vpe iy gvze 9
e ¢ pe (VT POV
the full set of equations is
d5; Feokipe o(S2
¢6 5 (%VQE :f§7 in (O7T)><Q7 E:a7ﬁ7
S

¥F = pf — peg (o). in (0,7) % F¥, £ = a5, o
q)zng pggZ(éL‘ te 1($_$ ))+<I)507 in (07T)><M67 §=a,p, .
Pes(55) = D5 — Pas in (0,T)x Q,
Se+955=1, in (0,7) x Q,

plus appropriate initial and boundary conditions, where 25(z) is the centroid of the block containing
z and ®F ; is a reference potential. We have scaled the depth in the definition of the potentials
in the matrix so that gravitational effects do not lose strength as we homogenize [3]. We must
also account for the fact that a potential has no absolute scale by explicitly defining the reference
potentials as follows. Set @3, = 0 and define ®F 4(t,z) by requiring

/Ms( P oM (®F = 5+ 5 o(1,2) + (pp — pa) g 2(af + e H(X — 27))) dX

= /Ms(  Pon(®5 = @5+ (05 = pa) g 2(X)) X, (2.15)
= 1
O = = &5 da(X),

T oM ()| Jomre(m) a(X)

where S°(z) is the matrix block containing z. This procedure maintains a proper relationship
between the matrix and fracture potentials as we homogenize, by balancing mass through the
capillary pressure relation. Note that when ¢ = 1, we have the expected mesoscopic equations.

Formal homogenization [3] leads to a set of dual-porosity equations that govern the fracture
per(t, ), ®ep(t,z), and S¢p(t,z) and the matrix pear(t, z,y), ®ear(t, 2, y), and Sear(t, z,y). The
fracture equations in (0,7) x € are

LO05¢F | oM 355M k> krer(Sar)
d — " V® = =
¢ ot |Y| ( T Z/) Y- e \% EF fE? E «, ﬁ?
Pip = PeF —peg Z(w% E=a,B,  (2.16)

ch(SaF) = PBF — PaF,
SaF + SﬁF = 17
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where ¢* and k* are as in the single-phase case. The matrix equations are

S Feaskrenr(Sa '
=gy = V- (%(M)Ww) = feltyz) in (0,T)x Qx M, €= a3,
£
i = pent — peg A2 + Y = ye) + Pe, in (0,7)x F*, &€= a,p, (2.17)
peM(San) = PeM — PaM in (0,7)x Qx M, '
Sam + Sgm =1 in (0,7)x Qx M,
Seni(t,z,y) = Pep(t, ) on (0,7)x Q@ x OM,

where 7. is the centroid of Y. Note that the boundary condition on dM requires continuity of
potential, not pressure as might be expected. The reference potential is defined by setting ®39 =10
and requiring ®, o(, 2) to satisfy

/M Pori(®Ppr — ®or + Poo+ (ps — pa) g 2(2 +y — ye)) dy = [M|Sar (2.18)

2.2 Numerical solution

Although each of the systems (2.14)-(2.18) is posed with 7 independent variables, two phase pres-
sures, potentials, and saturations, and ®, o, we can reduce this number to two. The reference
potential is zero in the mesoscopic equations (with ¢ = 1, and it changes very slowly in the dual-
porosity case; thus we can use its old value when solving for the other variables, and then update
it at the end of the time step using (2.18). Using the volume balance relation, we can eliminate
one of the saturations; moreover, the capillary pressure relation allows us to eliminate the other
saturation (or either of the two pressures, but for simplicity, let us assume that we eliminate both
saturations). That is, the saturations are functions of the appropriate pressures:

S, = pc_l(pg —po) and Sg=1-59,.

Finally, the potentials are also functions of the pressures and can be eliminated. We are thus left
only to discretize the nonlinear partial differential equations.

Again we use a backward Euler time discretization on the complete system (2.16)—(2.17). For
the matrix, we obtain equations similar to (1.9). For time level ", we have partial differential
equations in y for each fixed z for the matrix pressures p7,,(z,y) and ng(LL‘7 y) with pl () and
ng(;L‘) as two parameters to the system. Our decoupling strategy cannot be applied directly to
these equations, however, since they are nonlinear.

We further discretize (2.16)—(2.17) in space by applying Galerkin finite elements, finite dif-
ferences, or some other appropriate method. This reduces the system to a fully discrete, finite
dimensional problem. Let the number of fracture unknowns be I, and denote them at time level "
by

Per = APiFi> 1= 1,2,.,1}, £ =a,f.
Usually, pgp, will be an approximation to pfp at grid point i. For the purposes of exposition,
assume this to be the case, and also that the numerical method only requires a matrix block at
each grid point, as in Figure 1. Then associated to each grid point z = 1,2,.... I, we have a series
of matrix unknowns

ﬁﬁM,i = {pr,i]y j= 17'27...7J2'}7 = a,pf,
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in the ¢th matrix block. Let
Perr = {pemg, 1= 1,200, j=1,2,..,J;}, £=a,p.
The fully discrete nonlinear equations then take the form
{ fi(ﬁaanﬁgnwﬁanM?ﬁgnM) =0, =121, (2.19)
Mij(Pari P Pant,is Pon,) = 05 1= 1,2, 1 7 = 1,2, 5,

for some nonlinear functions F; and M;;.

DOMAIN GRID POINT i

Figure 1: The discrete grid.

One way to solve nonlinear equations of this form is to use Newton’s method to linearize it. Let
ﬁg}"m and ﬁg}\hm7 E = 047 ﬁ?

denote the mth Newton iterate for the nth time level’s solution, let D, denote partial differentiation
with respect to 7, and let

n,m—1 _ (=nm—1 —-nm—-1 -nm-1 —nm-1
Fi = FilPar" Par Part sPay s

nm—1 _ yonym—=1 nm—-1 -snm-1 -nm—1
M;; —Mz](paF,i 'Pori 2 PamMi Ppmi ),

and similarly for the derivatives. Then we can describe the Newton procedure as the following

iterative process.
1. Start with an initial guess for the solution
PR P, E=a.p.
2. For each m = 1,2, ... until convergence is reached:

(a) Solve for
6]757}»77‘m7 6]757}\74m7 5 = Oé, ﬁv
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satisfying

fz%m_l + Z {Dpapl fn Jm— lépaFZ/ + DpBF lf-n Jm— 161)5}7‘2

n,m—1 n,m—1
+ Z I:DpaM,i/]/fZ 6ponz 5 + DpBMz ‘/T 6p6Mz 14 ] }
]'/

= 07 ’L = 1727 ...717 (.2..20)

M?jm_l —I_DpaF,i'Mnm lépZFZ—I_DpBFL'Mnm 16p@FZ
nm 1¢ nym nym—1¢ nm
—I_ Z [ paMz] ] 6pOZM Z]/ —I_ DPBM ig! M ] 6P6M,Z]/:|

=0, :1=1,2,...,1, 5=1,2,...,J;;

(b) Define
ﬁg}‘m — —»nm 1 ‘|‘6ﬁg};‘m7 ﬁg}\hm — —»nm 1 _I_(Sﬁg}wm? E: 047_6.

Within the linearized Newton problem, the matrix solution in the ith block is an affine operator
of ply; and pgp;. Therefore, we can again decouple the matrix and fracture problems as in the
last section [10]. We replace the matrix problem in (2.20) above by the following three problems
for

(6]70[”]\2”” 6p8M z) (6pon 77 617871]\;2) and (6ﬁan]\2nz7 6_)871]\;2)
For each i = 1,2,....,T and j = 1,2,..., J;,
nm 1 nm 17 n,m—1
Dpan —I_ZI: PaM,ij! 2] 6paM2]’+Dp6MU M 6p@M2]:| :07

nm 1 nm 1¢ nym nm—1¢ nm
DporiM —I_Z[ Parriy M 0P ijr t Dpppr i Mij™ 0 GMU] =0, (2.21)

nm 1 nm 1¢ nm nm—1¢ nm _
—I_ZI: paMz] 6 asz’—I_Dp@M,i]/MU 6 6M2]:| =0.

The result is that )

SN = OPeas ;PR T 5P5M 0pEE: + 51’5M i (2.22)
We thus modify step 2(a) of the Newton algorithm by first solving (2.21). The fracture §-pressures
are then given by solving the fracture equations of (2.20), using implicitly the definition (2.22).
Finally, we explicitly use the fracture é-pressures and (2.22) to update the matrix é-pressures.

3 Some computational results

In this section we present some computational results that illustrate the dual-porosity model and
its ability to approximate the mesoscopic model. (See also [4].)
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3.1 Single-phase

We consider a simulation representing, for example, primary depletion of oil from a petroleum
reservoir. In order to be able to solve the mesoscopic model, we restrict to two spatial dimensions
and a relatively small system. However, we consider more generally the model of Section 1.1 with
gravitational effects, as described in detail in [3].

The flow is not given by a potential field; however, we can define the pseudo-potential

P dP 1 _ _ 1 Po
@:/7—2’1‘: 1_ec(pp0)_2,x: <1——>—Z1‘7 3.23
v P(P)g (@) pogc[ J=a@) pogc p =) (3.23)
using (1.3), so that
0 Po (3.24)

T 1= poge(® + #(w))
Then
p(p)gV® = Vp—p(p)gVz(z)

is a nonlinear relation giving the Darcy velocity after multiplication by k/u. After multiplication

2
by p(p), we have the mass flux as MVQL which replaces the EV,O terms in (1.4)—~(1.8). The
pe

1
fracture and matrix pseudo-potentials are defined by

Po
br(t,z) = <1— >—2x7 3.25
Rty = (1o B} - a(e) (325
Dotz y) = ! <1 - Po > —z(z+y—y.), (3.26)
Pogc PM(thv y)
and the boundary condition in (1.8) is replaced by
br(t,z,y) = Pp(t,z) on (0,7) X Q x IM, (3.27)

giving continuity of pseudo-potential, where the reference value is defined for z € Q by

po Po
d :/ dy = |M|pp.  (3.28
/M 1= poge (®F — ®o + 2(z +y — yc)) Y= - poge (Pr + () v=IMler (3.28)

We assume the fluid is an oil with pg = 0.8g/cm?, po = Opsi, ¢ = 1072 psi~!, and pu = 2cp.

Let the entire reservoir be 8 meters long and 8 meters deep. Let there be 16 matrix blocks filling
the reservoir, each 2 meters by 2 meters, with ¢p; = 0.2 and ky; = 1 millidarcy. The fractures are
100 micrometers wide, with ¢ = 1 and kr = 844 darcy. We have used the usual formula for the
permeability of the fracture as the width squared divided by 12; this formula comes from considering
Stokes flow between parallel plates. For the dual-porosity model, the macroscopic fracture porosity
¢* is given by the geometry, and the permeability £* = 42.2millidarcy is approximately just kp
times the fracture width divided by the matrix block length in two dimensions (see [4]).

A well is placed in the upper left corner of the reservoir. The initial pressure there is 4000 psi,
and the fluid is in gravitational equilibrium. The well pressure is dropped linearly to 3000 psi in 10
days.

We show the results from four simulations, one on the mesoscopic scale and three on the dual-
porosity, macroscopic scale. We used a Galerkin finite element spatial discretization with piecewise
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continuous, bilinear basis functions. There were 89 x 89 (7921) grid points for the mesoscopic
solution. We used 3 x 3, 4 x 4, and then 8 x 8 grid points for the fracture calculation of the dual
porosity simulation, and 21 points for the calculation in each matrix block, yielding a total of 189,
336, and 1344 grid points, respectively. The linearization techniques introduced earlier in this paper
were used to solve the dual-porosity systems. It is difficult to compare the performance of different
numerical techniques, since it depends on the specific way the code is implemented; however, it
should be noted that the mesoscopic solution required about a half hour to solve accurately because
it is so very ill-conditioned, but the much better conditioned dual-porosity simulations took only a
few seconds.

In Figure 2, we show the oil production rates as a function of time. All four simulations predicted
roughly the same production history, both in the draw-down phase and in the re-equilibration stage
after 10 days.

0 % *
-0.2 )

R — Mesoscopic,

2-0.4 16 blocks

= + + Dual-Porosity,

% -0.6 4 blocks

x o o Dual-Porosity,

2 -0.8 16 blocks

o .

o = x Dual-Porosity,

o -1 64 blocks

s
-1.2
-1.4 5 10 i5 20 25

Time (days)

Figure 2: Oil production rates as a function of time.

In Figure 3, we show the mesoscopic oil density contours (actually, the densities minus 0.824 and
multiplied by 10,000). As can be seen, pressure is reduced most strongly in the fractures between
the matrix blocks, and also most strongly near the well in the upper left. Oil in the interior of
the matrix blocks takes longer to be produced than oil in the fractures and near the surface of the
blocks. Note also the strong influence of gravity in these simulations.

In Figure 4, we show the dual-porosity matrix oil density contours when there are 16 fracture
grid points (so there are also the correct number of matrix blocks, 16). As can be seen, except near
the well, the dual-porosity model has captured the flow of the system quite accurately. Since the
well itself is a spatially local feature of the reservoir, it should not be expected to be approximated
as well by the dual-porosity model; however, there is not a pollution of the solution away from the
well.

In Figures 5-6, we show the dual-porosity matrix oil density contours when there are 9 and 64
fracture grid points. Now the number of matrix blocks in the dual-porosity model is at variance
with the true number. Nevertheless, the average behavior of the system has been captured quite
well.
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Figure 3: Mesoscopic density contours [in Figure 4: Dual-porosity matrix density
(x107* + .824)g/cm?] as a function of po- contours [in (x107* + .824)g/cm?] for the
sition (in m). 4 x 4 fracture discretization.

3.2 Two-phase

We now consider simulating a petroleum water-flood. Water is injected into the reservoir at some
rate through an injection well. The water displaces oil, and oil and some of the water is recovered at
a second, production well. We restrict attention to a single matrix block in two spatial dimensions
so that the mesoscopic equations can be solved accurately. We consider three cases wherein the
fracture width is either 200 or 100 micrometers and the wells are placed either horizontally or
vertically.

Assume that the wetting phase a is water with p, = 1.0g/cm® and u, = 0.5cp, and the 3

| S 0 S _
P g— - NECABEAaE Tk
L I ! = :

, N RecCEacEaCH
4 438 4 @@ /O \@@ o

%5.99

) ,.

5.15 5.36 \5.29 N oVeE 6'06

M ’ qWﬁf\WGZ

I 6262/ o\[OVe21/ =V o O
1 2 3 4 5 6 7

o 1 2 3 4 5 6 7 8 0 8

Figure 5: Dual-porosity matrix density Figure 6: Dual-porosity matrix density
contours [in (x107% 4 .824)g/cm?] for the contours [in (x107* 4 .824)g/cm?] for the
3 x 3 fracture discretization. 8 x 8 fracture discretization.
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phase is an oil with pg = 0.8¢g/cm?® and ugz = 2.0cp. The reservoir and its single block is a square
of size { by ¢ where { = 2meters. The fracture width § is assumed to be either 200 micrometers
or 100 micrometers (but note that by our conventions, only half of the fractures actually reside in
the reservoir). Assume that ¢pr = 0.2, kys = 4 millidarcy, ¢F = 1.0, ¢* is given by the geometry
as either 0.0002 or 0.0001, kr = §2/12 is either 3,377,000 or 844,000 millidarcy, and k* = §3/12(
is either 337 or 42 millidarcy. We take the residual saturations in the fractures as 5,,r = 0 and
Sypr = 0, and in the matrix as S,,ar = 0.25 and 5,53 = 0.3; thus, 0.25 < S, ¢ < 0.7. The relative
permeability and capillary pressure functions take the form

krar(s) = s, kypr(s) =1—s, and p.p(s)=4(1— 5)200 psi,
s —0.25\2 0.7 —s\? 0.7—s\* |
Eranm(s) = <W> , kepu(s) = < 07 > , and po(s) = 4< wE > psi.

The capillary pressure functions are plotted in Figure 7.

o 4
5 3.5¢
(7))
0 3t Fracture — 1
- Matrix —— ]
& 2.5 ri X
> 2
s 1.5
- 1
2 0.5
8 0{ , , e .
0 0.2 0.4 0.6 0.8 1

Sat uration

Figure 7: The capillary pressure functions in psi.

The wells are configured to lie on opposite edges of the reservoir, either horizontally or vertically.
Water is injected at a rate of 20 pore-volumes per year from below if the wells are horizontal, and
from the left if they are vertical.

As we will see in our simulations, there are several physical phenomena that influence the
movement of the fluids. Oil is recovered from the matrix primarily through capillary imbibition of
water. This displaces oil, which can then be recovered at the production well. As water is imbibed
into the matrix, however, it lowers the relative permeability to oil; consequently, an insulating
boundary layer is produced that inhibits further oil displacement. It is the trade-off between these
two effects that primarily determines the behavior of the reservoir. Another significant phenomenon
is the gravitational force acting on the fluids; oil tends to “float” above water. This helps to break
down the insulating boundary layer. Finally, a less important, but as we will see, a sometimes
significant phenomenon is the presence of a pressure gradient across the block. This gives rise to
“viscous” forces that tend to move the fluids to one side of the matrix block, again breaking down
the insulating boundary layer. This last effect is absent in the dual-porosity model, and we will
need to introduce a “viscous” dual-porosity model as a simple modification; see also [1], [2], and [8].
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The oil recovery curves shown in Figure 8 apply to Case 1, in which the fracture is relatively wide
(200 micrometers) and the well is symmetric with respect to gravity (i.e., horizontal). Virtually
no potential gradient can be supported in the fractures because they are so wide. Since the dual-
porosity model assumes that the potentials do not vary in space over the boundary of the matrix
block, we see very good agreement in this case between the mesoscopic and dual-porosity models in
the amount of fluid produced from the reservoir. The viscous dual-porosity model is also in good
agreement.
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Figure 8: Oil produced as a function of water injected (200 micrometer fracture, horizontal wells).

In Case 2 we restrict the fracture width to 100 micrometers (and keep horizontal wells). As
shown in Figure 9, the mesoscopic and dual-porosity models exhibit good agreement in oil recovery
only for early time; at later times they predict significantly different recovery rates.

In Figure 10 we show the water saturation contours in the matrix for the simulation at 10 days.
(The dual-porosity results are the average of all matrix blocks simulated across the reservoir.) The
agreement looks quite good, but a careful inspection will reveal that water has been pushed upwards
from the injection well to the production well in the mesoscopic model. This is due to the slight but
significant pressure gradient across the block. Our viscous dual-porosity model accounts properly
for this effect, and we now define it.

The viscous dual-porosity model is given by replacing the boundary condition on the matrix

block in (2.17) by
Seni(t,z,y) = Pep(t,2)+ Vi®er(t,z) - (y — ye), on (0,7)x QxIM, (3.29)

Although the gradient creates a coupling of more than one fracture grid point to each matrix block,
the number is small, and the techniques introduced above can be used to decouple the matrix
computations from the fracture computation. It is believed that the source term in the fracture
equations should be modified as well; however, this was not done in the simulations here.

Finally, in Case 3 we consider a more challenging problem that exhibits all of the main phe-
nomenon influencing fluid movement. We take again a 100 micrometer fracture, but drive the
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Figure 9: Oil produced as a function of water injected (100 micrometer fracture, horizontal wells).
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Figure 10: Water saturation at 10 days (100 micrometer fracture, horizontal wells).

system with vertical wells. The wells are now asymmetric with respect to gravity. The recovery
curves in Figure 11 show that the dual-porosity model is only able to predict oil production accu-
rately only for early time when imbibition dominates. For later times, the viscous model is needed
to obtain accurate recovery curves.

In Figures 12-16, we show the history of the simulation for the three models. Starting from
gravitational equilibrium, we see seepage left to right into the fracture at 0.1 day, with water sliding
preferentially under oil because of gravity. The dual-porosity model cannot see these effects, but
the viscous model does an admirable job. The insulating layer of water around the boundary of
the matrix block can be seen in all three models by 1 day. By 10 and 100 days, we start to see the
gravitational and viscous effects showing up in the mesoscopic model; these are well approximated
in the viscous model. The dual-porosity model must maintain a symmetric solution, and so it
approximates well only gravity. By 1000 days, there is very little oil left in the matrix block. The
mesoscopic model exhibits water coning, where water creeps up from below into the production
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Figure 11: Oil produced as a function of water injected (100 micrometer fracture, vertical wells).

well. The viscous model cannot predict this effect, but is reasonable otherwise. The dual-porosity
model itself cannot see the pronounced break-down in the insulating boundary layer to the right

of the block.

06050403 o 05 04 g4 04 035 03
— U T W
0.45
| J
Mesoscopic Viscous dual-porosity Dual-porosity

Figure 12: Water saturation at 0.1 day (100 micrometer fracture, vertical wells).

It is an open question how to derive to the viscous dual-porosity model from homogenization.
However, homogenization has given us the basic model from which we can make a simple mod-
ification to improve the simulation of two-phase flow, so that late time predictions can be made
accurately.
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Figure 13: Water saturation at 1 day (100 micrometer fracture, vertical wells).
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Figure 14: Water saturation at 10 days (100 micrometer fracture, vertical wells).
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Figure 15: Water saturation at 100 days (100 micrometer fracture, vertical wells).
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Figure 16: Water saturation at 1000 days (100 micrometer fracture, vertical wells).
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