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A NONLINEAR MIXED FINITE ELEMENT METHOD
FOR A DEGENERATE PARABOLIC EQUATION
ARISING IN FLOW IN POROUS MEDIA*

Topp ARBOGAST', MARY F. WHEELER}, AND NAL-YING ZHANGS

Abstract. We study a model nonlinear, degenerate, advection-diffusion equation having application
in petroleum reservoir and groundwater aquifer simulation. The main difficulty is that the true solution is
typically lacking in regularity; therefore, we consider the problem from the point of view of optimal approx-
imation. Through time integration, we develop a mixed variational form that respects the known minimal
regularity, and then we develop and analyze two versions of a mixed finite element approximation, a simpler
semidiscrete (time continuous) version and a fully discrete version. Our error bounds are optimal in the
sense that all but one of the bounding terms reduce to standard approximation error. The exceptional term
is a nonstandard approximation error term. We also consider our new formulation for the nondegenerate
problem, showing the usual optimal La-error bounds; moreover, superconvergence is obtained under special
circumstances.
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media
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1. Introduction. Let 2 C R? d =1, 2, or 3, be a bounded domain with sufficiently
smooth boundary 02, and let 0 < T' < oo and J = (0,7']. We develop and analyze a
mixed finite element approximation to the following nonlinear advection-diffusion problem
in u(z,t):

0
(1.1a) 8_? = V- [aVP(u) + B(P(u)] = (P(u)), (2,t) € 2xJ,
(1.1b) u=up, (z,t)€ 0N xJ,
(1.1¢) u=wug, (z,t)€ 2x{0},
where P(u) = P(z,t;u) is strictly monotone increasing in u for each (z,t) € 2 x J,

() = (2 t;), up = up(e, ), uy = uo(x), Bu) = Az, tu) is a vector, and a = a(z, ?
is a d x d symmetric matrix that is uniformly positive definite with respect to (z,t) € 2x J.
These functions are tacitly assumed to be smooth enough for our purposes.

We concentrate on the case in which 0P(u)/0u = P,(u) may be zero for some values
of u. Since VP(u) = Py(z,t;u)Vu + V,P(x,t;u), (1.1) is degenerate parabolic. Let (-,-)
denote the Ly(2)-inner product (or sometimes the duality pairing) and || - || its norm. Our
main assumptions are that there is a constant Cy > 0, independent of time, such that

(A1) 1P(¢1) — P(p2)|I> < Co(P(p1) — P(p2), 1 — 2), for @1, € La(R2),

and both  and ~ are Lipschitz continuous:

(A2) 18(e1) = B(e2)ll + [7(1) = ¥(@2)l| < Collr — @2ll,  for 1,02 € La(£2).
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A sufficient condition for (A1) is

(A1) 0< Pu(z.ti9) < Co
for (z,t) € £2 x J and ¢ in a neighborhood of the true solution

(when considering numerical schemes, this inequality must hold also on the range of the
numerical solution, so extend P in some reasonable way).
To obtain below a mixed formulation, we introduce a new variable

(1.2) ¥ =—aVP(u) — B(P(u)).

The main difficulty in approximating (1.1) is that the solution is typically lacking in reg-
ularity. According to Alt and Luckhaus [2] (see also [1], [4], and [15]), we have at least
that

1.3a) u € Loo(J; L1(£2)),
1.3b) ue € Ly(J; H™'(12)),
1.3c) b € Ly(J;(L2(92))%),
1.3d) v(P(u)) € La(J; La(£2)),

where H ! is the dual of H}. Furthermore, if we assume that the problem is physically
consistent so that a maximum principle holds (e.g., (P (u)) is zero for two values of w,
our initial and boundary conditions stay between these two values, and the source term
~v(P(u)) respects the range of u), then u remains bounded. Let us simply assume that

(A3) u € Loo(J; Loo(2)).

Because of (1.3b)—(1.3c), it is natural to consider conforming finite element discretiza-
tions of (1.1). We mention four such works below. (See also the general reference [26].)

Rose [30], [31] considered a similar problem for flow through porous media. He defined
a continuous, piecewise linear finite element Galerkin method and derived rates of conver-
gence based on assumed asymptotic rates of degeneracy. Once such rates are assumed,
the solution can be shown to have more regularity (e.g., u; is a function, not merely a
distribution), which he then exploited.

Magenes, Nochetto, and Verdi [20] considered a class of problems including the Stephan
problem and the porous medium equation; their results apply also to (1.1). Their scheme
is discrete in time only. They relax the strict equality (1.2) by using the asymptotically
correct (as the time step tends to zero) Chernoff formulation.

Nochetto and Verdi [27] consider a similar degenerate parabolic equation. They defined
a continuous, piecewise linear finite element Galerkin method and proved its convergence;
moreover, they extracted error estimates in measure for the free boundaries that appear in
the solutions.

Barrett and Knabner [7] considered the problem of solute transport (see §2). They
also defined a continuous, piecewise linear finite element Galerkin method, and they used
a regularization of the problem to obtain their results.

In the petroleum industry, equations similar to (1.1) (see §2) are most often discretized
by using the cell-centered finite difference method [28]. As shown in [32], [34], [6], this
scheme is actually the lowest order Raviart-Thomas mixed finite element method on rect-
angles [29], combined with special quadrature rules. The mixed method for the nondegen-
erate problem has been well studied (see, e.g., [29], [14], [21]); however, it appears that no
convergence theory has been presented for the degenerate problem (1.1) considered here.
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Let a = a~!. For almost every time, a mixed variational form of (1.1) is

(1.4a) (ug,w) + (V -, w) = (’y(P(u)),w), Yw € Hy (),
(a1/;,v) - (P(U),V ) ’U) + (aﬂ(P(u)),v)

(1.4b) = —(P(up),v-v), Yve H(2;div),

(1.4c) (u(+,0),w) = (ug,w), Yw € La(£2),

where H(£2;div) = {v € La(f2) : V-v € Ly(f2)} and (-,-) denotes the usual inner
product in Lo(042), or the duality pairing. Since we can only expect in general that
ug € La(J; H=1(£2)), in the straightforward mixed formulation (1.4), this requires that
the trial functions in (1.4a) belong to Hg(£2). To avoid this, we derive below an alternate
variational formulation incorporating an integration in time.

We consider the problem from the point of view of optimal approximation, regardless
of the rate at which P(u) tends to zero. We show that our scheme approximates the true
solution about as well as can be expected for our approximating spaces. Our error bounds
are optimal in the sense that all bounding terms reduce to approximation error, except
one. This latter term involves the difference of two discrete projections of the integral
time average of the total flux. For the Raviart-Thomas rectangular spaces [29], these two
projections are super-close. We can recover actual rates of convergence of the scheme as
soon as some regularity is shown for the solution.

The outline of the rest of this paper is as follows. In the next section, we provide two
practical examples of (1.1) that serve to motivate our work. In §3 we present a different
mixed variational formulation and two versions of a mixed finite element method. One
is semidiscrete (continuous in time), the other is fully discrete. The semidiscrete version,
though not computable, is easier to understand and gives some insight into our treatment.
It is analyzed in §4, and the fully discrete version is analyzed in §5. This appears to be
the first proof that one type of discretization scheme used often in the petroleum industry,
namely, the mixed method (usually implemented approximately as a cell-centered finite
difference method [28], [32]), converges for the degenerate problem considered here. In
the last two sections, we consider our new formulation for the nondegenerate problem.
The usual optimal Ly error bounds are derived in §6; moreover, in §7, we prove that
superconvergence is obtained under special circumstances. It appears that we have the
first proof of superconvergence for the vector flux variable in the nonlinear problem, though
superconvergence had been observed experimentally [33].

2. Two applications. Problem (1.1) appears in many applications; we motivate our
work by describing two of them. Petroleum reservoir and groundwater aquifer simulation
often require the solution of a nonlinear, degenerate, advection-diffusion problem describing
two-phase flow in porous media [1], [4], [8], [13], [28]. We restrict our discussion here to a
model equation possessing the degeneracy emphasized in the introduction:

8(;:) + V- [a(s) K Vpe(s) + vB(s)] = A(s), (,1) € 2 x J,

where 0 < s = s(z,t) < 1 stands for the (normalized) wetting fluid phase saturation, ¢ is
the porosity (uniformly positive and bounded), p, is the capillary pressure function, K is
the tensor of absolute permeability, v is the total Darcy fluid velocity, & and  are related
to the phase mobilities, and 4 models the effect of wells.

For this problem, &(s) = é&(z,t;s) > 0 and vanishes if, and only if, s = 0 or s = 1; thus,
(A3) holds. Also p.(s) = p.(w;s) is strictly monotone decreasing. Let A(s) = a(p,'(s)),

(2.1)
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and denote by P(s) the modified Kirchhoff transformation

Pe(s)
(2.2) P(s) = /0 A(r) dr.

Since

setting
5 pe(s)
BP() = i)~ K [ V. A(w) dr

and shifting from s to the unknown ¢s casts (2.1) in the form of (1.1).

If B(P~'(-)) and 5(P~'(-)) are Lipschitz continuous, and |V, A(-)] < CA(-), then (A2)
holds. Although (A2) is somewhat artificial for this problem, we can demonstrate that
(A1’) is physically reasonable.

If A,(s) and Ay(s) are the oil and water phase mobilities, respectively, then & =
AoAw/ (Ao + Aw). By Leverett’s semi-empirical equation, p.(z;s) = k(z)J(s), and by Bur-
dine’s relationship between relative permeability and capillary pressure, we can assume
that

, [T dC o S
Aw(s) ~ s /0 JQ—(C) and Ao(s) ~ (1 —s) ‘/s m

(see, e.g., [8], [13]). If, say, J(s) ~ s %1, 0 < & < 1,as s — 0 and J(s) ~ (1 — s)%,
0<dy<1/2,as s = 1, then

Ope(s
Ps(s):&(s)pac—()—>0ass—>00rs—>1,
S
which establishes (A1'). (The quantity P(s) can be considered as a “complementary”
pressure. See Arbogast [4] for a more detailed discussion.)
Another application is a macroscopic model for the transport of a solute with concen-
tration ¢(z,t) in a porous medium with an equilibrium adsorption reaction, such as

0
(2.3) a(@c + pp(c)) = V- (DVe—wvc) =0 in 2 x J,
subject to initial and boundary conditions. Here ©® = O(z) is a function with uniformly
positive upper and lower bounds, p = p(z) > po > 0, D is the diffusion/dispersion tensor,
v is the fluid velocity, and ¢(+) is the adsorption isotherm, a non-decreasing function with
©(0) =0 and p(c) > 0 for ¢ > 0 (see [15], [18]). With u(c) = Oc + pp(c), this equation is

Ip(c)
ot

(24) = V- [DVpH(p(e) —vp (@) =0 in 2 xJ,

which is (1.1) for the variable u with P(u) = c¢(u) = p~'(u(c)). Easily, (A1’), (A2), and
(A3) hold, since 0 < OP/ou < 1/0, f =vP, v =0, and 0 < ¢ < 1. In fact, the problem
is nondegenerate if the Langmuir isotherm is used, or if the exponent for the Freundlich
isotherm is greater than or equal to one.
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3. The mixed finite element method. In this section, we develop first a semidis-
crete (time continuous) mixed finite element method for the degenerate problem, and then
a fully discrete version. Our algorithms are well defined even when the true solution is
minimally regular, as described in the introduction (recall (1.3)). We begin by deriving an
appropriate mixed variational formulation of (1.1).

From (1.3), both u and u; are in Ly(J; H 1(£2)); we therefore conclude that u €
CO(J; H=Y(2)) (see Chapter 1 of [19]). This gives us u(-, ) pointwise for every ¢ € .J, first
as a distribution in H~1(£2), but actually in Lo (2) by (A3).

Using an idea first proposed by Nochetto [25], we are justified now in integrating (1.1a)
in time from 0 to t € J and using (1.1c) to obtain the equivalent distributional equation

(3.1a) u(z,t) +V / Ydr = / Y(P(u)) dr + up(z), (x,t) € 2 x J,
0 0
(3.1b) u=up, (x,t)€0RxJ.

Note that from (1.3), we can conclude that
t
/ Ydr € H'(J; (Lo (2))%) N Ly(J; H($2;div));
0

thus, we have a variational form for almost every time ¢ € J as

(u(-,t), w) + (V-/Otzbdr,w)

= </Ot'y(P(u))dT,w> + (wo, w),  Vw € Ly(12),

(ap,v) — (P(u),V -v) + (aﬂ(P(u)),v)
= —(P(up),v-v), Yv € H(£2;div).

(3.2a)

(3.2b)

In fact, (3.2a) holds for every ¢t € J, since u is defined for each time; moreover, we can
define i for every time by (3.2b).

Let {2 be partitioned into a conforming finite element mesh with maximal element
diameter h. We seek approximate solutions in a mixed finite element space Wy x V}, C
Ly(£2) x H(f2;div) defined over the mesh, e.g. the Raviart-Thomas-Nedelec finite element
spaces [29], [23] (or those of [9], [10], [11], [12], or [24]).

A semidiscrete mized finite element method.
Foreacht € J, denote by (U(-,t), ¥(-,t)) € Wy xV}, the approximation of (u(:,t),9(:, 1))
such that

. (U 1), W) + <v : /thde, W)

_ </Otfy(P(U))d7', W) + (uo, W), YW € W,

(a¥,V) — (P(U),V-V) + (aB(P(U)),V)

(3:3b) = —(P(up),V -v), VYV € V.

We turn to our backward Euler, fully discrete scheme. Let to =0<t; < -+ <ty =T
partition J, and let At"™ = ¢, — t,_1 be the nth time step size. For any function ¢ of time,
let ™ denote p(t,); we also abuse the notation by writing P(¢™) in place of P(-,t,;¢™).



1674 T. ARBOGAST, M. F. WHEELER, AND N.-Y. ZHANG

A fully discrete mized finite element method.
For each n > 0, let (U™, ™) € W), X V}, be the approximation of (u™,™) such that

(U™, W) + <V oW Atj,W>
j=1

(3.4a) .
= (Z’Yj(P(Uj))Atj,W> + (ug, W), VYW € Wy,
(3.4b) (@™ 9", V) — (P(U™),V-V) + (a"B"(P(U™)), V)

= (P(u}),V -v), YV €V

Note that in practical computation, we would use a more straightforward equivalent
form of (3.4a) as follows. Subtract (3.4a) at time level n from that at level n—1, and divide
by At™ to obtain for n > 1 that

Un — Unfl
A"
(3.5b) (U, W) = (ug, W), VYW € Wh.

(3.52) ,W) + (V- U™ W) = (y"(P(U™), W), VIV eW,,

4. Analysis of the semidiscrete scheme. We begin this section by defining some
projection operators. We need a projection operator Il mapping into V};, with the property
that for any v in the domain of the operator,

(4.1) (V - (pv — ’U),W) =0, VW € W.
We explicitly assume that
(A4) V - Vi, € Wy, and there exists IIj, : (H'(2))4 — V), satisfying (4.1).

All the usual mixed spaces (see [9], [10], [11], [12], [14], [23], [24], [29]) satisfy (A4); more-
over, II;, approximates I (the identity operator) to the optimal order.

Denote by Pj, : Ly(2) — Wj, the Ly(£2)-projection operator. For any function ¢ €
L(2), ¢ denotes Py for short. Finally, associated with (-, t), we introduce the weighted
(L2(£2))%-projection operator Pp(t) : (L2(£2))? — Vj defined, for v € (Lo(£2))? and all
VeV, by

(4.2) (a(-,t)(Pr(t)yv —v),V) =0, VYV € V.

We need to apply II; to fot 1 d71, which can be done only if this function is sufficiently
smooth. We assume explicitly that

(A5) /0 pdr € H'(J;(L2(2))") N La(J; (H(2))") = (H' (2 x J))".

Lemma 1. If a(z,t) = a1(t) az(x), where ay is a scalar, then (A5) holds.

Proof. Recall that (1.2) defines 1. Since u € Loo(J; Loo(£2)), we have that S(P(u)) €
Lo(J; L2(92)); moreover, (1.3c) implies that in fact P(u) € Lo(J; H'(§2)), and then also
B(P(u)) € La(J; HL(£2)). Time integration only helps matters, so we conclude from (3.1a)
that

V- /t aVP(u)dr =V -ayV /t a1 P(u) dr € Ly(J; La(£2)).
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We have assumed that 0(? is sufficiently smooth, so elliptic regularity implies that in fact

/tP(u) dr € Ly(J; H*(12)),
0

yielding the lemma. 0

Remark. The tensor « in petroleum flow is a function of z only [8], [13], [28]. For
solute transport, at least in the nondegenerate case, (A5) holds. In general, (A5) can be
avoided if one changes (A4) to state that V-V, = Wy. Then I}, : H(2;div) — V} can
be defined satisfying (4.1); however, nonuniqueness requires that a choice be made. We no
longer know that II;, approximates I, so define IIyv € V, such that ||IIv — v]|| is minimal
subject to the constraint that V - Il v = 75hV - 0.

Theorem 1. Assume (A1)—(A5). Let (u,v) solve problem (1.1) and (U, ) solve its
semidiscrete mized finite element approzimation (3.3). There is some constant C' > 0 such

that for any t € J,
/t(U—U,P(U)—P(U))dT+‘ /twr—?h(t)/twdr
0 0 0
t t T 2
C Pru — ul|? dr Pr(r)—1 do
s{/onhu uPdr+ [ eun) =1 [

dr
+/0t VM- Pu) [ o zdr}-

Remark. The form
1/2

2

{ /Ot(U —u, P(U) — P(w)) dT}

bounds the size of U — u; for example, it bounds the norm ||P(U) — P(u)|| by (A1). It is
not, however, a norm itself. It may even fail to be a metric.

Proof. Let ® = U — ¢, & = [y ®dr, and b = [y 4 dr. By (3.2), (3.3), (4.1), and the
fact that V -V, C Wy, we have that

(U =, W) + (V- 11,8, W)
- (/0 (P(U)) = 7 (P(w)] dr, W), VIV € W,

(a®,V) — (P(U) - P(w),V - V)
—(a[5(P ( )) BP),V), VYV €V

(4.3a)

(4.3b)

Take W = P(U) — P(u) € Wy and V = Py = I, @ + (I, — Pp)db € Vs above. Add

these two equations together, cancel the two terms (F(-U\) - F@, V -1,®), and use (4.2)
to obtain

(U - w, P(O) - P(w) + (aP1®, P1®)
= (P(U) - P(u), V - (Il — Pu)))
n ( / S (P(w))] dr, P(D) — F@))

— (alB(P B(P(u))], Prd).
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We integrate this equation in time from 0 to ¢. The first term on the left-hand side
becomes

(4.5) /Ot (U—u,F(F)—F(E)) dT:/Ot(U—u,P(U)—P(u))dT—Tl,

where

T, = /0 (it — u, P(U) — P(u)) dr.

For the second term on the left-hand side of (4.4), set v = ® in (4.2) and differentiate in
time to obtain

] ] ]

46)  (ar(-)(Pa()® — ®),V) + (al- )[(Pa(t)B); — ®],V) =0, ¥V € V.

Taking V' = thi and using (4.2) gives

(aPh®, Ppd) = (a (Phd t,Ph‘*I)) (at(Ph(t)(% — ), P,)
4.7 - %[d (aPh®, Pr®) — (a/Pr®, Pd) | + (ar(Ph(t)® — B), Pyd).
Thus
13) | ' (aPud, Pud) dr = L (PO — T,
where

]_ t o o t o o o
r,=1 / (arPad, Prd) dr + / (ae(Puth — ), Pud) dr
0 0

Collecting (4.4)—(4.8) together, we obtain that
t
(4.9) / (U —u,P(U) = Pw)dr + %[ a"/?(t Ph<I> Z Ty,
0
where
t — —— o
Ts; = / (P(U) — P(u), V- (I, — Ph)l/J) dr
0
t T o o
ni= [ ([ @) -2 (P PO - Pw)) dr
0 0
t o
5= = [ (aa(P0) = AP Pb)
We estimate each Ty, k =1,...,5. For any € > 0, we have

t t
Ty < C / I — ul]? dr + ¢ / IP@U) - P(u)|f dr,
0 0
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where C'is a generic positive constant independent of any discretization parameters. Easily
t o t o
il < of / Padlar+ [ 1P - Db ar,
il < ¢ [ NP0 - PO dr+C [ 19+ (@t = P ar

By Assumption (A2),

|T4|<e/ ||P(U ||2d7'+0// ||P(U )||2d0d’l'
T3] < e / IP(U) — P(u)|? dr + C / P2 dr.

Combining these estimates and using (A1) twice, for € sufficiently small, we obtain
t o]
| = P@) = P@)ar + PO

t t ° t o
(4.10) sc{ / 4 — ull? dr + / 1Py — |12 dr + / IV - (IL, — Po)o|> dr

+/0t/0T(U—u,P(U)—P(u))dad7+/0t||7)h&)”2dT}'

Use of Gronwall’s lemma to remove the last two terms completes the proof. 0

Theorem 1 gives a bound for the time integral of ||P(U) — P(u)||, but it does not give
a bound for any norm of U —u. We give now such a bound for the negative norm, defined
by

|- ll-1() = sup ()
pEH} () ||80||H1(n)

Theorem 2. Assume (A1)-(A5). Let (u,)) solve problem (1.1) and (U, ¥) solve its
semidiscrete mized finite element approximation (3.3). There is some constant C' > 0 such
that for any t € J,

U 1) = ul )l a-1(a2)

t t
C{hnﬁhu(-,t) a0l + H [war—n [ var

+/Ot IP(U) — P(u)||d7}.

Proof. Let ¢ € H} () and ¢ = Pro € Wy. By (4.3a) we have that

U—-u9)=U-u0-¢)+U-u¢)=(d-up—¢)+ U -u¢)

(4.11) = (i —u,p— @) — (V- Hh(b,go </ [v(P — (P (u))] dr, @)

Since V - II,® € W, integration by parts gives

(4.12) (V- 10,8,¢) = —(V - 1,8, ) = (I, Vp).
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Thus
° t
U —u,0) = (it — w0 — @) + (TIn, Vo) + ( [ e - srwar ¢)
(4.13) . 0
< c{hna ol + M+ / 1PW) - Pu)| dT}||<P||H1(m,
and the theorem follows. O

Remark. The error ||U — u||g-1(g) is bounded by Theorems 1 and 2 and (A1) in terms
of approximation theory.

5. Analysis of the fully discrete scheme. Based on our semidiscrete analysis, we
derive analogous results for the fully discrete scheme. We need to assume that there is
some C7 > 1 such that

(A6) At" < CLAt"Y Yn=2,.., N.

Theorem 3. Assume (A1)-(A6). Let (u,v) solve problem (1.1) and (U™, ¥") solve
its fully discrete mized finite element approzimation (3.4). There is some constant C > 0
such that if the At’ are sufficiently small, then for any n between 1 and N,

n tn
> WAL —79;;/ Ydr
0

n 2

> (U7 =, P(UT) — P(u)) A +

j=1 j=1
- L . ) tj 2 ot 2
scz{nw—u]||2+H<P,i—I>/ vir| + 7@ -p) [Cvar
j—l 0 0
t; 2
)) At — dr — 7| At
S [l | oo
Moreover,

n

tn
> WA —Hh/ hdr

j=1 0

U™ — m<c{h||7>hu — |+

2
+Z||P (U) = P(ud)|| AP + }

) A — /0 " (P(w)) dr

Proof. Let

n

tn o ) tn
P [ vdr =Y = [T

th—1 j=1 0
° o L tn
" =" — 4", (D":Z(IﬂAtJ:Z\IﬂAtJ—/ P dr.
j=1 j=1 0

Taklng together (3.2) at t = t and (3.4), and replacing W by P(U”) - (u”) and V by
73,’;@” Hh@” + (I, =Py )1/1 , we obtain the following analogue of (4.4):
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U" —u", W) — P(um) + (a"Pp2", Pje")
(B@™) ~ P(u™), ¥ - (W ~ PR)i")
(1) o -
(Z pad = [ o) dn PO - Pl )

a"[B"(PU™) — B"(P(u")], PRE") — (a" (" — 4"), PR2").

Note that ®"~! = $n — ®"At"; thus, we have by (4.2) the identity

(5.2) ((a" —a™ 1) (Pr-1en-t — gn1) V)
+ (a”(P}Z%” — PP gn A, V)=0, VV €.

]
Substitute V' = P}'®" to obtain that

(@@, PrE™) AL"

(an _ an_l)(P271¢n_1 _ @"‘1)”ch1)") + (an(ngq)n _ fplrlzfl(ﬁn—l)’fpgq)n)

—

(53) — %[( n’PI?éI))n fplrzz(%n) _ ( nflzplrlz—l(%nfl’,P;L—l(%nfl)]
%[( nPhQn Ph(pn) ( n—lzp;lzfl@n—lypngl(pn—l)]

— (@ PPN PR 4 ((a — " )(PPTIEnTT - Gy PRan).

If we replace n by j above, multiply (5.1) through by A#, sum on j from 1 to n, and
use (5.3), the first term on the far right-hand side of (5.3) collapses and we obtain that

n 6
(5.4) Z(Uj —ul, P(U9) — P(u?)) A¥ + L (a"Ppa", Pran) = ZTk,

=1

where, for any € > 0,

Ty =) () -, P(U7) = P(u?)) At/

j=1
<O |lo? — I |PAY + Y ||P(UY) — P(u))|PAY,
j=1 j=1

Z {L[(@/P]®I, P]dI) + (o' P} @ Py b )]

— (@PIT L P + ((af — ol V) (PITIBITL — i) Pidi) )
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Il

{%[(ajpiq’j?i@j) + (@ PRI DI RI) — 2(aP P B9 P 9]

<
Il
—

N[

()
—((a = a7 ! 7)] 11/}1 1 ,:2_)3‘—1 "pj(ci)j
h
n J_ qi— . .o, . Lo,
E ()
—al T G i1y pid j
(Py~ ! =77, Pl At

(*
<O (P9 + PR + ([P - ) A
h h h

),V - (I — P)g?) A

5
i
M= .
=
3
|
g
<

=1
< e IPWY) = P@)IPAY +C 3 IV - (I, = PE|*AY,

Y = ; (27 )) At — /0 +(P(u)) dr, PUT) — P(m‘)) At
+GZ||P U9) — P(ud)|2 A,

T, = —Z o [ (P(U7)) — B (P(u))], PJ&I) At
ezn:np U’) — P(u?)||> At +CZ||P’<I>J|| A,

j=1

IN

n

Ts = —Z @l (7 — 3), Pi®I) At

< c{ SO~ A + Y P Par .
j=1 i=1
An application of the discrete Gronwall’s lemma gives the first part of the theorem.
The second part of the theorem can be shown as in the proof of Theorem 2. 0

6. Analysis of the nondegenerate case. The above results were derived under
the assumption that the nonlinear function P(:) may vanish. In the next two sections, we
consider the nondegenerate case. We assume that there exist two constants C'y and C'3 such
that

(A7) 0<Cy <Py(z,t;0) <C3 <00 for (z,t) € 2x J and ¢ € R.
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Immediately
(6.1) Co|lU —u| < |P(U) = P(u)| < C5|U — ul,

and so Theorem 1 gives an error bound for fot ||U — u||? dr. With some extra effort, we can

present an error estimate for sup, ¢ [|U(t) — u(t)||, and bound fot [[@ — || dr at the same
time. We exploit the fact that (A7) easily implies that

U
(6.2 LG~ < [ (Pl) - Plw)) di < JCa(U ~ w”

2
u

Similar results hold for the fully discrete case as well.
Let us begin with the semidiscrete case. The true solution has the needed regularity,
so we write the semidiscrete scheme as

(6.3a) (U, W)+ (V- O, W) = (v(P(U)),W), YW €Wy,
(6.3b) (a®,V)— (P(U),V-V)+ (aB(PU)),V) = —(P(up),V -v), VYV €V,

N

(6.3¢c) U(-,0) = Pruo.
Let ® = ¥ — 1). Together with (1.4), we have the error equation

(6.4a) Uy = u, W) + (V- T, 8, W) = (v(P(U)) — y(P(w), W), YW € W,,

(allp®, V) — (P(U) = P(u),V - V) + (a[8(P(U)) = B(P(w))], V)

(6.4b)
= (a(ep — ), V), YV € V.

e

Letting W = P(U) — @ and V = II;® and adding the two equations together yields
(Ut - ’U,t,P(U) - P(U’)) + (G’Hh(ﬁanh@)

(6.5) = (y(P(U)) = y(P(w)), P(U) — P(u)) — (al3(P(U)) — B(P(w))], TI,®)
+ (a(yp = Tpep), I @) + (4 — ug, P(U) — P(u)).

The difficult term is the first one on the left-hand side. We assume explicitly that there
is some positive constant C4 such that

(A8) |Puu(@)] + [Pual9)| < C4 for (z,) € 2 x J and ¢ € R.

We employ an argument used by Wheeler and Dupont [35] and Arbogast [3] (see also
[5; Lemma 2]). By Assumptions (A7)-(A8) and the Mean Value Theorem, for some W (1)
and W5 between u and U, we have

(Ut — Ut)(P(U) — P(u))
a Y U
=5/ (P(M)—P(u))du—/u (Po(o1) — Pi(u)) dy
+ [(U = w)Py(u) = (P(U) = P(u))]us
6.6 U U
(6.6) = 9 [ P~ Pu)) dn —/ Pra (W1 (1)) (e — ) dp
+ (Pu(u) = Py(W2))(U — u)uy
o U

> = | (P(w) = P(w)dp— C{(U = u)” + |(u = W) (U = w)]}.
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Therefore, with (6.2),
t
/ (U — g, P(U) — P(u)) dr
0

>/ [ " (P() — P(w) dyudiz [/ " (PG = Pluo)) duds

0
t
- C/ U — ul|)? dr
0
t
> 160 = ulP = {100~ ol + [ 17 = ul?ar}.
0
Integrating (6.5) from 0 to ¢ and using (6.7), (6.1), and Assumption (A1), we obtain

t t
(6.8) [|U — ul|? +/ (|, @ dr < C’{HUU —uo|* + / U — ul|)? dr
0 0

t t
+ [ =i + ||m—ut||2d7}-
0 0

By Gronwall’s lemma, we obtain our result.

Theorem 4. Assume (A1)-(A5), (AT)—(A8). Let (u,) solve problem (1.1) and
(U, ) solve its semidiscrete mized finite element approxzimation (3.3). There is some con-
stant C > 0 such that for any t € J,

() — u()|? + / 19 — |2 dr

t t
sc{||73huo—uo||2+ [ =tz ar + [ ||Phut—ut||2df}.
0 0

Remark. This result gives optimal order approximation if the solution is smooth enough.
Next we analyze the fully backward Euler discretization. Denoting
_ (pn _ sOn—l
Opt = ——»8—

tQO Atn ?
the difference of (3.4b), (3.5) and (1.4) gives an error equation within which we substitute
W = P(U")— P(u") and V = II,®". We then add the two main equations and, as before,
obtain

(0:(U —u)", P(U™) — P(u™)) + (a"11,®@",11,,@")

= (3i(i - w)", P(U") - P(u™)) - (B — u}', P{U™) — P(u"))

+ (M(PU™) =y (P™), P(U™) — P(um))
— (@"[B"(P(U™) = B"(P(u™))], T4®") + (a" (4" — TLg™), T, B™).

To handle the first term on the left-hand side, we need a generalization of (6.6) to the
case of discrete time as given in [5; Lemma 2] (see also [4]). The result is

(6.9)

U n
(610)  G(U —w"(PUT) - P(u") = at( | - Pw) du) B,
where

(6.11) E" < C{U™ —u"? + U™ —u™ 12 + (At")2).
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Replace n by j in (6.9), multiply by A#/, and sum from 1 to n. Using (6.1)-(6.2),
(6.10)—(6.11), and noting that the first term on the right-hand side of (6.10) collapses, we
obtain

U™ —a"|* + ) | ®|* At

=1 n
(6.12) < C{HUO gl + (A6 + 3 ([T — | A
n j=1
S (18— PP+ 18 — w2 + (14 — T |P] A’fj}’
]:1

where At is the maximal A#/. The second term in the final summation is time truncation
error, boundable by (At)2, while the first such term is bounded as
n

1 b
Znat u)?||? AtY = ZA—t] / (4 —u)p dr
¢ tn
<Z ||2dT—/ (@ — )| dr-
0

t]1

2

(6.13)

We conclude the following theorem by the discrete Gronwall’s lemma.

Theorem 5. Assume (A1)-(A8). Let (u,v) solve problem (1.1) and (U™, ¥") solve
its fully discrete mized finite element approzimation (3.4). There is some constant C such
that if the At' are sufficiently small, then for n between 1 and N,

n
[U™ =]+ (|97 — 7| A
j=1
< C{thuo — uo|* + (At)? +/ | Prue — wel|* dr + > ||gp — T2 At]}-
0 ,
j=1
Remark. Again this result gives optimal order approximation if the solution is smooth
enough.

7. Some superconvergence results. In this section, we present some superconver-
gence results for the nondegenerate case. Such results are known for linear elliptic problems
under the hypotheses that « is diagonal and the grid is rectangular [22], [17], [16], or merely
that the grid is rectangular [6]. We need to assume that § = 0, and that there is a constant
C5 = Cs(u) such that

(A9) |VPhu| < Cs(u) for z € E, and E an element of the mesh.

This holds, for instance, if W), consists of piecewise constants defined over the given mesh,
e.g., the lowest order Raviart-Thomas spaces, or for other spaces that possess the inverse
inequality. We further assume that

(A10) xW €W, for W € W, and any piecewise constant y.

This holds for all the usual spaces. We will use the following general lemma.
LEMMA 2. Assume (A9)—(A10). If f(xz;u) and g(z,t;u) are functions defined on
2 xR and 2 x J x R, respectively, for which
IVa fu(@)] + | fuu(@)] + [Vagu(@)] + [9uu(@)] + [Vaguu(®)] + [guuu(p)]
+ |Vmgtu(§0)| + |gtuu(90)| S Cl fOT‘ (.I‘,t) €2 xJ and pE R
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for some constant C', then there exists a constant C such that for any W € W,
(f(Puu) = f(u), W) < Ch|[Pyu —ul| W],
0 O
(grlotP0 - st w ) < onf | SPwa -

; ||75hu—u||}||W||,

and, for any n such that 1 <n < N,

(e (g(Pru) - (U))

< Ch (H [Prhu — u]

TPy~ u||)dt il
Proof. For the first result, let

(7.1) p= /0 ful€+ (1 - yu) d,

and introduce pp, as the Lo(f2)-projection of p into the finite element space consisting of
the piecewise constant functions defined over the given mesh. We have

(7.2) f(@) = f(u) = p (@ —u) = (p— pn)(@ — u) + pp (& — ),

so with (A9)-(A10), on an element E,

1
(7.3) lp = palli e < CRIVAllL_ ) SCh{H / Vo ful€i + (1 - €)u) de

Lo (E)

/0 Fun(€it+ (1 — O)(EVa + (1 - V) } < Clu)h

Lo (E)
From (A10),
(7.4) (pn (i = u), W) = (& —u, py W) = 0.

The first part of the lemma is a combination of (7.2)—(7.4).
For the second result, note that

(9(@))e = (9(w)e = (@) — ge(u) + gu (@) — gu(u)uy
= g¢(@) = g¢(u) + [9u (@) = gu ( Nut + gu (@) (i = ut).

The first two differences on the far right-hand side are estimated by the first result of the
lemma (with g¢(-) and wutg,(-) as our functions). The last term is estimated for a good
choice of the piecewise constant function y as

(9u(@)(ae = ue), W) = ((gu () = x) (@ — ue), W)

(7.5) ’ .
< Ch||Vgu()|l () llte — wel| W]

Now the second result follows by noting that Vg, (1) = Vzgu (@) + guu () V.
The third result follows from the second, since

1

laPr) = g(w)" = 5w [ GlaPu) —gtaldr. O
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Define I'(-) = y(P(-)). To use Lemma 2, we assume that for some constant Cs,

IV Pu(@)| + [ Puu (@) + Ve Pru(0)] + | Pruu (0]
(All) + |vatuu(90)| + |Ptuuu(90)| + |vwru(90)| + |Fuu(<,0)| < Cg
for (z,t) € 2 x J and ¢ € R.

Rewrite (6.5) as

(Ut — ’at,P(U) — P(ﬂ)) + (CLHh(I), Hh¢)
(

(7.6) = (F(Z)\— F(fi),\P U) - P(a)) -

+ (I(U) = T(a), P(@) = P(u) + (I'(d) = T(u), P(U) = P(u))
+ (a(Ph’(/) — Hh’(/)), Hh@) + (Ut - ’[Lt,P(U) — P(ﬁ))

By Lemma 2,
(D(U) = T(@), P(#) - P(u)) + (T(@) = T(w), P(U) = P(w))
(7.7) < Chlie — || [|ITU) = T(@)|| + [|P(U) = P(u)|]
< Chlli—u| (U —u||+||u—u||)

For the last term of (7.6), integration by parts and Lemma 2 gives

| @i =i Pw) - P ar
(78) :4U—mﬂw—Pm»—A(U—m%umo—ﬂmom,
<onf 1o = alllu—al + [ 10 = allGhu =l + lc = ) a7},

since UY = 4, and assuming smoothness of P.
Returning to (7.6), using the above inequalities, and following the argument in (6.6)—
(6.7), we are lead to the following analogue of (6.8):

t t t
W%|W—MV+/HMMFMSC{/HU—W%h+/Hﬂ¢—mWWM
0 0 0

t t
+ h? [||11—u||2+/ ||ﬁt—ut||2d’r+/ ||ﬂ—u||2d7—]}_
0 0

An application of Gronwall’s lemma gives our first result.

Theorem 6. Assume (A1l)—(A5), (A7)-(A11). Let (u,v) solve problem (1.1) with
B =0, and let (U, V) solve its semidiscrete mized finite element approzimation (3.3). There
is some constant C > 0 such that for any t € J,

R t
HWﬂ—%m®W+/HW—mWWW
0
{[ ta
C —1II T
< Anmh WYl

¢ ¢
+h2[ max ||Pru(r) —U(T)||2+/ | Prus — we|? d7'+/ ||Phu—u||2d7'] }
0<r<t 0 0
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For the fully discrete scheme (3.3), using the techniques employed in the last two sec-

tions, we can give a similar result.

Theorem 7. Assume (A1)—(A11). Let (u,v) solve problem (1.1) with f =0, and let

(U™, W) solve its fully discrete mived finite element approvimation (3.4). There is some
constant C' such that if the At’ are sufficiently small, then for any n between 1 and N,

U™ = PP+ Y 197 — Pry?|* At

j=1
n
< c{mwz £ 3P — | A
j=1
tn tn
+ h? [ max || Ppu! — o |? +/ | Praee — ug) dr + / |Pru — u||2d7] }
0<j<n 0 0

Remark. These last two results give optimal order approximation in time and super-

convergent (one power of h better than optimal) approximation in space if the solution is
smooth enough, and if Py is superclose to II,1. The latter is true on rectangular grids
when « is diagonal [22], [16], [17].
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