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Fig. 6. Adjoint solution components for Test Case 1. Shown are plots for an adjoint solution using a 40 × 40 grid next to a 64 × 64
grid. A solution on a finer grid is used to compute the estimates.
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Fig. 7. Source f (left) and diffusivity a (right) profiles for Test Case 2. The plots are shown in one dimension since the source and
diffusivity have no variation in the x direction.
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Fig. 8. Adjoint data profiles for Test Case 2. The plots of ψux , ψuy and ψp are shown in one dimension because they have no
variation in the x direction.

5. Iterative solvers and coupling strategies

In practice, an iterative solution of the coupled system is often employed. The specific choice of solution
method is often constrained by certain computational logistics, such as the state of existing codes and
data structures. We briefly discuss some aspects of iterative solution. The primary goal is to show that
iterative solution strategies applied to systems like (2.10) can also be applied to systems like (2.7) with-
out large changes to the computational structure. We do not discuss the convergence of iterative solvers.

5.1 Iteration on the primary variable

A common iterative technique for the geometric finite volume method (2.10) is to start with an initial
guess (p0

L, p0
R) and proceed with the iteration[

AL 0
0 AR

] [
pi+1

L

pi+1
R

]
=

[
FL

FR

]
−

[
0 CD

CN 0

] [
pi

L
pi

R

]
, i = 0, 1, 2, . . . . (5.1)
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Table 8 Error terms for Test Case 2. The forward grid is 40 × 40 next to 64 ×
64. The adjoint grid is 160 × 160 next to 256 × 256

Term MFE GFV(linear) GFV(constant)

1 (RuL ,φh
L −Πh

Lφ
h
L) 1.6E−5 1.9E−5 2.4E−5

2 (RuR ,φh
R −Πh

Rφ
h
R) −2.6E−5 −2.6E−5 −2.5E−5

3 (RpL , ζ h
L − Ph

Lζ
h
L) −3.1E−5 −3.1E−5 −3.1E−5

4 (RpR , ζ h
R − Ph

Rζ
h
R) 4.6E−5 4.6E−5 4.6E−5

5 〈Rξ ,βh − Zhβ
h〉ΓI 4.8E−8 9.4E−6 2.6E−5

6 〈PR→L(ph
R)− ξ h, n ·Πh

Lφ
h
L〉ΓI N/A 2.3E−3 2.7E−3

7 〈n · uh
L − PL→R(ph

L), Zhβh〉ΓI N/A 9.0E−4 8.4E−3

8 QEuL
(Πh

Lφ
h
L) N/A 1.2E−3 1.2E−3

9 QEuL
(Πh

Lφ
h
L) N/A −2.4E−4 −2.5E−4
total 5.1E−6 4.2E−3 1.2E−2

ratioproj N/A 25 73
ratioquad N/A 11 9.7
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Fig. 9. Finite element solution components for Test Case 2. Zooming in reveals that uh
y is smooth and continuous across the

interface.
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Fig. 10. Geometric finite volume solution components for Test Case 2. Zooming in reveals that uh
y is discontinuous across the

interface.

This iteration requires only the inversion of AL and AR, i.e., only single domain component solves. The
application of CD and CN can be viewed as the coupling strategy, in which information is swapped
between the subdomains.

It is possible to use an iteration of this type on the finite element system (2.7) as well. We must first
reduce to a system in p by a preprocessing procedure. We first eliminate uL and uR, which results in

⎡
⎢⎣

BT
LM −1

L BL 0 −BT
LM −1

L CL

0 BT
RM −1

R BR −BT
RM −1

R CR

CT
LM −1

L BL CT
RM −1

R BR −(CT
LM −1

L CL + CT
RM −1

R CR)

⎤
⎥⎦

⎡
⎣pL

pR

ξ

⎤
⎦

=

⎡
⎢⎣

FL + BT
LM −1

L DL

FR + BT
RM −1

R DR

CT
LM −1

L DL + CT
RM −1

R DR

⎤
⎥⎦ , (5.2)
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Fig. 11. Adjoint solution components for Test Case 2. Shown are plots for an adjoint solution using a 40 × 40 grid next to a
64 × 64 grid. A solution on a finer grid is used to compute the estimates.

which we write succinctly as⎡
⎢⎣

GL 0 −HL

0 GR −HR

HT
L HT

R −(KL + KR)

⎤
⎥⎦

⎡
⎣pL

pR

ξ

⎤
⎦ =

⎡
⎣ RL

RR

SL + SR

⎤
⎦ . (5.3)

We then eliminate ξ to obtain[
GL − HL(KL + KR)

−1HT
L −HL(KL + KR)

−1HT
R

−HR(KL + KR)
−1HT

L GR − HR(KL + KR)
−1HT

R

] [
pL

pR

]

=
[

RL − HL(KL + KR)
−1(SL + SR)

RR − HR(KL + KR)
−1(SL + SR)

]
. (5.4)

System (5.4) has the same structure as (2.10), so an iteration analogous to (5.1) can be applied. The
stencil within the diagonal blocks of (5.4) is very close, but not identical, to the stencil of a single
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Fig. 12. Adjoint data profiles for Test Case 3. The plots of ψux , ψuy and ψp are shown in one dimension because they have no
variation in the x direction, and ψξ is a one-dimensional function defined on the interface.

domain discretization. The difference occurs only in the stencil corresponding to cells touching the
interface.

In some cases, e.g., the use of black-box single domain solvers, it is necessary to construct a system
in which the diagonal blocks correspond exactly to single domain discretizations. If this is the case,
the strategy of ‘discretization-consistent interface conditions’ provides a partial solution. In this strat-
egy, the diagonal blocks are single domain discretizations, just as in (2.10). The off-diagonal blocks are
populated by writing down both the Dirichlet and Neumann boundary condition equations for every
cell touching the interface, rearranging those equations to isolate the boundary value terms and setting
those terms equal to each other across the interface. If the cell ratio along the interface is integer, such
as 4 next to 8, the resulting system is algebraically equivalent to (5.4). If the cell ratio is not an inte-
ger ratio, such as 5 next to 8, the equality of boundary value terms across the interface can only be
enforced approximately and the resulting system is not exactly equivalent to (5.4). While a complete
discussion of the implementation of discretization-consistent interface conditions is beyond the scope
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Table 9 Error terms for Test Case 3. The forward grid is 1 × 32 next to 32 × 32.
The adjoint grid is 128 × 128 next to 128 × 128

Term MFE GFV (linear) GFV (constant)

1 (RuL ,φh
L −Πh

Lφ
h
L) 3.9E−9 6.8E−7 −1.5E−5

2 (RuR ,φh
R −Πh

Rφ
h
R) 1.8E−5 1.8E−5 1.8E−5

3 (RpL , ζ h
L − Ph

Lζ
h
L) −4.0E−6 −4.0E−6 −4.0E−6

4 (RpR , ζ h
R − Ph

Rζ
h
R) 7.2E−6 7.2E−6 7.2E−6

5 〈Rξ ,βh − Zhβ
h〉ΓI 0 −3.8E−7 1.7E−5

6 〈PR→L(ph
R)− ξ h, n ·Πh

Lφ
h
L〉ΓI N/A 1.5E−4 −6.4E−3

7 〈n · uh
L − PL→R(ph

L), Zhβh〉ΓI N/A −6.8E−5 3.1E−3

8 QE uL(Π
h
Lφ

h
L) N/A −2.4E−5 2.5E−3

9 QEuR
(Πh

Rφ
h
R) N/A 2.0E−5 1.9E−5
Total 2.1E−5 1.0E−4 −8.0E−4

ratioproj N/A 7.3 155
ratioquad N/A 1.5 41

of this paper, it is worth consideration as an alternative to the full mortar method in cases where the
computational structure is constrained by black-box single-domain solvers in combination with itera-
tion on the primary variables. The concept of discretization-consistent interface conditions is similar
to strategies employed in Farhat et al. (1998) and Edwards & Rogers (1998). We should remark that
the former paper recommended against mortar methods for the fluid–structure interaction problem due
to the lack of theory on optimal convergence and a need to invert a large interface matrix. However,
for the problem considered in this paper, the mortar method does achieve optimal convergence. More-
over, we have presented several computational strategies that do not require inversion of an interface
matrix.

5.2 Iteration on interface variables

An alternative iterative strategy (Glowinski & Wheeler, 1988) uses the interface variables as the primary
variables. If we combine the u and p variables into the symbol ψ , then system (2.7) can be written as

⎡
⎢⎣

AL 0 CL

0 AR CR

C T
L C T

R 0

⎤
⎥⎦

⎡
⎣ψL

ψR

ξ

⎤
⎦ =

⎡
⎣FL

FR

0

⎤
⎦ . (5.5)

We eliminate ψ as

ψi = A −1
i (Fi − Ciξ), i = L, R,

which gives the following system for ξ :

(C T
L A −1

L CL + C T
R A −1

R CR)ξ = (C T
L A −1

L FL + C T
R A −1

R FR). (5.6)
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Fig. 13. Finite element solution components for Test Case 3.

If a Krylov method is applied to system (5.6), then only matrix–vector products involving the matrix
on the left are required. Since this matrix contains A −1

L and A −1
R , obtaining a matrix–vector product

amounts to performing single-domain component solves. Once ξ is obtained, ψ is recovered as above.
In the setting of geometric coupling, we rewrite the geometric finite volume system as

⎡
⎢⎢⎣

AL 0 UD 0
0 AR 0 UN

0 ED −I 0
EN 0 0 −I

⎤
⎥⎥⎦

⎡
⎢⎢⎣

pL

pR

D
N

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

FL

FR

0
0

⎤
⎥⎥⎦ , (5.7)

where AL and AR are single-domain finite volume systems, and the coupling strategy by which Dirichlet
(D) and Neumann (N) data are provided by the opposite subdomain is defined by

EN PL = N and EDPR = D.
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Fig. 14. Geometric finite volume solution components for Test Case 3 computed using linear extrapolation.

Eliminating D and N from system (5.7) gives

[
AL UDED

UN EN AR

] [
pL

pR

]
=

[
FL

FR

]
,

which is identical to (2.10). If instead we eliminate pL and pR, system (5.7) becomes

[
I EDA−1

R UN

EN A−1
L UD I

] [
D
N

]
=

[
EDA−1

R FR

EN A−1
L FL

]
, (5.8)

which allows for an iteration of the form of (5.1) on the values D and N , from which the primary
variables can be recovered. Solving (5.8) by iteration is analogous to solving (5.6) by iteration, and both
require only component solves.
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Fig. 15. Adjoint solution components for Test Case 3. These plots are the adjoint solution using 64 × 64 next to 64 × 64 meshes.
The estimates were computed using a finer grid.

6. Conclusion

We compared the accuracy and performance of two numerical approaches to solving systems of PDEs.
The equations were posed on adjoining domains which share a common boundary interface on which
are imposed boundary conditions. We treated the important case of different and nonmatching meshes
being used on the two domains. The first, widely used approach was based on a finite volume method
employing ad hoc projections on the interface to relate approximations on the two domains. The sec-
ond approach used the mathematically founded mortar mixed finite element method. To quantify the
performance, we used a goal-oriented a posteriori error estimate that quantifies various aspects of dis-
cretization error to the overall error. The performance difference that we found may not be surprising in
some cases. However, we believe that there is a perception in part of the scientific community concerned
with multiphysics systems that if the solution is smooth near the interface, then it is not very important
exactly how the coupling is accomplished. We found that, on the contrary, the error associated with ad
hoc coupling approaches may be large in practical situations. The deterioration in accuracy was shown
to be due mainly to incorrect transfer of information (or projection error) across the interface. Moreover,
we also showed that mortar methods can be used with black-box component solves, thus permitting an
efficient and practical implementation of the mortar coupling approach within legacy codes.
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